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Abstract. Fuzzy graphs have revolutionized the analysis of problematic data to arrive at a 
better decision making power are different kinds. Among them, the interval-valued fuzzy 
graph in the simplest and generalized once. The main purpose of this paper is to introduce 
the chromatic number of an interval-valued fuzzy graph. Here working rule of an 
interval-valued fuzzy graph, power cut graph are discussed. 
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1. Introduction 
In our daily  life, the colouring of a graph is the most significant component of research in 
optimization technology and is used for various applications, viz.  administrative 
sciences, wiring printed circuits,  resource  allocation [4],   arrangement  problems,  and 
so on. These problems are represented by proper crisp graphs and are  analysed by  
colouring these graphs.  In the usual graph colouring problem, nodes receive the 
minimum number of colours such that  two  adjacent  nodes  do   not have the  same 
colour. A few  studies  discuss  this  point [6,7,11,14] . An  interval- valued fuzzy   graph 
representation is  better than a  crisp graph version.  Interval-valued  fuzzy   graphs 
suitably represent  every event. 

Interval-valued  fuzzy   graph theory  has   a  broad number  of areas.  Interval-
valued  fuzzy   set notations and their properties was introduced by  Zadeh  in  1975 [2].  
Interval-valued  fuzzy  sets are more advanced than fuzzy sets and more completely 
eliminate doubt. At present, Akram uses interval valued fuzzy  graphs . 

In graph theory, an intersection graph is a graph which represent the intersection of 
sets.  An interval graph is the intersection of multiset of intervals on real line. Interval 
graphs are useful in resource allocation problem in operations research. Besides, interval 
graphs are used extensively in mathematical modeling, archaeology, developmental 
psychology, ecological modeling, mathematical sociology and organization theory.  

In the present paper, a new idea to colour an interval-valued fuzzy graph is 
presented. Here, “colouring of interval-valued fuzzy graph” is defined. An interval-
valued fuzzy graph is coloured by the range-valued fuzzy colour depending on the power 
of a branch incident to a node. Then, fuzzy colouring of interval-valued fuzzy graph is 
demonstrated. 
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2. Preliminaries 
Definition 2.1. A graph G is a triplet that contains a set ,φ≠X  a branch set D and a 
connection that links each branch by two nodes ( not as a particular matter of course) 
called its end points. 
 
Definition 2.2. Node colouring and chromatic number 
The node colouring of a graph G is the consign- ment of labels or colours to each node 
of a graph such that no branch links two similarly coloured nodes. The general type of 
node colouring search minimizes the number of colours for a graph. This type of 
colouring is known as least node colouring, and the lowest number of colours with 
which the nodes of a graph G can be coloured is called the chromatic number. The 
chromatic number of a graph G is denoted by ).(Gχ  
 
Definition 2.3. Fuzzy set  
Let P be a universal set. Then, the fuzzy set K on S is indicated by functionη : S

]1,0[→ , which is called the membership function. A fuzzy set is represented by 

).,( ηSK =  
 
Definition 2.4.  Fuzzy graph 
A  fuzzy  graph  ),,( ρψδ X=   is  a  set  φ≠X  together with the functions 

]1,0[: →Xψ  and ]1,0[: →× XXρ  such that  for  all  

                                       { })(),(min),(,, nmnmXnm ψψρ ≤∈ ,   

where )(mψ  and ),( nmρ  denote the membership values of the node m and branch 

(m,n) in δ , respectively. 
 
Definition 2.5. Path in a fuzzy graph 
A path in a fuzzy graph is an arrangement of different nodes nppp ,....., 10  such that 

.1,0),( 1 nipp ii ≤≤>−ρ The fuzzy path is said to be a fuzzy cycle if 0p  and np  

overlap. 

The original crisp graph of the fuzzy graph ),,( ρψδ X= , is denoted as  

),,( ∗∗∗ = ρψδ X ,  

where  { }0)(/ >∈=∗ xXx ψψ  and ( ) ( ){ }0,\, >×∈=∗ yxXXyx ρρ .  

For the original fuzzy graph, X=∗ψ . 
 
Definition 2.6.  Complete fuzzy graph 
A fuzzy graph ),,( ρψδ X=  is said to be complete if { })(),(min),( yxyx ψψρ =  
for all x,y ,X∈  where (x,y) denotes the branch between nodes x and y. 
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Definition 2.7.  Interval-valued fuzzy  set 
Let X=φ  and  ]1,0[: →− Xψ and ]1,0[: →+ Xψ  be the mappings such that 

)()( xx +− ≤ψψ  for all Xx∈ . The interval-valued fuzzy set on X is denoted as 

[ ]( )+− ψψ ,,X  and is defined as [ ]( ) [ ]( ){ }XxxX ∈= +−+− /,,,, ψψψψ . 
 
Definition 2.8. Interval-valued fuzzy graph 
Interval-valued fuzzy graph [ ] [ ]( )+−+−= ρρψψ ,,,,XI FG   (IVFG) is a set  ϕ≠X  

together with the functions [ ] [ ]1,0:,1,0: →→ +− XX ψψ [ ]1,0: →×− XXρ   and 

[ ]1,0: →×+ XXρ  such that for all Xvu ∈, { })(),(min),( vuvu −−− ≤ ψψρ   and 

{ })(),(min),( vuvu +++ ≤ ψψρ    for every branch (u,v). 
 
Definition 2.9. Complete  interval-valued fuzzy graph  
The complete interval-valued fuzzy graph [ ] [ ]( )+−+−= ρρψψ ,,,,XI FG   (IVFG) is a 

set  ϕ≠X  together with the functions [ ] [ ]1,0:,1,0: →→ +− XX ψψ
[ ]1,0: →×− XXρ   and [ ]1,0: →×+ XXρ  such that for all Xvu ∈, ,

{ })(),(min),( vuvu −−− = ψψρ   and { })(),(min),( vuvu +++ = ψψρ    for every 
branch (u,v). 
 
Definition 2.10.  α-cut graph of  interval-valued fuzzy graph 
For  ,10 ≤≤ α  α-cut graph of interval-valued fuzzy graph 

[ ] [ ]( )+−+−= ρρψψ ,,,,XI FG   is a crisp graph ( )ααα
EVI FG ,=  such that 

[ ] [ ]{ }ααψψα ,)(),(/ ≥∈= +− xxXxV , ( ) ( ) ( )[ ] [ ]{ }ααρρα ,,,,/,, ≥= +− yxyxyxE . 

 
Definition 2.11.  Interval-valued fuzzy neighbourhood 
Interval-valued fuzzy neighbourhood of a node x of an interval-valued fuzzy graph 

[ ] [ ]( )+−+−= ρρψψ ,,,,YI FG  is an interval-valued fuzzy set ),()( yy mYyN = , where 

[ ]{ }]0,0[),(),,(/ >= +− xyxyxYy ρρ  and  ]1,0[: →yy Ym  is defined by 

).,()( xyxmy µ=
 

 
Definition 2.12.  Interval-valued fuzzy star 
A power neighbourhood of a node p is a node q such that (p,q) is a power full branch. 

An interval-valued fuzzy graph FGI   is said to be the interval-valued fuzzy star if each 

node of  FGI  has precisely one power neighbourin  FGI . 
 
3. Power cut graph of interval-valued fuzzy graph 
In this part, the α-power  cut graph of   FGI  is defined with an example. 
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For an interval-valued fuzzy graph  [ ] [ ]( )+−+−= ρρψψ ,,,,XI FG , a branch 

( ) Xnmnm ∈,,,  is said to be independently powerful if  

( ) { } ),()(),(min5.0 nmnm −−+ ≤ ρψψ and( ) { } ),()(),(min5.0 nmnm +−+ ≤ ρψψ . 
Otherwise, it is  independent and powerless. The power of a branch (p,q) in an interval-

valued fuzzy graph [ ] [ ]( )+−+−= ρρψψ ,,,,XI FG  is denoted by ( )qp,τ
 and is defined as 

( ) ( ) ( )[ ]qpqpqp ,,, , +−= τττ , where ( ) { })(),(min

),(
,

qp

qp
qp −+

−
− =

ψψ
ρτ  and 

( ) { })(),(min

),(
,

qp

qp
qp −+

+
+ =

ψψ
ρτ . Again the power of a node w is denoted by wτ  and 

defined as [ ]www
+−= τττ , , where  w

−τ  is the maximum value along its membership 

value )(w−ψ ,and the powers ),( xw
−τ  of branches (w,x) incident to w and w

+τ  are the 

maximum values along its membership value )(w+ψ  and powers  ),( xw
+τ  of branches 

(w,x) incident to w. 
 

Definition 3.1. Let  [ ] [ ]( )+−+−= ρρψψ ,,,,XI FG   be an interval-valued fuzzy graph. 

For 10 ≤≤ α , the α-power cut graph of FGI   is defined to be the crisp graph 

( )ααα EXI FG ,=  such that [ ]{ }αατα ,/ ≥∈= pXpX  and 

( ) ( ) [ ]{ }αατα ,/,,, , ≥∈= qpXqpqpE . 

 
Theorem 3.1. Let  FGI  be an interval-valued fuzzy graph. If  10 ≤≤≤≤ γβα , then  

αβγ
FGFGFG III ⊆⊆ . 

Proof: Suppose  [ ] [ ]( )+−+−= ρρψψ ,,,,XI FG  is an interval-valued fuzzy graph and 

10 ≤≤≤≤ γβα . 

  Now, ( )ααα EXI FG ,=  such that  [ ]{ }ααα ,/ ≥∈= pXpX   and 

( ) ( ) [ ]{ }αατα ,/,,, , ≥∈= qpXqpqpE and ( )βββ EXI FG ,=   such that 

[ ]{ }βββ ,/ ≥∈= pXpX and  ( ) ( ) [ ]{ }ββτβ ,/,,, , ≥∈= qpXqpqpE . 

 Similarly,   ( )γγγ EXI FG ,=  such that  [ ]{ }γγγ ,/ ≥∈= pXpX   and 

( ) ( ) [ ]{ }γγτγ ,/,,, , ≥∈= qpXqpqpE and ( )γγγ EXI FG ,=   such that 

[ ]{ }γγγ ,/ ≥∈= pXpX and  ( ) ( ) [ ]{ }γγτγ ,/,,, , ≥∈= qpXqpqpE . 

  Let γXm∈ . Then αβγ ≥≥≥m . Therefore, αXm∈ . In the same 

way, for any element ( ) αEnm ∈, . Therefore, αβγ
FGFGFG III ⊆⊆ . 
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  The connection between α-cut graph 
αFGI  of an interval-valued fuzzy 

graph  FGI  and power cut graph α
FGI  of an interval-valued fuzzy graph Let  FGI  is 

provided in the subsequent theorem.  
 
Theorem 3.2. Let  FGI  be an interval-valued fuzzy graph. If  10 ≤≤≤ βα , then  

αα FGFG II ⊆ ,   ββ FGFG II ⊆ . 

Proof: Suppose   [ ] [ ]( )+−+−= ρρψψ ,,,,XI FG  is an interval-valued fuzzy graph. Then 

, ( )ααα
EXI FG ,=   such that  [ ]{ }ααψψα ,)](),(/[ ≥∈= +− ppXpX   and 

( ) [ ]{ }ααρρα ,)],(),,(/[,, ≥= +− qpqpqpE  . 

Similarly,  ( )βββ
EXI FG ,=   such that  [ ]{ }ββψψβ ,)](),(/[ ≥∈= +− ppXpX and 

( ) [ ]{ }ββρρβ ,)],(),,(/[,, ≥= +− qpqpqpE . 

Again,  ( )ααα EXI FG ,=  such that  [ ]{ }ααα ,/ ≥∈= pXpX   and 

( ) ( ) [ ]{ }αατα ,/,,, , ≥∈= qpXqpqpE  .Let αXqp ∈, and αEqp ∈, . Therefore,    

],[)](),([ ααψψ ≥+− pp and ],[)],(),,([ ααρρ ≥+− qpqp . These results along with 

1≤α . 

  And   ( )βββ EXI FG ,=  such that  [ ]{ }βββ ,/ ≥∈= pXpX and 

( ) ( ) [ ]{ }ββτβ ,/,,, , ≥∈= qpXqpqpE .  Let βXqp ∈, and βEqp ∈, . Therefore,    

],[)](),([ ββψψ ≥+− pp and ],[)],(),,([ ββρρ ≥+− qpqp . These results along 

with 1≤β . 
Give 

{ } { } [ ]αα
ψψ

ρ
ψψ

ρ
,

)(),(min

),(
,

)(),(min

),( ≥







++

+

++

−

qp

qp

qp

qp

 

{ } { } [ ]ββ
ψψ

ρ
ψψ

ρ
,

)(),(min

),(
,

)(),(min

),( ≥







++

+

++

−

qp

qp

qp

qp

 
And ],[),( αατ ≥yx ;  ],[),( ββτ ≥yx ; therefore  ( ) αEqp ∈, and( ) βEqp ∈, . Thus, 

for every branch  
αFGI  and 

βFGI  there is a branch  αFG
I and  βFG

I . 

  Now, clearly from the definition  of power of nodes α
α XX ⊆ ,  

β
β XX ⊆ . Hence, the result   αα FGFG II ⊆ , ββ FGFG II ⊆  is true. 

 
3.1. Working rule of an interval-valued fuzzy graph colouring 
In crisp graph colouring, if any two nodes are adjacent, then these two nodes receive 
distinct colours; if not, the colours is the same. Here, an interval-valued fuzzy graph is 
coloured by the range-valued fuzzy colour. In this way, two nodes have distinct 
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fundamental colours if they are adjacent to an independent power full branch. If not , 
they have distinct range-valued fuzzy colours. 

 Suppose  [ ] [ ]( )+−+−= ρρψψ ,,,,XI FG  is a connected interval-valued fuzzy 

graph and { }kpppP ...., ,21=  is a set of fundamental colours. We observed that there 

are two types of interval-valued fuzzy branches in interval-valued fuzzy graphs, viz. 
independent power Engineering Branches and independent Non power Engineering 
Branches. The independent power less branch is less significant than the  independent 
power full branch. As a result, the relationship between the corresponding nodes is 
independent power less. Our latest colouring idea is like conventional graph colouring, 
which depends on independent power full and independent power less branches. The 
planed interval-valued fuzzy graph colouring can be  divied into three groups that 
depend on the power of the branches. 

  Viz. (i) All branches are independent power full. 
          (ii) Some branches are  independent power full. 
          (iii) All branches are independent power less. 

 
Case 1.  The interval-valued fuzzy graph contains all indepent power full branches.  
If an interval-valued fuzzy graph contains all independent power full branches, the 
colouring of this interval-valued fuzzy graph is identical to the  colouring of crisp 
graphs, such that two nodes can be coloured by two different range-valued fuzzy 
fundamental colours if there is an independent power full branch between the nodes. 
 
Case 2. The interval-valued fuzzy graph contains some independent power full branches.                                                              
Suppose u is a node and the set of all neighbourhoods of node u is  

{ }.,......2,1,)( njuuN j ==  For simplicity, We assume that  21,vv  are  two nodes such 

that ),(),,( 21 vuvu  are only the two independent power full branches incident on u and 

all remaining branches nivu i ...4,3),,( =  are independent power less branches. In this 

case, we colour u by the colour( )]1,1[,1c   and 1v  by a different colour .Similarly,2v  will 
achieve a distinct colour other than the colour of u. 

Now, we consider node 3v  for colouring. Notice that  ),( 3vu  is an independent 

power less branch. 
Sub case 2.1.  None of the adjacent nodes of  3v  are coloured. 

 As ),( 3vu  is an independent power less branch, 3v  has a range-valued fuzzy 

colour corresponding to the colour of u. If the colour of u is ( )]1,1[,1c , the interval-

valued fuzzy colour of 3v is [ ]( ))(),(, cgcgC +−  , where [ ])(),( cgcg +−  can be 

calculated as ].1,1[)](),([ ),(),( 33 vuvucgcg −++− −−= ττ  

Sub case 2.2.   All adjacent nodes of  3v  are coloured. 

 If a branch ),( 3 zv  incident to 3v  is independent power full, then of  3v  cannot 

be coloured by the colour of z. That is, if the colour of z is [ ]( ))(),(, zzz cgcgc +−  ,  3v  
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cannot be coloured by any range-valued fuzzy colour of  zc . Suppose that  3v  has some 

independent power less incident branches, then .....2,1),,( 3 qizv i =  without a loss of 

generality, we assume that the colour of iz  is  

[ ]( ))(),(, iii ygygy +− , i=1,2,….q. 

 Now, to determine the colourof  3v ,  Calculate the lengths of the intervals  

[ ]),(),( 1313 1,1 zvzv
−+ −− ττ , [ ]),(),( 2323 1,1 zvzv

−+ −− ττ , . . . . . [ ]),(),( 33 1,1 qq zvzv
−+ −− ττ ,  

and intervals  [ ]),(),( 33 1,1 vuvu
−+ −− ττ  to determine the maximum length of the interval 

and then take the interval as L, corresponding to the maximum length.  

 Let L contribute to the branch ),( 3 pzv , i.e., L=[ ]),(),( 33 1,1 qq zvzv
−+ −− ττ . If the 

colour of  pz  is  ( ),)(, pp ygy  then 3v  receives the colour( )Lyp, . If the interval lengths 

are the same, an arbitrary choice can be made. 
Sub case 2.3.  Some of the adjacent nodes of 3v are coloured. 

 The  adjacent nodes that are not coloured do not affect the colouring of  3v . 

Then, the adjacent nodes that are coloured will be  considered for the colouring of   3v . 

The process of colouring3v  is comparable to the sub case 2.2. 

 After colouring 3v , all of the other nodes are coloured in the same manner. 

Case 3.  Interval-valued fuzzy graph contains all independent power less  branches. 
 If FGI  contains all independent power less branches, only one fundamental 

colour is needed to colour the nodes of  FGI . Arbitrarily consider any node (say x) and 

assign the fundamental colour to this node ( )]1,1[,xc ; for the remaining nodes, assign the 

range-valued fuzzy colours corresponding to ( )]1,1[,xc  similar to the above sub case 2.2. 

 
Remark. If an interval-valued fuzzy graph has more than one component and each 
component is coloured by the above described method. 
 
3.2. Chromatic  number of an interval-valued  fuzzy graph colouring 
The lowest number of fundamental colours used to colour an interval-valued fuzzy graph 
is known as a fuzzy chromatic number. A fuzzy chromatic number of an interval-valued 
fuzzy graph  FGI  is denoted by )( FGIγ . Here, we give two examples for various fuzzy 

chromatic numbers. 
 Suppose we consider two interval-valued fuzzy graphs in which Fig.2(a) contains 

all independent power less branches are independent power less, One fundamental colour 
is sufficient to colour all of the nodes. Here the central node is coloured by  ( )]1,1[,A  and 

the other nodes are coloured by different range-valued fuzzy colours( )].0,.0[, 21 iiA ,

( )].0,.0[, 21 jjA , ( )].0,.0[, 21 kkA , ( )].0,.0[, 21 llA , ( )].0,.0[, 21 mmA  and  ( )].0,.0[, 21 nnA  

of G, where 1212121,2121 ,,,,,,,,, nmmllkkjjii  and 2n  are natural numbers. 
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Therefore, the fuzzy chromatic number of this interval-valued fuzzy graph is 
one. In Fig.2(b), all of the branches are independent power full. 

 Suppose we take four interval-valued fuzzy graphs whose original graph is 6k . 

In Fig.3(a), an interval-valued fuzzy graph is measured such that all of its branches are 
independent powerfull. At that point, the interval-valued fuzzy graph is six chromatic 
as for 6k . 

 In Fig. 3(b), an interval-valued fuzzy graph is considered such that branches 
incident to exactly one node are independent power less and the remaining are power 
full. Again, colouring of one node depends on this type of independent power less 
incident branches whose other end nodes are coloured. 

 
Figure 2: Fuzzy chromatic number graphs. 

 

            a) 6)( =GFγ b) 5)( =GFγ  
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     c) 4)( =GFγ d) 3)( =GFγ  

 
 

 
         e) 2)( =GFγ f) 1)( =GFγ  

Figure 3: Interval-valued fuzzy graph. 
 
 That  node is coloured by a range-valued fuzzy colour that is determined by 

measuring the powers of such independent power less branches. 
 Let the minimum of the powers be [m,n] (here m=0.8,n=0.6), corresponding to 

the branch (u,v) and v is coloured by (G,[1,1]). Then, node u will be coloured by the 
range-valued fuzzy colour (G,[1-n,1-m]) i.e.,(G,[0.2,0.4]). Similarly, four other 
interval-valued fuzzy graphs are coloured(see Fig.3(c),(d),(e) and (f). 

 
 Theorem 3.2.1. If  FGI  is an interval-valued fuzzy graph, then  ( ) ( )FGFG II γχ =2.0  

Proof. Let   [ ] [ ]( )+−+−= ρρψψ ,,,,XI FG  be an interval-valued fuzzy graph. Now, 

),( 2.02.02.0 EVI FG = , where  { }]2.0,2.0[/2.0 ≥∈= pVpV τ  and 

{ }]2.0,2.0[/),( ),(
2.0 ≥= qpqpE τ . 

 All independent power full branches of  FGI  are branches of 5.0
FGI . Thus, 

these is a one to one connection between the independent power full branches in  FGI  
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and the branches in  2.0
FGI , i.e., there is one branch  of 2.0

FGI  for all independent 

power full branch in  FGI . Thus,  ( ) ( )FGFG II γχ =2.0 . 

 
Remark. We know that for complete crisp graph nk , )( nkχ  is the number of its nodes. 

This result gives the following statement. If all of the branches of a complete interval 

valued fuzzy graph [ ] [ ]( )+−+−= ρρψψ ,,,,XI FG  are independent power full, then 

)( FGIγ  is the number of nodes of   FGI . 

 
4. Conclusion 
This paper discussed interval-valued fuzzy graph with chromatic number of  fuzzy 
graph colouring. There are several diverse ideas regarding the quality of a branch in an 
interval-valued fuzzy graph. The  connection between the chromatic number of interval-
valued  fuzzy graph and its power cut graphs are also recognized. 
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