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1. Introduction
Zadeh [18] introduced the concept of fuzzy set985Land after that he also introduced
the notion of interval valued fuzzy subset [17] ¢imort i-v fuzzy subset) in 1975, where
the values of membership functions are intervalauwhbers instead of a single number
as in fuzzy set. The fuzzy set theory has beenldeed in many directions by the
research scholars. Rosenfeld [14] first introdudke fuzzification of the algebraic
sturctures and defined fuzzy subgroups. Jun and [Rjmdiscussed interval-valued R-
subgroups in terms of near-rings. Davvaz [6] intimeEd fuzzy ideals of near-rings with
interval-valued membership functions. Thillaigovimdet al. [16] have studied interval
valued fuzzy ideals and anti fuzzy ideals of neéags. Abou-Zaid [1] proposed the
concept of fuzzy sub near-rings and ideals.

In 1986, Atanassov [2] premised the concept ofndimtionistic fuzzy set (IFS).
An Atanassov intuitionistic fuzzy set is delibedht®s a generalization of fuzzy set [18]
and has been found to be useful to deal with vaggsem the sense of Atanassov an IFS
is characterized by a pair of functions valueddri]. the membership function and the
non-membership function. The evaluation degreesmeambership and non-membership
are independent. Thus, an Atanassov intuitionfeticy set is more material and concise
to describe the essence of fuzziness, and Atanassntionistic fuzzy set theory may be
more suitable than fuzzy set theory for dealinghwinperfect knowledge in many
problems. The concept has been applied to varidgsbeic structure, Biswas [4]
introduced the notion of intuitionistic fuzzy subgp of a group by using the notion of
intuitionistic fuzzy sets. Atanassov [3] proposeteival valued intuitionistic fuzzy set.
The concept of” -near-ring, a generalization of both the conceptring andl -ring,
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was introduced by Satyanarayana [15]. Later Juralet[11, 12] considered the
fuzzification of left (resp. right) ideals df -near-rings.

In this paper, we have introduced the notion adrivail valued intuitionistic fuzzy
bi-ideal in a I -near-ring and some properties of intuitionistizZy bi-ideals are
investigated.

2. Preliminaries
In this section, we include some elementry aspettsare necessary for this paper.

Definition 2.1. [7] A nonempty setN with two binary operations+" (addition) and “

" (multiplication) is called a near-ring if it sdiiss the following axioms:

(i) (N,+) is a group,

(i) (N,.) is a semigroup,

(i) (x+y).z= xzt y, forall X,y,z[0 N. It is a right near-ring because it satisfies
the right distributive law.

Definition 2.2.[7] AT -near-ring is a tripléM, +,I") where,

(i) (M,+) is a group,

@iy I is a nonempty set of binary operations dd such that for each
adr, (M,+,a) is a near-ring.

(i) xa(yB2=(xx yYyp zforall x,y,z00 M anda, S0T .

Definition 2.3. [7] A subsetA of al -near-ringM is called a left (resp. right) ideal of
M if

(i) (A+) is a normal divisor ofM, +),

(i) ua(x+v)— ur vl A (resp.xaull A) for all xO A a Ol andu,vd M.

Definition 2.4. [7] Let M bel near-ring. A subgroufA of M is called a bi-ideal of
M if (AFMIA N (A MI'* AO A, where the operation** is defined by,

A*B={af d+p- 4 atl AOF B E

Definition 2.5.[7] Let M be T -near-ring. A subgrouf) of M is called a quasi-ideal
of M if (QrM)n(MIFrQ)n(MN* QO Q.

Definition 2.6.[7] Let M and N be I" -near-rings. A mappindg : M — N is said to
be ahomomorphism ifaab) = f(a)a f(b) for all a,b0M anda OT .

Definition 2.7. [7] A fuzzy sety in al -near-ringM is called a fuzzy left (resp.right)
idealof M if,

() u(x=y) 2 mi{ % 4 ¥

(i) u(y+x=y=u(x,forall x, yoO' M,
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(i) pua(x+V)—wry=u( R (respu(xau) = u(x) for all x,u,viO M anda O

Definition 2.8. [7] Let X be a nonempty fixed set. An IFA in X is an object having
the form A={< x t,, V(X >| xO X}, where the functionsy,: X - [0,1] and

V,: X - [0,1] denote the degree of membership and degree afearbership of each
elementx X to the setA, respectively, and < u, (X)+V,(x) < 1.

Notation: For the sake of simplicity, we shall use the symBo=< y,,v, > for the
IFS,A={< X 1,(R, V(X > xd K.

Definition 2.9.[7] Let X be a nonempty set and 1ét=< x,,V, > and
B =< t,Vy > be IFSs inX . Then:

1. AOBif y,<sv, andv, 2v,

2. A=Bif AUBandB[O A

3. A =<y, lu, >

4. An B=(u, Opg,v,0vy)

5. A0B= (u,Oug,v,0vy)

6. OA= (U, 1= Uy ) OA =1V, Y,

Definition 2.10. [7] Let A be an IFS in al -nearring M . For each pair
<t,s>0[0,1]0 with t+s<1, the setA,  {x0O X/ (R = tand v,(x) < $ level

subset ofA.

Definition 2.11. [7] Let A=< u,,v, > be an IFS inM and lett J[0,1]. Then the sets
Uty ={xOM: ug(R 2% and L(v,:t)={xOM:v, (X <} are called upper
level and lower level set of\, respectively.

Definition 2.12. [16] An interval numbera on [0,1] is a closed subinterval of [0,1], that
is, a=[a, a’] such thatO<a <a’'<1 wherea anda’ are the lower and upper

endlimits of a respectively. The set of all closed subintervdld(y1] is denoted by
D[0,1].
We also identify the intervdla, @ by the numberlJ[0,1]. For any interval numbers

a =[g,a], b=[b, P10 10,1], 0 | we define
maX{a B=[ mak a » mhx,allb
min{a, B}=[ mif a p mn &b
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inf'a=[Na. &l supa=[{Jal &

il ia ia im
In this notation0 = [0,0] and 1= [1,1]. For any interval number§1=[a", a’] and
b=[b", b’] on[0,1], define
(l)a<bifandonlyifa” <b anda’ <b".
(2)a=bifandonlyifa  =b anda’ = b'.
(3)a<bifandonlyifa<b andazb
(4)ka=[ka , kd ], wheneverO<k <1.

Definition 2.13. [16] Let X be any set. A mappingz\: X - D[0,1] is called an
interval-valued fuzzy subset (briefly, i-v fuzzybmet) of X where D[0,1] denotes the

family of all closed subintervals d0,1] and A(X) =[ A (%, A (%] for all xO X,
where A” and A" arefuzzy subsets ok such thatA™ (X) < A'( X forall x(O X.

Note that Z(x) is an interval (a closed subset of [0,1]) and aatumber from the
interval [0,1] as in the case of fuzzy subset.

Definition 2.14. [16] A mappingmin' : D[0,1]x D[0,1] - D[0,1] defined by

min(a b=[mig & B, mna § forall a bl D[0,1] is called an interval
min-norm.

Definition 2.15. [16] A mappingmax : 00,1]x 0O0,1] — [00,1] defined by
maX(aB=[mak 3 B, max‘ap for all a,b0D[0,1] is called an interval

max-norm. Letmin and max be the interval min-norm and max-norm &{0,1]
respectively. Then the following are true.

1. min{a 3= aandmaX¥{ a 3= &forall ald D[0,1].

2. min{a B= mif bla andmax{ a b= ma¥k,b}aforall a, b0 D[0,1].

3. If a= b0 D[0,1], thenmin{a ¢ = mif blc andmax{ a £ = mak, 3 c for all
cO D[0,1].

Definition 2.16. An interval valued intuitionistic fuzzy set (i-v $shortly) “A' over X
isan object having the form\={( x t,, Aa): xO X} , where i,(x): X - D[0,1] and
EA(X): X = D[0,1], the intervalsu(x) and jA(x) denotes the intervals of the degree
of membership and the degree of the non-memberghipe elementx to the setﬂ,
where,t_JA(x) = [Z;,ﬁ:\(x)] and ;A(x) = [j;,}:\(x)] for all Xx[J X with the condition
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[O,O]S[ZIA(X),EA(X)] <[1,1] for all xU X . For the sake of simplicity, we use the
symbol A= (,ZA,]A) , where D[0,1] is the set of all closed sub interval[ofi].

3. Interval valued intuitionistic fuzzy bi-ideals of I -near-ring
In what follows, M will denote al” -near-ring unless otherwise specified.

Definition 3.1. An interval valued intuitionistic fuzzy ideal =< ZIA,;A > of M is
called an interval valued intuitionistic fuzzyideal of M if,

() ta(x= ) 2{u (3 O Y} (i) pa(y+x= )= 1,(R),

(ii)) A (xayB DOa( y+ 3- & Y2{u( pau,( foralxy z0 Ma,B0y
(V) Va(x—y) <{VaA( 3 OVA Y},

(V) Va(y+x=Y) <Va(®,

Vi) va((xayB2O(a( y+ 23— & P<va( )k forall X, y,z0 M,a,p0T .

Example 3.2. Let N be the set of all integers théw is a ring. TakeM =T =N . Let
a,b0M, a0l , supposeaab is the product ofa,a,b] N.

ThenM is al -near-ring. Define an IFR\ =< Z[A,;A > in N as follows.

14,(0) =[1,1]

va(0) =[0,0] where,t][0,1),s0 (0,1 andt+s<1.by routine calculations, Clearly,
A is an i-v intuitionistic fuzzy bi-ideal of & -near-ringM .

Lemma 3.3. If B is a bi-ideal of M then for anyO<t,s <1, there exists an i-v
intuitionistic fuzzy bi-idealC =< y_,Vc > of M such thatC_, .. = B.

Proof: Let C - [0,1] be a function defined by

— t if xOB — s if yOB
Hy(0=1_ Ve(X) =1~

0 if xOB, 0 if yOB
For all XOOM and the pairs, t0[0,1]. ThenC_, .

bi-ideal of M with t +s<1. Now suppose thaB is a bi-ideal ofM . For all X, y[I B,
such thatx— y[] B, we have,

U X= Wz t={u (Y Oud W ve(x—y) < s={vd 3 0vd ¥,

U (Y+X= Y2 t= 1, (D,ve(y+x-y) < s=ve( ),
Also, for all X, y, zLl Banda, SOl such thatxa y£Bz[1 B, we have,

A(0ayBa00a( v 3= & Wz {u DTu k.
ve(0ayBa00a(y+ 3= @ M) s{vd pOvd k.

<t,s>

= B is an i-v intuitionistic fuzzy
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ThusC is an i-v intuitionistic fuzzy bi-ideal oM .

<t,s>

Lemma 3.4. Let B be a nonempty subset & . Then B is a bi-ideal ofM if and
only if the IFSB =< EB,/TB > is an i-v intuitionistic fuzzy ideal oM .

Proof: Let X, yI B from the hypothesisx— y[] B.

(i) If x,yOB, then Ag(X)=1,A's (x) =0,As (y) =1 and A's(y) = 0. In this case,
As(x=y) =12 {As( R OAs( Y} A'e(x=y)=0<{As(Y O s( Y} .

(i) If xOB, yd B, thenAs(x)=1,4"s (x) = 0,45 (y) =, and A's(y) = 1.
ThusAs(X=Yy) = 0={As(N OAs( Y} . A'e(x=Vy) =1<{A's( N OA's( Y} .

(iii) If xOB, yO B, thenAs(X) = 0,A's (X) =145 (x) =1and A's(y) = 0.
ThusAe(x—Yy) = 0={As(X OAe( Y} . A's(X=y)=1<{A's( XN OAs( Y} .

Thus (i) of Definition 3.1 holds good.

Let X, y,[J B. From the hypothesisy + x— yl B.

(i) If x,yOB, thenAs(x)=1,A'5 (x) =045 (y) =1and A's(y) = 0.

In this casezg(y+ X=Y) =1> js(x).TB(y+ X=Y) =(_)s75(x).

(i) If xOB, yO B, thenA's(x)=1,A's (x) = 0,45 (y) =Cand A's(y) = 1.
Thus, As(y+X—y) =02 As(X).A's(y+X-y) =1< A's(X).

(iii) If xOB, yO B, thenAg(x) =0,A's (X) =1,As (y) =Jand A's(y) = 0.
Thuszs(y+ X=Y) =62§B(x).75(y+ X=Y) =_1s73(x)

(iv) If xOB, yO B, thenAg(x) =0,A's (X) =145 (y) = Cand A's(y) = 1.

ThusAs(y+X—y) 20=As(X).As(y+ X~ y) =1< A's(X).
Thus (ii) of Definition 3.1 holds good.
Let X, y, zL0 Banda, ST . From the hypothesissa yB3, xa(y+ 2— o Z1 L

(i) If x,z0O B thenAs(x)=1,4"s (X) = 0,46 (z) =Jand A's(2) = 0.
Thus Ae (u((xayB2 D0 ( v+ 3- & P) =12 {ds( X Ae( )i
Ae(u((xayB00a(y+ 3— & P)=0<{A's( pIA's( ).

(i)if xOB, zO B, thenAg(x) =1,A's (X) = 0,46 (z) = Cand A's(2) =1,
Thus s (u((xa yB2 DOa( y+ 3= & P)=02{As( YIAs( )}
As(u((xayB O(a( v 3- & P)=1<{A's( XIA's( ).

(iii) If xOB, zO B, thenAs(X) = 0,A's (X) =148 (z) =1and A's(2) = 0.
Thus, As(u((xayB2 DOa( yr 3- & P)=02{As( }As( )}
As(u((xayB O(a( y 3- & P)=1<{A's( XIA's( ).

(iv) If XxOB, zO B, thenAg(x)=0,A's (X) =146 (z) = Cand A's(2) = 1.
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ThusAe (U((xayB2 DOa( v+ 3- & H)20={As( }IAs( )k

As(u((xayBA00a(y+ 3— & P)<1={As( YIA's( )E.
Thus (iii) of Definition 3.1 holijs gogd._

Conversely, suppose that IFB=< As,A's > is an i-v intuitionistic fuzzy ideal dl .
Then by Lemma 3.3_?13 is two-valued, Henc® is a bi-ideal ofM .

Theorem 35. If { A} ., is a family of i-v intuitionistic fuzzy bi-idealsf M then n A
is an i-v intuitionistic fuzzy bi-ideals o , where

NA={0u,, s}, Duy( = inf p,( X| i00 xO M, and
Ovai(x) = sudva( X] 00 >0 M.

Proof: Let X, yl1 M. Then we have,

Ot (x=y) = inf{{ 2 ¥ Opal B 00 x yO M

={{inf( p,( ¥) Oinf( (W} 00 x yO M

={{inf( u( 31100 xOM d inf 24 Y| 100 yO M}

={(Oun(®) OO Y-

Let X, ylU M. Then we have,

O (y+x=y) = inf{luy( 3] 00 % yO M = O, (x).

Let X, y,z0 M anda, S0T .

Oun(xayB2 D0a( v+ 31— & Y= inf u Ou 4 00, x2 W
={inf( u( 3] iIOM)} Qint gz i00zONMY  ={(Ouu(R) O(Tua()} -
Let X, yLO M. Then we have,

(v 5 (x= ¥)) = sup{{(v (¥) Dva( Y} 00 x yO M

={(sup(va(X) O(sup@ s (y))}HiOO,x,yd M}

={sup(Va(X) |i00, xOM}YHsup(a (y) [i00,yO M}

={(va(R) O(Wa( YI}-

Let X, yLO M. Then we have,

OWa(y+x—Yy) = suval 00 x ¥J M=0va(x).

Let x,y,z00 M anda, S0T .

Wa((xayB00a( y+ 3— & Y =sud{va( xOva( B| D0 x 2 W
={supva( ¥ O supva( ) D0 ,xZ M

={supva( Xl 00 xO M} spv4 )k D0 2 N

={(va(X) O(W a( D)} .
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Hence,n A ={0u,, Ova} is an i-v intuitionistic fuzzy bi-ideal oM .

Theorem 3.6. If A is an i-v intuitionistic fuzzy bi-ideal ofv then A' is also an
i-v intuitionistic fuzzy bi-ideal ofM .
Proof: Let X, LI M. We have,

HA(X=Y) =1= 1, (x= Y) =1={up () O (W} .

Va(x=y) =1-Va(x= y) =1-{Va(X) OVa( Y} -

Let X, yL1 M. We have,

H Ay +X=Y) =1, (y+ %= ) =111, (x) = 1/, (X),

Va(y+X=Y) =1-va(y+ x= ) =1-va(X)=V'aV(X).

Let X, Y, zZ0 M anda, ST . We have

UaA((xayBO(0a( v 31— & p=1-p,((& § ¥I( K ¥ )z ax))

=1-{p,() Dup(} =1-{(x) OL=p (D} ={u(X O (2},

va(xayBA00a( v 3- & p=1-va(( & § ¥I( K ¥ )z ax))
E-{Va(X) OVa(2} ={VA(QV(R Ovay( A}

Therefore,ﬁ is also an i-v intuitionistic fuzzy bi-ideal d#l .

Theorem 3.7. An IVIFS A of M is an i-v intuitionistic fuzzy bi-ideal oM if and
only if the level setsU (u,;t) ={xOM| (¥ = ¢ and

L(va;t) ={xOM:VA(X <} are bi-ideal ofM when it is non-empty.

Proof: Let A be an i-v intuitionistic fuzzy bi-ideal df1 .

Then, i, (x= V) 2{4 () Du (9 X yOU{Ugt=> (3 2 tu (92}
HA(X=Y) 2 t= X= yOU (i ) Up(X= ) 2 {1, Dt 9} -

X, YOLWYA )= Va(X S tva(Y)S t va(Xx=yY)S{vA A OvA y <}
Va(x-y<t) = x-y0O L(;A; f).

Let f1,(y+X= )2 (- X YOU@ )= U2 (D)2 t

HA(Y+X= W) 2 (D2t f1,(y+Xx=Y) = t=y+x- yOU(u; 9.

Let VaA(Y+ X= V) SVA(R . X YO LWYA; ) 2 Vva(XN < tva(y) st

Va(Y+X= V) SVA(R S t. Va(y+X= Y < t= y+x— yO LVa; 1).
Alsoleti,(xayB DOa( y+ 3- & P{u( pOu k.

X, 'y, zU U(Z{A; d,a,600 SZIA(X)Z LZIA(Y)Z tZIA(Z)Z .
HA(ayB00a( y+ 3= & P2{u( YOu )z}
Up(xayBAO0a(y+ 3- & Y= = (xayB2), (a(y 3- & ¥0 Yu,; k.
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Thus,U(ZJA;t) is an bi-ideal of\M .
va((xayB00a( y+ 3- & P<{va MOVvA E.
X, Y, z0 LWwa; 0),0,800 = va(X< tva(Y)S tva(2<
va((xayB00a( v+ 3= & P<{va pVA s
va((xayB2D0a(y+ 3- & < = (xayBd, Oa(y+ 3- & Y0 Wa; X
Thus, L(Va;t) is an bi-ideal oM .
Conversely, ifU (Z{A;t) is an bi-ideal ofM let t ={ZIA( X) DZ/A( v} -
Then x, yO U(ZIA; t),= x- yO U(/_IA; t) :>,71A(x— y)=>t.
HA(X=Y) 2L () D 9} -
Also, X, yOU (Ui ),= y+ x= yO Ul ; § = 2, (y+ %= ) 2 4,(X.
If L(Vat) is an bi-ideal ofM lett ={va(X) OV (Y} . Then
X, YO LA )= x= yO Lva; ) = Va(Xx=y) S t= Va(x=y) <{VA( 3 OV A Y} .
Also, X, YO LV a;t),= Y+ x= YO La; ) = Va(y+ X— Y) 2Va( .
Next, definet = {va(X) OV a( 2} .
Then X, y, z0 U(u,; 9,0,807 = (o Y8 2, (& (¥ 3= & ¥ Ea:)
va((xayB00a(y+ 3- w Ps .
va(ayB200a(y 3- & ps{U MV k.
ConsequentlyA is an i-v intuitionistic fuzzy bi-ideal oM .

Theorem 3.8. Let A be an i-v intuitionistic fuzzy bi-ideal oM . If M is completely
regular, therva(a) = #,(aaa),va(a) =va(ar g forallallM anda OT .
Proof: Straight forward.

Let f be mapping fromaseX toY, and A be IVIFS on Y . Then the preimage of
4 under f , denoted byf (A), is defined by;
A (A(0) = LA (F(X), A (X) =Va( F(¥) forall xO X,

Theorem 3.9. Let the pair of mappingf :M — N be a homomorphism of - near
rings. If ,L_J is an i-v intuitionistic fuzzy bi-ideal ol , then the preimagd ™ (A) of A
under f is an i-v intuitionistic fuzzy bi-ideal oM .

Proof: Let X, (O M. Then we havef (1, )(x = y) = & ,( f(x= )

= (£ 00 = F(0) 2L F(9) O TN} ={F () O (u( Y}
{FVA(x= Y = va( f(x= 9} =va(f ()= F(¥) <{va( () DV F(Y)
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={ (VAR DA}

Let X, yOO M. Then we havef (1,)(y+ x= y) = t,( f(y+ x= )

2 f1,(f (X)) = £ (Ua(4)). ) )

FRAa)(y+x=y) =va( f(y+ x= P)=va(f(¥) = fVa(x).

Let X, Yy, zO0 M anda, BUI . Then f‘l(ZJA)((xay,Bz)D(xr( VW aiI- ')
=EA((f(xay§Z))D(>a( yr 31— ' Y=, €& g N0( Fa( ¥ )z ax))
2 1, (F(X) Oua(f(2)

={f u(N) OF ()} Therefore, f *(u,) is an i-v intuitionistic fuzzy bi-
idealof M.

Ay 00a(yr 3- & P=va( (& §)D(a( ¥ )z ax))=
va((f(xayB2) O fOa( y 3= & ) <{va( £(X) Dva f()}

Therefore, f ‘1(;;\) is an i-v intuitionistic fuzzy bi-ideal oM .

4. Conclusion
In this paper, we have presented the notion of rniate valued intuitionistic
fuzzy bi-ideals of d -near-rings and derived the properties of thesalsde
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