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1. Introduction

We begin with simple, finite, planar, undirectedn. A (p,q) planar graph G means a
graph G = (V,E), where V is the set of verticethw/| = p, E is the set of edges with |E|
= g and F is the set of interior faces of G with3Fnumber of interior faces of G. For
standard terminology and notations related to gtapbry we refer to Harary [4] while
for number theory we refer to Burton [2]. A grabéling is the assignment of unique
identifiers to the edges and vertices of a grami.a~dynamic survey on various graph
labeling problems along with an extensive bibligudma we refer to Gallian [3]. In [1],
Cahit introduced the concept of cordial labeling grbph. Varatharajan et al. [7]
introduced the concept of divisor cordial labelwfggraphs. The concept of sum divisor
cordial labeling was introduced by Lourdusamy e{&]l Lawrence et al. introduced the
concept of face product cordial labeling of graphg5]. Motivated by the concept of
face product cordial labeling and sum divisor calrttbeling, we introduce new type of
labeling which is called a face sum divisor cordiddeling of graph. The present work is
focused on some new families of face sum divisadieb labeling of switching of a
pendent vertex in path,Pswitching of any vertex in cycle ,Gand 3K,,). We will
provide brief summary of definitions and other immfation which are necessary for the
present investigations.

2. Basic definitions
Definition 2.1. Let a and b be two integers. If a divides b meaas there is a positive

integer k such that b = ka. It is denoted by d|h.does not divide b, then we denoteba

Definition 2.2. Let G = (V(G), E(G)) be a simple graph and f : V{&L,2,...,|V(G)[} be
a bijection. For each edge uv, assign the labélfu)|f(v) or f(v)|f(u) and the label O
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otherwise. The function f is called a divisor catdabeling if |§0)—e(1)|< 1. A graph
with a divisor cordial labeling is called a divismrdial graph.

Definition 2.3. Let G = (V(G), E(G)) be a simple graph and f: V(JL,2,..., [V(G)|}
be a bijection. For each edge uv, assign the lab#l 2|(f(u)+f(v)) and the label O
otherwise. The function f is called a sum divisordial labeling if |€0) — e(1)|< 1. A
graph which admits a sum divisor cordial labeliagalled a sum divisor cordial graph.

Definition 2.4. A vertex switching Gof a graph G is obtained by taking a vertex v of G
removing the entire edges incident with v and agldidges joining v to every vertex
which are not adjacentto vin G.

Definition 2.5. For a graph G, the splitting grapi(®) of a graph G is obtained by
adding a new verteX orresponding to each vertex v of G such that K(N(V).

Definition 2.6. A complete bipartite graph K is called a star and it has n+1 vertices and
n edges.

Definition 2.7. A face sum divisor cordial labeling of a graph Ghwertex set V is a
bijection f from V(G) to {1,2,..., |[V(G)|} such than edge uv is assigned the label 1 if 2
divides f(u)+f(v) and O otherwise and for face fassigned the label 1 if 2 divides
f(u)+f(uy)+...+ f(u) and O otherwise, wherg,W,, ..., are vertices corresponding to the
face. Also the number of edges labeled with O d&edriumber of edges labeled with 1
differ by at most 1 and the number of faces labelth O and the number of faces
labeled with 1 differ by at most 1. A graph withfeece sum divisor cordial labeling is
called a face sum divisor cordial graph.

3. Main theorems

Theorem 3.1. Switching of any vertex in cycle ;Cadmits face sum divisor cordial
labeling for n= 5.

Proof: Let v,v5,...,V, be the successive vertices of G, denotes the graph, which is
obtained by switching of a vertex v of.CNithout loss of generality let the switched
vertex be y. Let G be a grapls, . Then \,v,,...,v, are vertices, £&,...,&,-sare edges

and f.f,...,f._s are the interior faces of G, ® \Vip, for 1 <i < N—3, §_3+= Vis1Visp, fOr
1<i<n-2andi= wVipviavifor 1<i < n-4. Then |V(G)| = n, [E(G)| = 2n-5 and |F(G)|
=n-4.
Define g : V(G)- {1, 2, 3, ..., n } as follows
Casel:n=5.
g(v)) =1, 9(v) =2, g(¢¥) =4, g(w) =3 and gy = 5.
Then induced edge labels are
g(e) =0, g(e) =1,9(es) =1, g(es) =0and oes) = 1.
Also the induced face label is
g (f)=1.
In view of the above defined labeling pattern weeha
&(0)+1 = g(1) =3 and {(0)+1 = (1) = 1.
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Then [g(0) — g(1)|< 1 and [§(0) — f(1)|< 1,
Thus switching of any one vertex in cyclg 8 face sum divisor cordial graph for
n=>5.

Case2: n=6.

g(v) =1, g(v) =2, g(¥) =4, g(vw) =3 and g(\) = g(v)+4, for 1<i<n-—4.
Then induced edge labels are
g(e)=0, g(e) =1,9(e) =1, g(&s) =1, g(e) =0, g(es) =1 and gey) = 0.
Also the induced face labels are
g (f)=21andg(f) =0.
In view of the above defined labeling pattern weeha
&(0)+1 = g(1) =4 and §(0) = fy(1) = 1.
Then [g(0) - &(1)|< 1 and |§(0) - f(1)|< 1,
Thus switching of any one vertex in cyclg 8 face sum divisor cordial graph for
n==6.

Case3: n>6.
Sub Case 3.1: n=0,1,2(mod 4)

9(v) =1, 9(¥) =2, 9(¢) =4, 9(w) = 3 and g(vs) = g(w)+4, for Isi<n-4.
Then induced edge labels are

g(e)=d(e) =0, g(e) =g(e) =1 and gews) =g (e), for 1<isn-7.
g (&ina) = 1 and Yens =0, for 1< i < nT_Z if n=0,2(mod 4).

g (&ina =1, forl<is nT_l and §(eind) =0, for 1< i < nT_S’ ,if n=1(mod 4).
Also the induced face labels are
g (fa) =1and §(f) = 0, for 1<i< ”—;4 if n = 0,2(mod 4).

g (fs) =1, for1<i< nT_S and ¢ (f;) = 0, for 1<i< nT_S if n = 1(mod 4).
In view of the above defined labeling pattern weeha

&(0)+1 = g(1) = n-2 and{0)+1 = {(1) = nT—s , ifn=1(mod 4).

&(0)+1 = g(1) = n-2 and{0) = fy(1) = nT_‘l, if n=2(mod 4).

&(0) = g(1)+1 =n-2 andy{0) = (1) = %4, if n=0(mod 4).

Then [g(0) — g(1)|< 1 and [§(0) — fy(1)|< 1,

Thus switching of any one vertex in cyclg I8 face sum divisor cordial graph for
n=0,1,2(mod 4).
Sub Case 3.2: n=3(mod 4)

g(va) = 1, g(v) = 2, g(¥) = 4, g(¥) = 3, g(%a) = 9(v) + 4, for 2< i < n-5 and

g(va) = n.
Then induced edge labels are

g(e)=d(e) =0, g(e) =g(e) =1and ge.s) =g(e), forlsisn-7.
g (&in9 = 1 and Yen) = 0, for 1< i < ”7_3 g (ems =0.
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Also the induced face labels are

g (fs) =1, forl<i< n7_3 and ¢ (f;) =0, for 1<i< nT_S

In view of the above defined labeling pattern wereh&(0) = g(1)+1 = n—-2 and
f(0)+1= (1) = “7_3 . Then |g0) — g(1)|< 1 and |f(0) - fy(1)|< 1.

Thus switching of any one vertex in cyclg I8 face sum divisor cordial graph for
n = 3(mod 4).

Hence switching of any one vertex in cyclgi€face sum divisor graph for=n5.

Example 3.1. Switching of a vertex y¥in cycle G and its face sum divisor cordial
labeling is shown in figure 3.1.

Figure3.l:

Theorem 3.2. Switching of a pendent vertex in pathiP face sum divisor cordial graph
forn=4.

Proof: Let v, vy, ..., W, be the vertices of path.P/;, and v, are pendent vertex of path
P,. Without loss of generality, let the switched earbe y. The graph G is obtained by
switching of a pendent vertex in path R.

The w,v,,...,V, are vertices, €8,...,&n4are edges and,f,,...,f,z are the interior
faces of G. = ViViio, fOr 1<i < nN=2, @ 54= Vir1Vieo, for 1<i < n=2 and = vqVioViesVh
for 1<i< n-4. Then |[V(G)| = n, |E(G)| = 2n—4 and |[F(G}}3.n
Define g: V(G)- {1, 2, 3, ..., n } as follows
Casel:n=4.

g(v1) =1, g(¥) =2, g(¥) =4and g = 3.

Then induced edge labels are

g(e) =0,9(e) =1,d(e) =1 and gey) = 0.
Also the induced face label is

g (f)=1
In view of the above defined labeling pattern weeha

&(0) = g(1) =2 and f(0)+1 = f(1) = 1.

Then [g(0) — g(1)|< 1 and [§(0) — fy(1)|< 1.
Thus switching of a pendent vertex in pathi?face sum divisor cordial graph for
n=4.
Case2: n=5.
g(v1) =5,9(4) =1, g(¢) =3, 9(w) =2 and g(y) = 4.
Then induced edge labels are
g*(el) = 11 é(eZ) = 01 d(e3) = 01 g*(94) = 11 d(e:)) =0and geﬁ) =1
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Also the induced face labels are
g (f)=1andg(f) =0.
In view of the above defined labeling pattern weeha
&(0) = g(1) = 3 and §(0) = f,(1) = 1.
Then [g(0) — g(1)|< 1 and [§(0) — fy(1)|< 1.
Thus switching of a pendent vertex in pathi®fface sum divisor cordial graph for
n=>5.
Case3:n>5.
Sub Case 3.1: n=0(mod 4)
g(v) =1, 9(¥) =2, g(¥) =4, g(w) =3and g(vs) =g(w)+4, forI<i<n-4.
Then induced edge labels are
g(e)=9g(e) =0, g(e) =g(es) =1and ge.s) =g(e), forl<si<n-6.
g*(62i+n—3) =1and gezprn_z) =0, forl<i< nT_Z
Also the induced face labels are
n-4

g (f0) = 1, for 1< i < %2 and §(f) = 0, for 1<i< 22

In view of the above defined labeling pattern weeha(0) = g(1) = n—2 and{0)+1
=fy(1) = nT_Z Then |g(0) — g(1)|< 1 and |§(0) - fy(1)|< 1.

Thus switching of a pendent vertex in pathi®fface sum divisor cordial graph for
n=0(mod 4).

Sub Case 3.2: n=1(mod 4)

g(va) =n, g(v) = 1, g(¥) =3, g(w) = 2, g(¥) = 4 and g(va)=g(v)+4, for 2<i < n-4.
Then induced edge labels are

ge)=9g(e)=1, g(e)=9g(e)=0and ge.s) =g(e), forl<i<n-6.

9 (€ieng = 1, for 1<i < ”T‘l and §(esn) = 0, for 1< i < ”7‘3
Also the induced face labels are

g (f0) = 1, for 1< i < “7‘3 and g (f;) =0, for 1<is<

‘ w

n-

N

In view of the above defined labeling pattern weeha(0) = g(1) = n—2 and{0) =
fo(1) = nT_S . Then |g(0) — &(1)|< 1 and |f(0) - fy(1)|< 1.

Thus switching of a pendent vertex in pathiffface sum divisor cordial graph for
n=1(mod 4).
Sub Case 3.3: n=2(mod 4)

g(v) =, 9(¥) =1, 9(¥) = 2, g(w) =4, 9(¥) = 3, () = 5 and g(v4) = g(v)+4, for
3<isn-4.
Then induced edge labels are

g(e) =9g(e) =1, dg(es) =g(e) =0 and ges) = g(e), forlsisn-6.

g (&2nd = 0, for 1< i < %2 and §(esn_y) = 1, for 1< i < %2

Also the induced face labels are
g (f0) = 1, for 1< i < %2 and §'(f;) =0, for 1<is< “7‘4
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In view of the above defined labeling pattern wevéh&(0) = (1) = n—-2 and
f(0)+1= (1) = ”7_3 . Then |g(0) — g(1)|< 1 and |§(0) - f(1)|< 1.

Thus switching of a pendent vertex in pathi?face sum divisor cordial graph for
n=2(mod 4).
Sub Case 3.4: n=3(mod 4)

g(va) = n-1, g(¥) = 1, g(¢) = 3, 9(w) = 2, g(v¥) = 4, g(¥) =5, g(v) = 7 and g(vs)
= g(v)+4, for 4<i < n—4.
Then induced edge labels are

g(e) =9g(e) =0, g(e) =g(es) =1and gews) =g(e), for1<i<n-6.

g (&ing =1, forls<is< nT_l and §(in) = 0, for 1< i < nT_S’ .

Also the induced face labels are

9" (f0) = 0, for 1< i < “7‘3 and § (f;) = 1, for 1<is< ”7‘3

In view of the above defined labeling pattern weeha(0) = g(1) = n—-2 and{0)=
fo(1) = ”7_3 . Then |g(0) — g(1)|< 1 and |§(0) - fy(1)|< 1.

Thus switching of a pendent vertex in pathi®?face sum divisor cordial graph for
n = 3(mod 4).
Therefore switching of a pendent vertex in patlisPace sum divisor graph for=n4.

Example 3.2. Switching of a pendent vertex of patk d&hd its face sum divisor cordial
labeling is shown in figure 3.2.

Figure3.2:

Theorem 3.3. The graph 3K ) is face sum divisor cordial graph foer.

Proof: Let v,v,...,v, be the vertices of K. Let G = JK,,). Then v\,,..., W,
V', Vi,...,V, are the vertices, ®,...,6, are the edges andg,f,...,f,.; are the interior
faces of G, where, & Vv;, 6. = viv and g, = vv; for 1<i <nand f= Vvivi, v for 1
<i<n-1. Then |V(G)| = 2n+2, |E(G)| = 3n and |F(&)}3.

Casel:n=2.
g(v)=1,9(v) =2, g(¥ =3, 9g(¥) =4, g(v1) =5 and gi;) = 6.
Then*inducepl edgejabels are ) )
g(e) =g(es) =g(es) =1 and gep) = g(e;) = g(es) = 0.
Also Lhe induced face label is
g (f)=1.
In view of the above defined labeling pattern weeha
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&(0) = g(1) =3 and f(0)+1 = f(1) = 1.
Then [g(0) — g(1)|< 1 and [§(0) — f(1)|< 1.
Thus &K, ) is face sum divisor cordial graph for n = 2.

Case2: n=3.

gv)=1,9(v) =2, g =3, 9(¢) =5,9(¢) =4 and gy;) = n+2+i, for 1<i< 3.
Then* inducegl edge *Iabels are . . . . .

g(e) =g(e) =9g(es) =g(e) =g(es) =1 and ges) = g(es) = g(es) = g(es) = 0.
Also the induced face labels are

g (f)=0andg(f) = 1.
In view of the above defined labeling pattern weeha

&(0) + 1 =¢1) =5and §(0) = f(1) = 1.
Then |g(0) — g(1)|< 1 and |§(0) — fy(1)|< 1.

Thus &K, ) is face sum divisor cordial graph for n = 3.

Cae3: n=>4.
Sub Case 3.1: n=0,1,2(mod 4)

g(v)=1,09(v) =2, g =3, g(¥) =4, 9(¥) =6, 9(w) = 5, g(%as) = g(v) + 4, for
l<i<n—4andgy;)=n+2+, for I<i<n.

Then induced edge labels are
g(e) =9(&) =0, g(&) =9g(es) =1 and ge&:s) =g(e) forl<si<sn—4.
g (&) = g(ensa) = 1, g(en2) = g(envd) = 0 and genssas) = g(€nsi), for l<sisn-—4.
0 (eni2i) = 0, for 1<i < g and §(exns2) =1, for 1<i < g if n=0,2(mod 4).

g (E2nszi) = 1, for 1<i < ”7” and §(exnsz) = O, for 1< 3”7‘1, if n = 1(mod 4).

Also the induced face labels are
0" (f2r) = 1, for 1<i< 7 and § (f2) = 0, for 1<i< %2 if n = 0,2(mod 4).

9" (fa0) =1, fori<i< ”7‘1 and § (f,) = 0, for 1<i< ”7‘1 ,if n=1(mod 4).
In view of the above defined labeling pattern weeha
&(0) =g(1) = 3—2” and §(0)+1 ={(1) = % , if n=0,2(mod 4).
3n+1

e(0)+1=¢(1) = 5 and §(0) = fy(1) = nT_l , ifn=1(mod 4).
Then |g(0) — g(1)|< 1 and |§(0) — fy(1)|< 1.
Thus $K, ) is face sum divisor cordial graph foer0,1,2(mod 4).
Sub Case 3.2: n=3(mod 4)

g(v) =1, 09(v) =2, g =3, g(¥) =5 9(¥) =4, 9(v)= 6 g(W) =9(V) + 4, for
l<i<n-4andgy)=n+2+i forl<i<n.

Then induced edge labels are
g(e)=d(e) =1, g(ej) =d(e) = 0 and Je.s) = g(e), for 1<i<n-4.
g (envd) = g(env2 = 0, g(ena) = g(ena) = 1 and genvar) = g(envi), for 1sisn—4.
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g (i) = 1, for I<i < ”Tﬂ and g(emns2) = 0, for 1<i s”T_l.

Also the induced face labels are

g () =0and §(f,) = 1, for 1<i < ”7‘1

In view of the above defined labeling pattern weeha

a(0)+1 = g(1) = >

and (0) = f(1) = ”7‘1 .

Then [g(0) — g(1)|< 1 and [§(0) — fy(1)|< 1.
Thus &K, ) is face sum divisor cordial graph foer8(mod 4).

Hence the graph'&, ) is face integer edge cordial graph for 8.

Example 3.3. The graph §K,, and its face sum divisor cordial labeling is shouv
figure 3.3.

Figure3.3:

4. Conclusions
In this paper, we presented the face sum divisodigblabeling of switching of any

vertex in cycle G switching of a pendent vertex in pathad K ).
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