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Abstract. Fuzzy numbers have been introduced by Zadeh irr toddeal with imprecise
numerical quantities in a practical way. In thisppa some types of interval valued
trapezoidal fuzzy numbers (IVTrFNs) and some naedr arithmetic operations on
interval valued trapezoidal fuzzy numbers have h@eposed. Also relevant numerical
illustrations are included to justify the abovedsadtions.
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1. Introduction

The concept of fuzzy set was introduced by Zadehl®65[10]. A fuzzy set is
characterized by a membership function, whose galre crisp number in [0,1]. The
concept of fuzzy number is a special version ogjuget, which is defined on the set of
real numbers. Kauffmann and Gupta [3] studied thecept on fuzzy arithmetic. Dubois
and Prade [2] presented some operations on fuzmpers. Mizumoto and Tanaka [4]
discussed some properties of fuzzy numbers. Rezjaid] studied the concept of
multiplication operation on trapezoidal fuzzy nums@nd presented the graded mean
representation with triangular fuzzy numbers. Alsonew method for ranking of
generalized trapezoidal fuzzy numbers using pegrmsetvas presented by her.

Basal [1] presented some non-linear arithmeticraifmns on triangular fuzzy
number and Vahidi and Rezvani [9] presented sonmelinear arithmetic operations on
trapezoidal fuzzy numbers. Dinagar and Abirami ddtrced the concept of more
generalized interval valued fuzzy numbers and tlagithmetic operations under the
ranking function.

In this paper, we have studied the concept of viatlevalued trapezoidal fuzzy
number (IVTrFNs), and some non-linear arithmetierations on IVTrFNs.

The paper is organized as follows: Firstly in sat of this paper, we recall the
definition of interval valued trapezoidal fuzzy nben and some operations on Interval
valued trapezoidal fuzzy numbers also we introdusedhe types of Interval valued
trapezoidal fuzzy numbers (IVTrFENs). In section B¢ discuss some non-linear
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arithmetic operations on IVTrFNs. In section 4,ex@nt numerical illustrations are
presented. Finally in section 5, conclusion is aetuded.
2. Interval valued trapezoidal fuzzy numbers
Definition 2.1. Fuzzy number
A fuzzy setA defined on the set of real numbers R is said t@ fiezzy number if its
membership function has the following charactarssti

(i) A is normal,

(ii) A is a convex set,

(i) The support ofl is closed and bounded.

Definition 2.2. Interval valued trapezoidal fuzzy numbers (IVTrFNs)
An interval valued trapezoidal fuzzy number (IVTOFMI on R is given by
A= {x, (ug(x),yg(x)),xeR} and pk(x) < uY(x) for allxeR. And it is denoted by

v A= [AL,AY], where AY = (al,ak, a5 ab) and AY = (a¥,a¥,a¥,ay) are the
trapezoidal fuzzy numbers. It is also noted tat al, a¥< ak, ak <af, al <ad¥, a} <
U
a4 .
The membership function of interval valued trapeabfuzzy number is defined
by uz: x— [0,1] has the following characteristic function:

x —ak L L
- ai <x < ay
as; —a
2 1
L
a4—X
L L
< L as SxSa4
a, —as
1, ay <x<alandal <x < ak
I-1~(x)_< 2 3 2 3
1 =
x —a¥ U v
U’ ag Sx<a2
a; —a;
U
a4_x
U U
U as SxSa4
a, —as
\ 0, otherwise

2.4. The proposed ranking function
An efficient for comparing the fuzzy number is Inetuse of ranking function defined as

R.F(R)— R, where F(R) is a set of fuzzy numbers define@ set of real number where
a natural order exists.

For ., A= [4L, AV]e F(R), then the ranking functigR:F(R) - R is defined as
R( e A=(at + ak+ ak+ ak+al + a¥ + a¥ + a¥)/8.

Also we define orders on F(R) by

R (e A) 2 R (,r, B) ifand only if . A % IVTr

s]]

93(|VTr/&)=5i(NTrI§) if and only if |VTrA§ vt
R

andR (., Z\) <R (wvrr I§) if and only if -, A < wr B.
H

99]]

r
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Pictorial representation of IVTrFIN,, Ais provided in fig.2.1.

1

Figure2.1: IVTrFEN 4, A
2.6. Arithmetic operations on interval valued trapezoidal fuzzy numbers (IVTrFNs)
Let \r, A= [(af,a3,a3,a5),(af,a3,af,af) ] and

IVTr B = [(bfl bé‘l bé‘r béll—‘) ’ (b{]r bé]r bgr béll-]) ]
(|)Add|t|on for IVTrFNs:
IVTr A+IVTr =[(af + b{, a5 + b3, a5 + b5, a5 +b5),(af +bY,a3 + b7, af +
b3;a4 4)]
(ii) Subtraction for IVTrFNSs:

—1(L L L L L L L L U U U U U

vrr A— i B=[(ar — by, a; — b3, a3 — by,a3 — by) ,(ag —by,a; —b3,a3 —
U

bz.a4 bl)]

(iii) Scalar multiplication for IVTrFNs:
If k > 0 and ke R then K(,, A) = [(kak, ka5, kak, kak), (ka1 , ka2 ,ka3,ka4) ] and
if k < 0 and ke R then Ky, /&) = [(kak, kak, kas, kat), (ka¥, ka¥, ka¥, ka?)]

(iv) Multiplication for IVTrFNs:

IffR(,VTrB) (b1 + bk + bE + b +bY + bY + bY + bY)I8.
vre AX r B= [(@t R (17, B), a5R (vr, B), a5R (7, B), a4 R (1, B)),

(a %(.VTrB) &R (e, B). & R (17 B). a{R (yvr, B))], when (-, B)20
A>< w1 B [(a432(,VTrB) a fR(lVTrB) a ﬂz(l\mB) a fR(lVTrB))

(a R (7 B), YR (v, B), ¥R (1, B), alR (1vr, B))], when (y, B)<0

(v) Division for IVTrFNs:
WheneveR (-, B)#0, we define division as follows:
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If R (r, B)>0, then

IVTr

A ~ ~ ~ ~ ~
——=[(@/R (yr, B), a5IR (11, B), a5/R (7, B), ak/R (1, B)), @IR (7, B),
IVTr

IR (7yr, B), aYIR (17, B), a¥IR (7, B))]
If R (,yr, B)<O, then

IVTr

= [(@k/R (5 B), ak/R (ur, B), abIR (15 B), ak/R (7, B)), @VIR (1, B),

IVTr

a3 IR Civre é), aj IR Crvrr é), afIR Crvre g))]

Deflnltlon 2.7. Zerointerval valued trape20|dal fuzzy number
if . A= [(0,0,0,0), (0,0,0,0)], then,VTrA is said to be a zero interval valued

trapezoidal fuzzy number. It is denoted,fy0.

Definition 2.8. Zer o-equivalent interval valued trapezoidal fuzzy number
An interval valued trapezoidal fuzayumber is said to be a zero equivalent interval

valued trapezoidal fuzzy numbersf (-, ;5\) = 0. Itis denoted by, 0.

Definition 2.9. Unit interval valued trapezoidal fuzzy number
If v A= [(1,1,1,1), (1,1,1,1)], then,;, A is said to be an unit interval valued

trapezoidal fuzzy number. It is denoted,j3yl.
Definition 2.10. Unit-equivalent interval valued trapezoidal fuzzy number
An interval valued trapezoidal fuzayumber is said to be an wa@guivalent interval

valued trapezoidal fuzzy number®f(,;, A) = 1. It is denoted by, 1.

Definition 2.11. Inverseinterval valued trapezoidal fuzzy number

If NTrZ\be an intervalvalued trapezoidalfuzzy number and,, ,&i,\ma. Then its
1l
inverse interval valued trapezoidal fuzzy numbeteined by, A = SdLiuiy
A
IVTr

Definition 2.12. Positiveinterval valued trapezoidal fuzzy number
An interval valued trapezoidal fuzayumber is said to be a positive interval valued
trapezoidal fuzzy number & (-, A) > 0.

Definition 2.13. Negative interval valued trapezoidal fuzzy number
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An interval valued trapezoidal fuzayumber is said to be a negative interval valued
trapezoidal fuzzy number & (-, A) <O.

3. Non-linear arithmetic operationson interval valued trapezoidal fuzzy numbers
3.1 Modulus ofan IVTrFN

Let \r, A=[(ak, ak, ak, ak), (aY,ay,d¥,al) ] be an IVTIFN. Then its modulus is given

by|IVTr |—| (af,a3,a5,a5),(af,ai,af,a )]l
={[(ai,a2,a3,a4),(a1,az,a?,,az’)], it R, A)2 0,
(ot -2t -t —at) (ot -2 e~ ], if #(,, A)<o.

3.2. Squareroot of an IVTrFN
Whenever ® (,A) > 0, the square root of an IVTrEN

~

v A =[(ak, ab, a%,ab) , (@Y, aY,aY,aY) ] is defined by

(
O N O O R oy

R ure A) VRlur A VR, A) R r, A
3.3. Exponentiation of a positive IVTrFN
By using the multiplication of two IVTrFNs, we deé the exponentiation of an IVTrFN.

Let A=[(ak, ak, ak, ab), (@, aY,a¥,a?) ] be a positive IVTIFN.
When n= 0,

(wh)= -
[ ) e e o I

() R ) R ) e e i |

When n < 0,
L

~\" [/ ar af a af
(IVTrA> =

_ _ _ h
\(atos ) (A (e ) (A )

Wi~
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/ af af ad af

- = - - \ '
\(#ur &) (o A)) ™ (o B) (o)) ”/}

3.4. Exponentiation of anegative [VTrFN
Let g, A =[(ak,dk, at,ab), (al,az,ag, )] be a negative IVTrFN.
When n g 1) is odd,

(15)
Ka% (*(R(lwr 'Z‘)>n_1 , a3 (‘(R(IVTr 'Z‘)>n_1 ,a3 (*(R(lwr 'Z‘)>n_1 ,ag (fR(NT, ’Z‘)>n_1> ’

(ot (@ Bt (R Bt (2o B) ™t (o ) )|

When n g 1) is even,

(1A -
(et (R A (Rl B) ™t (ur At (2o ) ),

(af{ (Rl &))" a8 (0 A)) 0 (R A) b (R I&))M)].

3.5. Exponential of a positive IVTrFN
We intend to formulate the exponential of an IVTrEsIng the Taylor series expansion
method. Since the Taylor series expansion of expitaief a real number is given by,

ex=1+£+£+... —00 < x < 00,
For 1 =1 andx = ,, A=[(a},a},a%,al), @V, ay,ad,ay) ] be a positive IVTIFN,
we have
o (B ) gt (o))
\ ‘(R(IVTr A) ‘(R(IVTr A)
n aé _ (egz(IVTr;&)_1>’1+a—i~<e£(wﬂ;‘)_1> ’
R{r, A) Rl A)
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af ( ﬂ(uwﬁ)_1>,1+ @ _ (egz('\m'&)—l)

[t (.
\ R A) R(\re A
1+ ﬂ(i A (e Rl A) _ 1), 1 +ﬁi5~)(6’ Rl A) _ 1))\

3.6. Exponential of a negative IVTrFN
Replacing 1 by, 1 and x by,,;, A= [(a},a},a},af), (af,af,af,af) ]
negative IVTrFN in above equation, we have

be a

i A /1+ a eﬂ'VTf;‘—1 1
T\ ﬁ(lw,ﬂ)< (~) ) )
ﬂia(MWM‘Q‘+ﬂzMGMMM 1)
at R\, A /
MWMG( }‘Q)V ~
al z\)( Ho ) 1) Al £ Ho ) )
1*ﬂia(%uﬂ)91+miaGM“”‘Qﬂ

3.7. Inverse exponential of a positive [VTrFN
Using the definition of exponential of an positiv&rFN, we have

ewj"G+ﬁﬁﬁﬂ_ﬂwm‘g‘+mﬁﬁﬂ’ﬂwm‘
1), 1+ ﬁ(ju&) (e"(R('VT A) 1) 1+ 33(.(::'&) (e"%('VT A 1)) 1+
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o (e‘ﬁ('wf’z‘)—1>,1+ % (e'%('wf'z‘)—1>,1+

‘(R(IVTr A)

m((Wﬁ(()))]

3.8. Inverse exponential of a negative IVTrFN
Using the definition of exponential of a positivelrFN, we have

et fola®) ool
‘(R(IVTr A) _ ‘(R(IVTr A)
1+ ag~<_m('VTrA) 1)1

Rl A)

3.9. Properties on exponential of an IVTrFN

() eIVTrAXeIVTrB — eIVTrA+IVTrB'

;\ ~ ~
(”) e VT =g VIr A- IVTr B
E R
IVTr
A _ awnA
IVTr _ IVTr
(i) (e ) =e
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B
e IVTr

(iv) (e IVTr A ) e VTr Ax IVTr B _

3.10. Logarithm of a positive IVTrFN
We intend to formulate the logarithm of an IVTrFNing the Taylor series expansion
method.

Since the Taylor series expansion of logarithra ofdal number is given by,

S 11

—1)2 —1)3
logex=(x—-1) - % + % — x>0 i n(2)
For 1 =, 1 andx =, A=[(a},a,ak, ab), @V, a?,a?,a¥) ] be a positive IVTIFN,
we have

loge (IVTr A) =
loge( IVTr A> loge( IVTr A) ‘°9e< IVTr A> “’ge< IVTr A)
(af —1) ,(az = 1) (a5 - 1) ——, (af—) = ,
R IVTrA -t R IVTrA R\ A1 R\ yr A1
(( loge( IVTr N “’ge( IVTr X “’ge( IVTr A) K “’ge( IVTr A )
ay — a2 a3 a4 =
(IVTr ) (IVTr ) (IVTr ) IVTr A)- ]

3.12. Propertieson logarithm of an IVTrFN
(i) loge ( wre A Xy B ) p loge ( VT A) +loge ( wre B )

(i) M P loge ( IVTr K) — loge ( IVTr E)
loye(lVTr B)

loge r'Z‘> ~
(i) e <'VT = A,

R

3.13. Positivesolution of n'" root of IVTrFN
If v, A=[(a},ab,ah, a}), @V, ad,a¥,a)] be a positive IVTrFN. Then thé"r(n > 0)

root of -, A is defined by,
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(e¢( . ~)>i,ag(ae(wz‘\)fiag(ae(wz\)fiaz(ae(mﬁ)fiz,
<ay<5z(m, ) T ) R - e P z\))T)].

~

)

3.14. Formulafor a'V™ A ,Wherea>1

Leta IVTr A: elogea
:e[(a'f logea,al logea,ak logea,aklogea),(a¥logeaal loge.aa¥ logeaay logea) |

A ~
IVTr —e IVTr A logea

When -, Ais a positive IVTrFN, since from the definition ekxponential of a
positive IVTrFN, we get

n af; _ (e ‘(R(IVTr A)logea _ 1) /1
o) \

n ai’ _ (e %(l\m /&)logea _ 1>’1
Ay

n ag _ (e ﬂl(l\m /Z\)logea_ 1)]
Rlr.A)

14 aé’ _ ( fR(lVTr/&)logea 1>’1

gB(IVTr A)

n af{ _ (e fR(lVTr/&)logea )

R v, A)
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When -, Ais a negative IVTrFN, since from the definition @fponential of a
negative IVTrFN, we get

)

B
3.15. Formulafor |, A " where wrr A beapositive IVTrFEN

If v B bea positive IVTrEN, then
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IVTr

(1 bt I/ *(R(NTr '&) *(R(Ioge IVTr 'Z‘) 71\|,1+ b} I/e *(R(NTr ~) fR(|Oge VT ~)
} \ / B\
'\

-1

\___/
\______/

D
z
:|

(v B)

1
1+

&
s ~

‘%(lwr AR loge e A W
)

( IVTr Ioge IVTr 1\
\ /

(v, B) ", 8)
/H by (e‘(R(IVTr )‘(R(logemr ) 1\|1 by (e‘(R(IVTr ~) (IogeIVTr ),1\|\
a8l )"l 8| /|
iH y i/eﬂl(,vﬁ,&)ﬁi(logemr ~)\| y i/eyz(,wrﬂ)gz(mgew ;)\li
| #(\n B\ R B)\ J)
If . B be anegative IVTrEN, then

v B
o A
[ i/egz(mri\)32(|oge,vﬁﬂ)_l\i‘l+ . |/32( ) (109, r )\l\I
- R B)\ ) 2 B /|
SR O B T O O P e I
a8 )" o B)\ )
[ [ @A) RlogorA) |\ w [ R A)Rl0gr A) )
2 8)\ )"l 8)\ /|
[ Al A)RlognA) ) [ R A) Mo A) )|
l\ fR(lVTr é)\ ‘%(IVTr ~)\ //l
3.16. Properties

~ vl ~
0 v A=A
w0
(i) e A = wr 1
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~-1\1 -
(W)(wﬁ/\ ) = v A

4. Numerical illustrations
(i) Consider,/|[(-7,—6,—3,1),(—8,—6,—5,2)]].
Let yrr A = [(=7,-6,-3,1), (~8,—6,~5,2)], R(r A) =—4.

Then, | - ,&| =[(~1,3,6,7), (=2,5,6,8)]

~| 1/-13 .7 5
Al =[G 337) (-25.34)]
(i) Considerel(©236)(-1158)] Then,
e [(0,2,3,6),(-1,1,5,8)]

=~ [(1,13.7237,20.0856,39.1711), (—5.3618,7.3618,32.8092,51.8948)].
(iii) Consider[(1,2,5,7), (2,4,5,6)][(2456).(1356)] Then,

[(1,25,7), (2,4,5,6)]((2456)(1356)]
~ [(128.5,256,319.75,383.5), (64.75,192.25,319.75,383.5)].

5. Conclusion

In this paper, we discussed some types of interataled trapezoidal fuzzy numbers and
introduced some non-linear arithmetic operationge limodulus, square root,
exponentiation etc., of interval valued trapezoifiazy numbers. By using these
operations, the fuzzy transcendental equationsesponding to interval valued
trapezoidal fuzzy numbers and their solutions mawtiized in future.
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