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Abgtract. In this paper we obtain the solution of fuzzy fiawal differential equation
(FFDEs) under Riemann Liouville H-differentiabilitysing fuzzy Laplace transform. To
solve fractional differential equation involving ggrbolic cosine function, we use
Riemann Liouville to obtain the unknown solutioniaitial point or the solution with
increasing length of their Hukuhara support ushmey fuzzy Laplace transform. Research
work on analytical method to solve the FFDEs und®&emann Liouville H-
differentiability is limited in the literature. Taonfirm the capability of the proposed
method we present a problem and its analyticatisolu
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1. Introduction

Fractional calculus has been applied in modelingsiphal and chemical processes and in
engineering [4,6,9]. We are reviewing the propsrti¢ derivatives and integrals of non-
integer orders. Podlubnyandkilbas [10,12,] gaveidba of fractional calculus and consider
Riemann Liouville differentiability to solve Fuzzyractional Differential Equations
(FFDEs).

We use fuzzy Laplace transforms to solve FFDEs riiiéets of fuzzy Laplacetrans form is
that it solves the problem directly with out detiing a general solution.

In section 2, we define basic definitions and Riembiouville H-differentiability. Fuzzy
Laplace transforms are introduced and we disc#sgitbperties in section 3.The solutions
of FFDEs are determined by Fuzzy Laplace transfomder Riemann Liouville H-
differentiability and solve the example involvinggderbolic cosine function in section 4.
In section 5, a conclusion is drawn.

2. Preliminaries
Definition 2.1. [8] Fuzzy number is a mappingR—[0,1] with the following properties:
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1.u is upper semi continuous.
2.u is fuzzy convex. i.ey(Ax + (1 — A)y) = min {u(x),u(y)} for allx,y €R,
A €[0,1].
3.u is normal. i.e.3x, €R for whichu (x;) = 1.

4. Suppu = {x € R/u(x) > 0} is the support of the,and its closure cl(supp is
compact.

Definition 2.2. [13,14]

A fuzzy numbemw in parametric form is a pa@, ﬁ) of functionsu(r),u(r), 0 <r <
1,which satisfy the following requirements:

1. u(r) is a bounded non-decreasing left continuous fandti (0,1],and right
continuous at 0,

2. u(r) is a bounded non-increasing left continuous fuamciin (0,1],and right
continuous at 0,

3. 3u(r) fu(r),0<r<1.

Theorem 2.1. [15] Let f be fuzzy valued function onf) represented by
(ﬁx; ), f(x; r)). For any fixed €[0,1], assumef(x;r)andf(x;r) are Riemann-
integrable on [a,b] for everyh, and assume there are two positive functid(d,M(r)
such thaf? | fx: r)| dx < M(r) and]| F(x;7)|dx < M(r) for every k> a.Then f(x) is
improper fuzzy Riemann integrable onofgand the improper fuzzy Riemann integral is
a fuzzy number. Further more, we hgvef (x; ) dx = [faoo fComdx, [ F(x; r)dx)].
Definition 2.4. Letx, y € E. If there exists € E such thak = y + z, thenz is called the
H- difference ofc andy and it is denoted by © y.

Riemann Liouville H-differentiability[7]

CFla,b] is the space of all continuous fuzzy valueakctions on [a,b]. Also we denote the
space of all Lebesgue integrable fuzzy valued fanston [a,b] by.f[a, b] .

Definition 2.5. Let f € CF[a,b]n LF[a, b],x,in (a,b) andb(x) = ﬁ f;% We

say thatf is Riemann Liouville H- differentiable about ord®r 8 < 1 atx,, if there
exists an eIeme(ﬁLDfJ )(x,) € E such that for h>0 sufficiently small

. _ lim xg+h)B®(xg) _ lim P(xq)OP(x9—h)
(i) (FLDLLf ) (o) =, e TSR = Ui, SO
(or)
. _lim 2(x0)©®(xp+h) _ lim ®(xg—h)O®(x
(i) (REDLf ) (o) =,y TSI tim, 20 WE2C)
(or)

i D +h)©o i D -h)ed
(i) ("LDE. £ ) (xo) =, o, ZERO2L), - tim, 20— BO)
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(on)

_ lim ®(x0)OPXo+h) _ lim P(Xo)OP(x9—h)
(IV)(RLD f)(xO) h_l)r(;l+ : _h : _h_l)T(;l+ 2 h 2

We say that the fuzzy valued functiofi is (RL(i) — ) differentiable if it is
differentiable as in the definition2.5 case(i), ghds(RL(ii) — B ) differentiable if it is
differentiable as in the definition 2.5 of casgdind so on for other cases.

Theorem 2.2.[17]
Let f € CF[a,bln LF[a, b],x,in (a,b) and 0 ¥ <1.Then
(i) Let us considef is (RL (i) — ) differentiable fuzzy valued function, then

(DG Yo ) = [ (BHDELf )i ), (DG )i )], 0 7 < 1
(ii) Let us considef is (RL(ii) — B ) differentiable fuzzy valued function, then

(D2, £ )i ) = [(BDL, £ ) Gxos ), (FLDEF ) (i), 0 r < 1

ft;r)dt
wheréeLD f)(XO,T) [r(1 -B) dxf; (x-t)f 1, D
RLnf = _ xf(tr)dt
( D f)xgr) = [F(l —B)dx’a (x— t)ﬁ] ?
Xo

4. Fuzzy Laplacetransforms
Definition 3.1. [16]
Let f be continuous fuzzy valued function. Suppose fliajOe P* is improper fuzzy

Riemann integrable on [®)), thenfomf(x)Ge‘px dx is called fuzzy Laplace transforms
and denoted by

LIf(x)] f f(x)Oe™P*dx (p>0 and integer) (3)
Using Theorem 2.1 we haves < 1;
Iy fesm@e P dx =[[7 f(x;r)OeP* dx , [, F(x;7)Oe ¥ dx|
Using the classical Laplace transform,
l[f(x; r)] = foof(x; r)e P*dx and l[]_f(x; r)] = fm]_f(x; r)e P* dx
- 0o 0
Then we get
Lifee ] = [t [fen] e |

Definition 3.2. Hypergeom (n,d,z) is the generalized hypergeometric function
F(n,d, z), also known as Barnes extended hyper geometridifumd-or scalars a ,b and
¢, hypergeom ([a,b],c,z) is a Gauss hyper geométriction Z;(a, b;c;z). The Gauss
hypergeometric function E2(a, b;c;z) is defined in the unit disc as the sum of the
hypergeometric series
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k
2F,(a,b; c; ) = Y0 LBz 171 < 1

©r kI’
Definition 3.3. The pochhammer symhal);, is defined by
(@o=1,
(@p=a@+1)......(a+n—-1)neN

Definition 3.4 A two parameters function of Mittag -Leffler tymedefined by the series
expansion

Eap (@) = X0 riars ¢p>0)
. . . _ 2 © _t2
An error function is defined barfc(x) = ﬁfx et dt.

Theorem 3.1. [16]
Letf and g are continuous fuzzy valued functions.Supposkcthandc, are constants.

L[(c;0f (1)) @ (c209(x))] = (1O L[f ()] @ (20 L[g(0)])

Lemma 3.2. [16]
Let f be continuous fuzzy valued function oncf),and\eR then

LIAOf (x)] = AOL[f (x)]

Theorem 3.2. Suppose that € CF[0,00) N LF[0, ). Then

L[*DE £ )(0|=sPLIF@®] © (DL )(0) (4)
if £ is(®L(i) — p) differentiable, and
L{*DE )00 |== (D f)(0) © = (sPLIF®)]) (5)

if £is (RL(ii) — p) differentiable.

5. Fuzzy fractional differential equationsunder Riemann Liouville

H-differentiability
Let f € CFl[a,bln LF[a, b] and consider the fuzzy fractional differential atjon of order 0
< B <1 with the initial condition and, € (a, b).

CLDEy)x) = flry@)],

6
(REDET Y ) (g) = (Fly P D) € E ©

Determining the solutions:
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Here we use fuzzy Laplace transform and its invéosderive the solution. By taking
Laplace transform on both sides, we get

LICDE Y] = LIf(xy()], (7)
Based on the Riemann Liouville H- differentiabilitye have the following cases:

Case (i) Let us considey(x) is a(Rt(i) — ) differentiable function then the equation
(7) is extended based on the its lower and uppwtifons as follows

sPLyGs ] - DLy = t]f e yGsm)] o<1
PTG ] - R-DET'Y)(0r) = 1[f(,y(x)im)] 07 <1 ®)
wheref (x, y(x); ) = min {f (x,u)/u € [y(x;7), 5 (x; )|}

Fey (i) = max { £ (o u)/u € [yCam), v}
To solve the linear system (8), we assumekhép; ), k,(p;r) are the solutions
UyGsn)] =t @im)

Iy ()] =kq(p; 1)
By using inverse Laplace transfc!(rx; r) and y(x; r) are computed as follows,
yO;r) =17 [H (p;7)]
Y1) = 1"k (p;7)] 9)(
Case (ii)
Let us considey(x) is a(R:(ii) — B ) differentiable function then the equation (7) can
be written as follows

{—(RLDf:lg )(0;7) = (=PI y (7] = L[ £ Go v

—(*LDE)(0:7) — (—sPU[F ()] = U[F (v ()]

wheref (x, y(x); ) = min {f (x,u)/u € [y(x;7), 5 (x; )|}
Fy (o)) = max { £ (e, w)/u € [y 1), 706 1))

To solve the linear system (10), we assumehhép; r), k,(p; r) are the solutions

UyGen)] =Hz@im)

Wy ()] =kz(p;7)
By using inverse Laplace transfog_r(vc; r) and y(x; r) are computed as follows,
yO;r) =17 [Hy(p;7)]

y(x;r) = 1"k (p;7)] 11

r<1 (10)
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Example 1. Let us consider the following fuzzy fractional diféntial equation
(RLDfJ,y)(x) = AQy(x) + coshx, 0<pf, x<1

(RLDfJ:ly )(0) = Rty P e E A

Solution:
Case(i): Supposé.e R* = (0, +), then applying Laplace transform on both sides
L[(RLDf+y )(x)] = L[ AQy(x) + coshx], (13)

L[(*:Dgiy ) ()] = L[ A0y(x)] + L[coshx],
Using(RE(i) — B) differentiability, we get
{ sy ] - 0Ly )0 = My )] + o= (1)

sPUY s ] = (B-DET13)(05m) = AT (e )] + o
— S
> (F =Dl [yCan)| = CDL YO + 5
(P =D 1] = CDE )05 + p—

N

. |=(RLpB~1 : 1
Ly |=EDE )0 i + T

— —-1— 1
UG I=C DG DO 5+ i o (15)

Applying inverse transform on both sides,

) =(RL DP9 (0: )L [t - s__
Y@= Dy )OI g5l + 1 ey )

— - — 1 —
Y )= D O ) + U e o) (16)

y(x;1)=(Rly, B=D)0xP 1By p(AxF)+ f(j‘(x —t)B~V Ep 5 (A(x — t)P)cosht dt

)=y, P )0xP1Eg s (AxF)+ [ (x — )V Eg g(A(x — £)#)cosht dt
(7)

Case (i) Supposel € R~ = (—,0), then using(Rt(ii) — p) differentiability the
solution will obtain similar to equ(17).

For the special case , let us consiged.5 ,A=1 and
(RLD;>*y )(0;7) = [1 + 7,3 — r] in case (i).

_1 1 x _1 1
y(;r)=[1+7,3 —r]Ox"2E11(x2)+ [, (x — )"2 E11(x — t)2) cosht dt
- 2’2 2’2

Yeor)=[1+7,3 - r]@x_%Ell(x%)+ fgc(x - t)(_%) Ei1(x — t)%)cosht dt (18)
2’2 2’2
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Now consider T term in eq (18)

(xZ)k

x1
X ZEll(xZ) =X "z [Zk =0 k+1 ] \/—I:F( ) I—v(l) I—v( ) +

|1 x° x2
- ﬁ*(ﬁ*@ >]
k

x\2
ﬁ Y= =0T D) ﬁ By L (x2)

1 3 11
= ﬁw(’”)2 erfc (x2) =—+e"erfc (+/x)

2"term in eq. (18)

fgc(x — )2 E11(x — £)?) cosht dt = fox(x — ) Yo (Fx(k?l) cosht dt
2’2
2
k-1

= Ox ,‘;":0( ,212 cosht dt

r=
A1
_fx € (t)) cosht dt+fx i t) cosht dt+fx i t; cosht dt+f;c (i(g cosht dt +
2
freet 2 cosht dt+fx(x Y cosht dt + ----(*)
0 r(z) r@)
Rearrange the terms split series
1 3 5
_X2 1 22,0, 2222, A 1y22.0 2222 4 .02
O [T+5.cx°+ S gx + 0]+ o A+ ox+ o™+ ]+(§)! [1+
3 5 2 4 6
2204222 2.4 g, g qELE a0, 0 et a0
779 AN AT R 1 31 5 7 20 4 6!
X X X X X
m I+ [ET += +';T-+ ;T+..] +

1
_ x"z _hypergeom x | 2x3
2 oy I G GRS O+ S G
3x5  4ax’

T4 Z )

500 71

2n+1 ]

1
_voeo x"Z  _hypergeom 3 w x2nt? x
_Zn=0 (n+%)! { even (1,Tl t E' x)} t Zn:O(n + 1) [(2n+2)! t (2n+1)!

(18)=>
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1
n+s
yCam)=[1+7] =t eeric (VE) + Eimofoy (VP9 n 45,20} +

(n+3)! even
. x21’l+2
Ln=o(n +1) [(2n+2)! +

x2n+1 ]

2n+1)!

1
(V=[] L w x""2  _hypergeom 3
Y0 1)=[3 —r] =+ e¥erfc (Vx) + X7, o U epen, (b0}
. x2n+2 x2n+1
Zn=o(n +1) [(2n+2)! + (2n+1)!]
5. Conclusion

In this paper, solving FFDEs of order B<1 using fuzzy Laplace transforms under
Riemann Liouville —H differentiability was discest As an example, we solved a
problem involving hyperbolic cosine function.
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