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1. Introduction

After the introduction of fuzzy sets by Zadeh [17]1965, several researchers explored
on the generalization of fuzzy sets. The concepintfitionistic fuzzy subset was
introduced by Atanassov [3] as a generalizatiofurnty set. Naegoita and Ralescue [5]
introduced the concept of fuzzy submodules of alute over a ring R and Liu [15]
introduced the concept of fuzzy ring and fuzzy Id&&e concept of)(u)-intuitionistic
fuzzy subring was introduced by Yao [16]. Now, werdéduce the concept oh,(1)-
intuitionistic fuzzy submodule and discuss somelalgic properties.

2. Preliminaries
Definition 2.1. Let X be a non-empty set. A fuzzy subset A of <Xda function
A:X—[0,1].

Definition 2.2. An intuitionisic fuzzy set A of a non-empty setis{an object of the form
A={<X, ua(X),va(X)>},where pa:X—[0,1] and va:X—[0,1] are membership and non-
membership functions such that for eachX we have 8 pa(x)+va(X)<1.

Remark 2.1. (i) Whenpa(X)+va(X)=1, i.e.va(x)= 1-ua(X), then A is called fuzzy set.
(ii) We denote the intuitionistic fuzzy set A={ge(X),va(X)> : xeX} by A=(pa,va)

Definition 2.3. Let M be a Modulus over a ring R. An IFS Ax(va) of M is called
intuitinistic fuzzy (left) submodule (IFSM) if (Da(0)=1vA(0)=0

(ii) pa(x+y) = min { pa(X), pa(y)} andva(x+y) < max {va(x), va(y)}

(i) pa(rx) = pa(x) and va(rx) <va(x), for all xe X ,r eR.

Definition 2.4. Let A and B be any two intuitionistic fuzzy subsét set X. Then
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1. ANB = {<x,min{pa(X), ua(x) }a p,max{va(x), ve(x) }v A> 1, for all xeX
2. AuB = {<x,max{ua(X), us(x) }v A,min{va(x), ve(X)} a p> 1}, for all xeX
3. 0A = {<X, pa(X)VA, ( L1a(X))A p > }for all xeX

4. 0A = {<X,(L-va(X))vA,va(X)a 1 > },for all xeX

3. Main results

Definition 3.1. Let M be a modulus over R.An IFS A gA,vA) of M is called {,u)-
intuitionistic fuzzy submodule (uw)-IFSM) of M if (i) ua(O)vA= 1 ,va(0) ap =X

(ii) pa(x+y)va = min { pa(x) .ua(y)}ap andva(x+y)ap < max { va(x) va(y)} vr

(i) pa(r)vA > pa()ap and va(rx)ap < va(X)va, for all x ,yeM,r eR, where 0<i+p < 1.

Definition 3.2. Let M be a modulus over R. An IFS A ga(va) of M is called §,p)-
intuitionistic antifuzzy submodule ¢({)-IAFSM) of M if (i) pa(0)ap=2x va(0) vA =p
(i) pa(x+y)ap < max { pa(x),na(y)} va andva(x+y)va = min { va(x) va(y)}ap

(i) pa(rX)ap < pa(X)vh and va(rx)va> va(x)ap, for all x, yeM, r eR, where 0<A+p < 1.

Theorem 3.1. Let A=(ua,va) be a IFS of an R-module M. Then A isi)-IFSM of M iff
A satisfies the following conditions (@(Om)vA=p ,va(Ou) AL =2
(ii) pa(rx+syWi = min { pa(x) .pa(y)}ap andva(rx+syap < max {va(x) va(y)} va for all
X,yeMr eR.
Proof: Firstly let A be §,u)-IFSM of M, for all x,\¢ M, r,se R and\< u. Then
Ha(rx+syWA ={ pa(rx+syva} vi = {min { pa(rx) ,pa(ry)}ap }va
= {ra()vA} A{pa(Sy)VAta {pnv A}
> min{pa(X),ma(y)} Ap (i)
va(rx+sy p={ va(rx+sy) ap } ap < {max { va(rx) ,va(ry)} a p} ap
= {va(rx) ap } v{va(sy) ap} v {pn vi}
< max {pa(x) ua(y)} vA (ii)
Therefore condition (i) and (ii) holds. Then corsay, if (i) and (ii) holds, then putting
r=s=1in (i) we getua(rx+syWr ={ pa(1rx+1ry)vA} vA = min { pa(X), pa(y)}am,
Va(rxtsylp ={va(lex+lgy) ap } ap < max { va(x) wva(y)} vA. Hence, A is Xu)-
intuitionistic fuzzy submodule of M.

Remark 3.1. If an intuitionistic fuzzy set of a ring R is dafo be ,u)-intuitionistic
fuzzy subring, if the following should hold.

() na(0) >pa(x) andva(0) <va(y), for all x in R.

(ii) For all non-zero x in R, max{ia(X)} < A or min{ua(X)}>p and minfa(X)}>p or
max{va(x)}<\.

Theorem 3.2. Let A and B be twoXu)-IFSMs of R-Module M, then (AB)y is also
(A,w)-IFSM of M.
Proof: Now i 4ng),,(0) v A={ w4, (0) A ua,, (0)} v =pap=pand
Vaansyy (0) A p= { v4,,(0) A vy, (0)} A p=2vA =
Let x,y¢ M and r,sc R, we have,
Hangyy (DX+ SY W A = { g, (rX + SY)A pg,, (X + Sy)}vA
> {pa () A pa (y) ap} A { pa(X) A pa(y) ap '}
Fang), (X) A leansy, (Y) A 1 ()
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Similarly, viang),, (X + sy )a p ={ v4,, (X + sy)vvg, (IX+sy)}ap
<{va () vva (Y) v2} v {ve(X) v vely) vi}

=VnB)y(X) V Vang), (Y) VA (if)
AISO, iy () VA 114, (X ) A 5, (00} V1
> {pa 09 A} A { 1800 AR} = Kgansy,, () A1 (ii)
Similarly, viangy,, (M)ap={vy,, ()vvg,, (X)}ap
<{a () VAV {ve() YA} = Viang), (0) v (iv)

From (i), (ii), (iii) and (iv), (A0B)y is a §,n)-IFSM of M.

Theorem 3.3. The interjection of a family ofA(u)-IFSMs of R-module M is a\(u)-
IFSM of M
Proof: Let {V} be a family of {,n)-IFSMs of M. And let AfQ\L,V;. Let X,y in M.
Then ‘ .
BaCx ) v A =0 (X + Y) VA= T min {uy, (X), my,(9) } A m

= min Ty, (X), Wy, 0} 1= min fua (), pa (1)} ap, for all x, y in M.
NOW! VA(X +y) AR :S?QI; .uVi (X + Y) Al < S;Z;max {:uVl(X )1 :uVi (y) } VA

= max{y wv,(X), "1 by, (Y)}vA= max {ua (X).ua ()} VA, for all X,y in M.
Also

MA(rX) v 2 =Ty (1K) v T {y (X0} A = pa (X) ap for all xin M and rin R.
SUu, Su, Su,

Now, va(rx) ap = ie’; py; (NX) ap < l-g; {uy,(X)} VA = ie’; {uy,(X)} vA= pa (X) v for

all x,y in M and rin R. That is, A is an\(,u)-IFSM if M. Hence, the interjection of a

family of (\,u)-IFSMs of R-module M is a\(u)-IFSM of M.

Theorem 3.4. Let A = (ua, va ) be an IFS of an R-Module M. Then A is any()-IFSM

of Miff A is (,,n)-IAFSM of M.

Proof: Let A be § ,u )-IFSM of M. To show that A&=(va, pa) is (v ,u )-IAFSM of M.
Sincepa (0) vA =p ,va(0) ap =A, which implies that u§(0) A p =X ,v§ (0) v A = p.
Furtherpa(x +y) v A > min { pa(x ), pa(y) } ap implies thatvg (x +y ) vA > min { v{ (x),

vi (Y) } A n. We know that

min{ vi (X), v4 () Yap < v4 (X +y) vA that is min {1p(x), 1ua(y) } a {1-2 } <{1-
Ha(x +vy) }v{l-p}

min {1-p3(x), 1ua(y) ,(12)} <{1-min{ pg x+y)pu}}

I-max{ug(x ), ug(y), A} < 1-min {pg(x +y) u}. Take complement on both sides, we
get

max{ug (x ), p§(y ), %} = min { u§ (x +y), 1} ()
Similarly,

va(X +y) ap < max {va(x ), va(y) } vA implies thatug (X +y ) ap < max {u§ (X), 145
(¥)} vA.

We Know that max ¢ (x), 4§ () } vA < u§ (X +y) ap that is

max {1v4(x), 1v5(y) } v{1-u} >min { 1-v{(x +y) ,14}.

Imin{vi(x ), vi(y ), n} = 1-max {vi(x +y) X }. Take complement on both sides, we
getmin{vi(x), va(y ), n} < {va(x +y) Vi (ii)
Also we havaua(rx) v A > pa(x) a pthat isvg (rx) v A >vg (X) Ap.
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Also {1 —pug (M)} v{1-p} = {1 —pug (O}a{ 1-A} and 1-min {pg(rx),u} = 1- {uj (x) v
A}. Taking complement on both sides, (rx) A p<u§ (X) vA.

Similarly, if va(rx) A p <va(X) v A that isug (rx) A p < ug (X) vA.

Also {1 —v§ ()} a{l-A} < {1—vi(X)}v{1-u}, I-max{vS (X), A} >1-{v5(x)a
u}. Taking complement on both sideg, (rx) v A >v{ (X) A n. Hence, if Ais ani(,u )-
IFSM of M iff A€ is (.,p)-IAFSM of M.

Theorem 3.5. Union of two § ,u )-IFSMs of M is also a\(,u )-IFSM of M

Proof : Let A and B be twol(,u )-IFSMs of M, which implies that Aand B are ¢ ,u)-
IAFSMs of M.(by previous theorem). Thereforé A B® is a (.,u)-IAFSM of M, which
implies that (Au B)®is (. ,u )-IAFSM of M. Therefore AuB is (A ,u )-IFSM of M.

Theorem 3.6. The union of family of X, )-IFSMs of R-module M is @/(u)-IFSM of M
Proof: Let {V;} be a family of {,u )-IFSMs of M. And let A =Uj; V;. Let x and y in M.
Thenpa (0) vA ={ uya;(0) } vA={1a, (0) v s, (0) vipa,(0) v un(0) } v =pv
LV U V...... v =p v (0)ap={vy,0)} ap={vs,(0) aAvy,(0) Avy, (0)a......
Avp(0) } A =AA A A Aa..A XM =k andps (X+Y) v A = S:g py,(X+y ) v A > S?Smax {
ty, (0, iy, ) Ya = max { 2wy, (%), jef by, (0} A n = max {pa (X), pa ()} ap, for
all x,y in M. . ‘ .

Now, va (x+y) A 1= vy, (xty ) a e < min {vy, (0, v, 0) }v A= min { vy, (2)
, il:,fvvi )} v A =min {va (x), va (¥)} v 1 for all x,y in M. Alsopa (rx ) v & =1y, (rx
) v a = T8y, () }ap = pa (X) ap, for all x in M and rin R. Nowya (1X) a p =
vy () ap< B vy, (0} vA = va (X)vA, forallxin MandrinR. Thatis, A is an
(A, w)-1IFSM of M. Hence, the union of family of,(1)-IFSMs of M is a ,u)-IFSM of M.

Theorem 3.7. If Ais an @, p )-IFSM of M, then®A is an §, p)-IFSM of M.

Proof: Suppose if A is ar\( n )-IFSM of M, thenu, (O) vA =puvA{ g (0) }ap={1-
u}ap=rforall x,yin M. And theru, (x+y) vA>min { ug (X), ta (¥) } A p. Similarly
{1—pa Oy} A 2min {py (), pa ()} A ={1—py (x+Y)} a{1-2} =1-{ py
(x+y) VA } <1-{min { gy (X), pa (¥) } A p={1- pa () }v{1- pa () } v{l- i} ={1-
Ua (X) 3v {1- uy (y) } v A also we know that, (rx) vA > u, (X) A p. Similarly {1 — py
(M} ap =1 pp rx)}a{l =2} =1—{us rx) v 3<1—{py () ap}=1-{us(X)}v
{1-u}=1-{ uy X) }v L. Hence OA is also anX, w)-IFSM of M.

Definition 3.3. Strongest {,p)-intuitionistic fuzzy relation.

Let A be an intuitionistic fuzzy set of M. Then te&ongest fuzzy relation on M is V
given by

ty () = min {pa (), paly) } v =min {p,(x), ta(y) } A,

vy (XY) = max {va(x),va(y) } a p=max {vs(x),va(y) } v forall xyin M.

andpa(0) v A= { i 14,00} v, va (0) a p={ 7 va,(0) }a o

Theorem 3.8. Let A be an intuitionistic fuzzy subset of R-MdeluM and V be the
strongest intuitionistic fuzzy relation on M. ThAris called §,u)-IFSM of M if and only
if Vis an (A,w)-IFSM of MxM.
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Proof: Suppose that A isX,uw)-IFSM of M. Then for any X=;,x,) and Y =(y4,y,)
are in MxM, we havey, (X +Y) v A =puy [(x1, %) + (YY2)]vA =py [(x1+y1 X+ yo)]v A
=min { pa(X1 +Y1),pta (X2,¥2)} v A= min {min {u, (X1) A pa (yo) } a ph, min {p, () A
pa (¥2) } apd=min {min {u, (X0), pa (X2) } min {ps (yo), pa (v2) 3 a p=min{ iy, (x
), iy (Y) } A p. Thereforep, (X +y)vAi>min{ uy, (X), 1y (Y) } A p, for all x,y in MxM
andvy (X +Y)ap=vy [(x1, %) + (VY2 & p=vy [(x1+y1 o+ Yo)la p = max {v, (X
+y1),Va (X2,Y2)} A p<max {max {vy (X) vva (y) } vl max{vy (%) vvs (y2) } v}
=max {max {v4 (x1) , va (X2) }, max {vy (1) ,va (y2) }} vA=max{vy (x), vy (y)}v
L. Thereforey, (X + y)a p<max{vy (x),vy (y) } vA, for all x,y in MxM.

Let r=(r,,r2) € RXR and x=(x; , x;) € MxM. We have uy (rxX) v =puy [(11, ). (X,X2)]v
A= py [(rXa 2x)]v A = min { pa(rexy) g (X2)} va=min {uy (X) , ua (%) } A} =
{y X, %2 ) } A p=uy (X) a p. Thereforeu, () va>{uy (x)} Ay, forall x in MxM
and r in RxR. Similarlyy, (rx) A w=vy [(11, ). (X, X)]A p= vy [(71X1 ,F2.X2)]A p= max
{ va(rix)va (X2} ap<smaxfvy (xa), va () } va}={wvy (xu,X2)} vi=vy (X) VA
Therefore,vy (rX) ap < { vy (x)} v A, for all x in MxM and r in RxR. Therefore this
proves that V is anX,u)-IFSM of MxM. Conversely assume that V is any()-IFSM of
MxM, then for any x=(x;,x,) and Y =(y;,y,) are in MxM, we have min{
Ba(Xaty), pa(Xoty2)v b = p, (Xatys, Xotya) v A = 1, [(Xe, %)+ (YY) VA =py(X +y) v >
min { p1,(x), w,(y) } A p=min { wy XXz ), py (YY2 )} a p=min{min{ u, (X1) , uy
(<bmin{ pa (Y1)  1a (Y23 A 1.

If ua(x1 +y1) < pa(Xatyz) andp(xe) < pa(Xo), a(ys) < pa(yz), we getps(Xitys) v A >
min { pa(X1), pa(yd}ap for all x and ye MxM. And max {v,(Xit+ya), va(Xe+y2)ba p =
V(XYL Xety2) A g = v [(XuX) (Y1 Y2)] A p=vp(X +y) a p < max {v,(x), v,(y) } v
=max { vy (X, %), vy (Yu.Y2)} v A = max{max{v, (xi), va ()L, max{ vy (y1), va (¥2)}}
VA I va(Xe +Y1) = va(Xaty2) andvy(Xe) = va(Xa), va(ya) = va(yz),We getv(Xi+yr) A p <
max {v4(X1), v4(y1)} € v A for all x and ye MxM.

Also, let x=(x;,x,) € MxM and r=(g,r)€ R X R. To prove that, (xr)vA > uy (X)ap
andvy (xr) ap < vyp(X) v A Takep, (Xr) vA = py (X,%). (1, ) VA = py (X111, Xo2)vA = min{
pa(Xe.11), pa(Xar2)}v A = min { py(Xoap, pa(Xa)ap } = py(Xe,X2) ap there forewy (xr) v A
> uy(X) Ao p Similarly, vy (Xr) A p = vp(X,X2).(ru,r) A = vy (Xe.r, Xa2rz) A 1 = max{
Va(Xg.r), va(Xar2)} a A <max {vy(X)v A, va(X2)v A } = vy (X1,X2) v A there forevy, (xr) a
u<vy(x) v A. Hence the theorem.

Theorem 3.9. Let A be intuitinistic fuzzy subset of R. Then A @lled § ,u)-
inuitionistic fuzzy submodule of an R-module M, afl non-empty A is a (A,Ww)-
intuitionistic fuzzy submodule of M, for adle (A, p].

Proof : Letu, be @,u)-inuitionistic fuzzy submodule of an R-module M,(0) v A = p>
a.Let a e(A,u] and x,ye A, Thenpu,(X) > o and py(y) > o thus pu(x +y) v A >
Min{g,(X), ta(y) } ap=>aaaa p=aand so x+y A,. Nowu, (X)) vi=>pus(X) Ap> o a
u=a which implies that rx A,. Andv,(0) =1 <. Let

a €(A,pn] and x,ye A,. Thenv,(X) <o andv,(y) < o thusv,(x +y) a p < max{v4(X), v4(y)
}va< avavi=aand so x+ ¥ A Nowvu(rx) ap <vy(X) vA <avA=awhich
implies that rxe A,. Therefore Ais a ,u)-inuitionistic fuzzy submodule of M.
Conversely, let Abe ¢,w)-inuitionistic fuzzy submodule of M for alt e(A,u]. If there
exist X,y€ M such thaty 4(x +y) v A < min{us(X), ua(y) } Ay, thenpy(x +y) <o
Hence x+ y¢& A, which contradicts the fact that,As a {,n)-inuitionistic fuzzy
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submodule of M. Hencg,(x +y) v A > min{u4(x), na(y) } ap for all x,y in M. Infact,
supposaua(rx) va < pa(x) ap = a thenpa(rx) < a.(sincep >a ). Thus rxg A, for all xe M
and £ R. This is contradicts. Sou(rx) v X > pa(X) A p. And if there exist x and y in M
such thaty,(x +y) A u > max{va(x), v4(y) } v A, thenv,(x +y) > a. Hence x+ & A,
which contradicts the fact that,As a {,u)-inuitionistic fuzzy submodule of M. Hence
V(X +Y) A p < max{v(X), va(y) } v A for all X,y in M. Suppose o(rx) A u>v a(X) v =

a thenv A(rx) > a.(sinceh <a ). Thus rx¢ A, for all xe M and e R. This is contradicts.
Sova(rx) A p <va(X) v A. Therefore A is a\(p)- inuitionistic fuzzy submodule of M.

Definition 3.4. Let A and B be twoi(u)-inuitionistic fuzzy submodules of an R-module
sup

M. Then there sum is defined aga(+ ugs) (X) =, -, pimin { ua(a), ug (b) }}.for all x in
M and

(va +vg) (X) =x=aif£{max {v(a),vg (b) }},forall x in M
Theorem 3.10. Let A and B be twoXu)-inuitionistic fuzzy submodules of an R-module

M. Then the sum A+B is also ak,f)-inuitionistic fuzzy submodules of M.
sup

Proof : Clearly, (i + ps) (0) Zoeq.(Capmin { 1a(a), s (-a)}}
=0=as(eaymin { #4(a), up (@) 1 = p, (@s minfua(0) us(0)}. Let x,y in M and r,s in R.
Then (pa + pis) (X +SY)V & = oy 2 (min { s (@), i (b) J} v & = {min{ pa(rx),
us(sy) B} v A = min{ pa(x), ms(y) } Ap. As bothp, and pug are intuitionistc fuzzy

submodule of M, therefore we haya(rx +sy)v A =, o _ P {min { g4(a), s (0) } v

A= A{min{ pa(rx), pa(sy) 3} v & = min{ pa(x), pa(y) } ap and ps(rx +sy) v A =
retsy=atolmin { up(a), pug () 1} v A = {min{ pa(rx), pa(sy) 1} v A= min{ pe(x), us(y) }
Aap. Adding these, we getuy + ug) (rx +sy)v A = { min { pa(X), pa(y) } ap} + { min {
pe(X), na(y) } ap} = {min { pa(x) +us(x), paly) +us(y)}} a p={min{( pa + pe)(x), (na
+us)(y) } A p}.Again by putting y = 0,We get (s + pg) () vA > { pa (X)paly) } ap
similarly we can get,

(va +Ve) (0) Zpegy(eptmax {va(@), Vi (-8) B = ooy (T2 {max {va(a),vs () }} = 4,
(as max{a(0), vg (0O)}.Let x,y in M and r,s in R.Thenv{ + vg ) (rx +sy) ap =
retsy=argmax {v4(@),vg (0) } a p = {max{ va(rx), ve(sy) }} v A < max{v a(x), v
s(y) } v A. As bothv 4 andv g are intuitionistc fuzzy submodule of M, therefave have
VAIX+SY)A = gy pmax {va (@), va (0) } ap

={max{ v a(rx), vasy) } ap<max{vaX),valy) } viandv g(rx +sy)a p =
rxrsy—arptmax { v (@), vz (b) 3} & p = {max{ v a(rx), ve(sy) }} A p < max{ v g(x), v
s(Y) } v A. Adding these, we get f +vg) (rx +sy)a u={max {va(x),va(y) } vi}+{
max {vg(x), ve(y) } vA} <{max{va(x) +ve(x),valy) +ve(y)}} vi<{max{(va+v
8)(X), Wa+vg)(y) } vALAgain by puttingy =0, we getvla +vg) () ap<{va
(x), v a(y) } v A, from this we conclude that,vA + B is ah,u)-inuitionistic fuzzy
submodules of M.

Theorem 3.11. Let M be an R-module and A be a non-empty subisetroR-module M.
Then A is a submodule of M if and only if B g5a> is an §,u)-IFSM of , wherey, is
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w,if xeA

Lifrega 29X =1-

the Q,u)- characteristic function of A defined bm(x)z{

xa(x) and O<A+p < 1.

Proof: Let M be a R -Module and A be a non —emptysst of M. First let A be
sub module of M. We have 0 in A. Thereforg0)vA =pvA =pand y,(0) ap= Aap
=A. Take xandyin Mand rinR.

Case (i) : If xand y in A then x + y, rx in A. Since A is a submodule of M, ya(0) =
xa(x) = xa(y) = xa(xty) = xa(rx) = pand 74(0) =x7a(x) = xa(y) = xa(x +y) =
(ra(rx) = A so ya(x+y) v A = min{ ya(x), xa(y)} a p for all x,y in M and ya(rx) vi =
xa(x) apforallxinMand rinR. Also y,(x + y) a p < max { y4(x), xa(y)} vA and
Xa(@x) ap<xys(x)vAforallxinM,rinR.

Case (ii): If x in A, y or r not in A (or x not in A, y or r in A) then x+y, r in R may or
may not be in A is non-empty subset of M and r in R, so ya(x)= ya(y)=p ,
Xa(X)=xa(y)=A. Since B=< ya, ¥5> is an (A,p)-IFSM of M, We have ya(x+y) v A=
min{ ya(x) , xa(y)} ap=min{ p,utap=p for x,y in M and ya(rx) v A = ya(x) ap =pap
=p forall x in M and r in R. Therefore ya(x+y) = ya(rx)=p. And, ¥,(x+y) ap < max
{XaX), xa(y)} vA =max { ALA}=A, and x4 (rx) ap < x4 (x) vA=AvA=Aforxin M and r
in R. Therefore Y, (x+y) =x4(rx)=A. Hence x+y and rx in A,so Ais a submodule of
M.

Definition 3.5. Let M and N be two R-Modules. Let :M—N be any function. Let A be a
(A,W)-intuitionistic fuzzy submodule of M, and V be an (A,u)-intuitionistic fuzzy
submodule of of N is defined by

() va = [FPUatIvA.for xef ) and

0 ,otherwise
; -1

w(X) A p= {mf(vA COpp, for xef ) and, for x in M and y in N, then A is called
0 ,otherwise

pre image of V under F and is denoted by f~1 (V).

Definition 3.6. Let M and N be any two R-modules. Let f: M—N be any function. Let A
be a (A,u)-intuitionistic fuzzy submodule of M, then the anti-image of A under fis the
(A,W)-intuitionistic fuzzy subset

f.(A)= (w(y) vA vu(y) A p),where

h (X):{(y € N,inf ( ua()V &), sup (va(Iaw) ; forxe f1(y)

- 0 ; otherwise

Theorem 3.12. Let M and N be any two R-modules. Let :M—N be a mapping from

M to N. Then

() If Ais a (A,)-IFSM, then f(Ac) =(f_(A))¢

(ii) If Bis a (A,w)-IFSm, then f~1(B¢) = (f ~1(B))¢

Proof: Let A be a (A,u )-IFSM, then for each y in N, we have,

FAY) = | |

Caep b (aacCOAR), oot (Vac GOV D} = (b (VaGIV A, s (2 () A1)
=(£.(A9))<(y). Thus f(A)= (f_(A))~

Let B be a (A,))-IFSM, then for each x in M, we have,
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FHEO@® = B(f(0) = (v (F)at s (F D)V } =
(1) (A (g1 GOV AT = (FH(B))°. Thus, £71(B) = (F 7 (B))"

Theorem 3.13. Let M and N be any two R-modules. Let f:M—N be a mapping from M
to N. Then

(i) If Bis a (A,)-IAFSM of N, then f~1(B) is (A1) ~IAFSM of M.

(ii) If Ais a (A,n)-IAFSM of M, then f_(4) is (A,n) -IAFSM of N.

Proof: Let B be a (A,u)-IAFSM of N, then B¢ is (A,u)-IFSM of N and so f~1(B¢) is
(AW)-IFSM of M. That is (f ~1(B))¢ is (A,uw)-IFSM of M.Hence f~1(B) is (A,u) -IAFSM
of M.

Let Abea (Au) -IAFSM of M,then A° is (A,u) -IFSM of M and f~1(4°¢) is (A,u) -IFSM
of N. Since f(A°) = (f_(A))¢ implies that (f_(A4))¢ is (\,n) -IFSM of N. Hence f_(4)
is (A,u)-IAFSM of N.
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