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Abstract. In this paper, we investigate the face integer edgedial labeling of
duplication of each vertex by an edge in fan griagbr n=2, planar graph Qs obtained
from joining the outer vertex of the two copiesthE planar graph G by a path of
arbitrary length and'8<, ).
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1. Introduction

A (p,q) planar graph G means a graph G = (V,EgrelV is the set of vertices with |V|
= p, E is the set of edges with |E| = g and F éssit of interior faces of G with |F| =
number of interior faces of G. For standard terragg and notations related to graph
theory we refer to Harary [3] and graph labeling neéer Gallian [2]. The concept of
cordial labeling of graph was introduced by Caljt [The concept of face edge product
cordial labeling was introduced by Lawrence etial.[4]. In [5], Nicholas et al.
introduced the concept of integer edge cordial linfeof graphs. In [6], Mohamed
Sheriff et al. introduced the concept of face ietegdge cordial labeling of graph. The
brief summaries of definition which are necessay the present investigation are
provided below.

2. Basic definitions
Definition 2.1. A complete bipartite graphiKis called a star and it has n+1 vertices and
n edges.

Definition 2.2. The join of two graphs G and H is a graph G+H wit{G+H) =
V(G)OV(H) and E(G+H) = E(GYE(H) O { uv : uOV(G) and JV(H) }.

Definition 2.3. The graph P+ K; is called a fan graph of n vertices. It denoted, by

Definition 2.4. Duplication of a vertexyby a new edge e swi in a graph G produces a
new graph Gsuch that N(g) = {vi,Wk } and N(w) = {vi,uy}.
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Definition 2.5. For a graph G, the splitting grapi®) of a graph G is obtained by
adding a new verteX eorresponding to each vertex v of G such that K(M(V).

Definition 2.6. [-X,...,x] = {t / t is an integer and | x} and [-X,...,x] = [-X,...,X] —
{0}.

Definition 2.7. For a planar graph G, an edge labeling functiorde$ned as g :
E-[-%,...4Tor[-4,..,2 ]as qis even or odd be an injective map, whiclided

vertex labeling function’g V(G) — {0,1} such that {(v) = 1, if Yg(e)= 0 and §(v) = 0
i=1
otherwise, where,e &, ..., g are adjacent edges of the vertex v and face tapeli
function g : F(G) - {0,1} such that §(f) = 1, if Sg(e)= 0 and § (f) = O otherwise,
i=1

where ge,...,e, are edges of face f. g is called face integer engdial labeling of
graph G if |\4(0) vg(1)| < 1 and [f(0)—fy(1)| = 1. (i) is the number of vertices of G
havmg label i under’gand f(i) is the number of interior faces of G havingdhbunder
g~ fori=0,1. A planar graph G is face integer edggdial if it admits face integer edge
cordial labeling.

3. Main theorems

Theorem 3.1. The duplication of each vertex by an edge in faapgrf, is face integer
edge cordial graph for=2.

Proof. Let f, be the fan graph of n vertices. Letw,...\\h+1,€1,&,...,&n-1 and f,f,,...,f,-1
be the vertices, edges and an interior faces ofl@re e= vyvi; fori=1,2,...,n and g
=V Vi fori=1,2,...,n-1.

Let G be a duplication of each vertex by an edgefan graph f Let
V1,Vo, ... Vo1, Un, Up, .., Uhet, Wi, Wa, .. Whyey DE the vertices, g,...,enq, g for i = 1,2,...,n+1
and j = 1,2,3 be the edges andff, ..., t,be an interior faces of G, wherg=ev,v;.; for
i =1,2,...,n, & = VVip fOr i = 12 .,h=1 ande= viu;, 6 = uw;, 63 = Wy, for
i=1,2,...,n+1. f= v vivifori=1, 2 .,n—=1 and le viuwv;fori=1,2,...,n+1,

Then [V(G)| = 3n+3, |[E(G)| = 5n+2 and IF(G)| =
Case (i) : nis odd.

Define g : E(G)- [—(%) ,...,(5”T+1) ] as follows.

g(e) =i forlsisnT_l;
g(e) =0 fori="2
g(e):n—ﬂ—i for 13 <i<n;
g(e) = n—+l fori=n+1;

g(e) = g(e4) +1 < 3L
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g(e) =-n+1 mn:3t%

g(e) = g(e) +1 fmgggsismpl

g(ey) = n+j-1 for1<j<3;

g(eiy) = 9(g)+3 forl<is< nTJ'l and 1<j<3;

g(g) = —n—j+1 mH=l%§amLEjs&

(1) = 9(§)-3 for %’5 <i<nand kj<3;
Then induced vertex labels are

g*(v)) =1 for 1<i< n7+1;

g*(vi) =0 for ”T+3 <i<n+l;

g*u) =1 for 1<i < ”T”;

g*(u) =0 for ”T+3 <i<n+l:

g*(wy) =1 for 1<i< n7+1;

g*(wi)) =0 for ”T+3 <i<n+l.

Also the induced face labels are
g*(f)=1 fori<is< nT_l and g**(f) =0 for %1 <isn-1

3n+l <i<on

g*(f)=1 forn<is< 3n2—1 and g**(f) = 0 for

In view of the above defined labeling pattern weena(0) = %(1) =

=fy(1) = n. Then |y(0) — v4(1)|< 1 and |§(0) — fy(1)|< 1.
Thus G is face integer edge cordial graph foradis.
Case(ii) : nis even.
Defineg : - [—(5”2+ 2y ...,(31*2y |" as follows.

2
g(e) =i fmlgsg;
_n_. n+2 _. .
g(e) =5~ for = <i<m;
g(e) = nzz fori=n+1;
g(e) = g(e.y) +1 for n+2<i < 3”2_2;
g(e) =-n fori= 3—2”;
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g(e) = -n+1 fori= 3”2+2 :

g(e) = g(e) +1 for3N*4 <j<on-1

g(ey) = n+j for1<j<3;

(e = 9(§)+3 for 1<i< % and 1<j<3;
— 5n+2 . n+2.

g(en) = >03= fori= =55
— _(5n+2 i n+2,

g(er) = (—2 ) fori ==

g(gs) =n fori= nzz;

a(ey) = —n-j for i = ”_;4 and 1< < 3;

(1) = 9(§)-3 for ”—;6 <i<nand kj<3;

Then induced vertex labels are

g*(vi) = 1 for 1<i< nzz;

g*(vi) =0 for "4 <i<n+l

g*u) =1 for 1<i< N*2.

g*(u) =0 for ”—;4 <i<n+l:

g*(wi) = 1 for 1<i < %;

g*(w) =0 for *2 <i<n+1.

Also the induced face labels are
g**(f) =1for1<i< %2 and g**(f) = 0 for % <i<n-1

g(f)=1forngis< 3—2” and g**(f) = 0 for 3“—2*2 <i<2n

In view of the above defined labeling pattern ween&(1) = w(0)+1 = 3n*4 and

f4(0) = f4(1) = n. Then |y(0) - w(1)|< 1 and |f(0) - fy(1)|< 1.
Thus G is face integer edge cordial graph foreven.
Hence the duplication of each vertex by an edgkingraph fis the face integer

edge cordial graph fora 2.

Theorem 3.2. The planar graph ‘Gs obtained from joining the outer vertex of thnot
copies of the planar graph G by a path of arbittangth is face integer edge cordial
graph.
Proof: Let G be the planar graph with n vertices, m edgeks interior faces.

Let G, and G be the two copies of G. Let,ws,..., Vi, be the vertices,.ee, ..., e.be
the edges and,ff,, ..., f;be the interior faces of G1 and,w,..., V, be the vertices, g
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€,,..., €mbe the edges and, ff',, ..., fsbe the interior faces of G2. Assumgand v,
are an outer vertex of G1 and G2 respectively. Gebe the planar graph is obtained
from joining the outer vertex of G1 and G2 by ahpaf arbitrary length k-1. Let
Uy, W, ...,Uu be the vertices and.g, 62 ... , Bnk1be the edges of pafh.

InG, w, =v;and w = V;.

Then |V(G)| = 2n+k-2, |E(GQ| = 2m+k-1 and |[F({ = 2s.
Case (i) : kis odd.

Define g : E(G)- [—( 2rn+|(_1),...,(2m+2k_1)]* as follows.

2
g(g) =i for1<i<sm;
g(e) =i for 1<i<m;
9(En+i) = —(Zmzk _1] +(i-1) for 1<i< kT_l :
g(en+) = Zm_zk+1+i for kTﬂ <i<k-1;

Then induced vertex labels are
g*(v;) =0, for1I<i<n;
g*(w;)) =0, for2<i< kT_l and g*(w) = 1, for kTﬂs i < k-1;
g*(v') =1, forl<i<n;
Also the induced face labels are
g**(f) =0, forl<i<sand g**(f) =1, for1<i<s

In view of the above defined labeling pattern weeha(1) = 4(0)+1 =
fy(0) = f4(1) = s. Then |0) — vg(1)|< 1 and |§(0) — fy(1)|< 1.

Thus G is face integer edge cordial graph for n is odd.
Case(ii) : nis even.

2n+2k _l and

Define g : E(G)- [—( 2m+2k_2),...,(2m+k_2)] as follows.
g(e) =i for 1<i< m;
g(ey) =i for 1<i<m;
g(ens) = —(2m+2k'2J +(i-1) for 1<i < k—;2;
g(&n) =0 fori=%;
g(ens) = 2m2_k + for % <i<k-1;

Then induced vertex labels are
g*(v)) =0, for 1<i<n;

g*(w;)) =0, for2<i< gand g*(w) = 1, for k+2

<i<k-1;
2

g*(v) =1, forl<i<n;
Also the induced face labels are
g**(f) =0, for I<i<sand g**(f) =1, for I<i<s
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2n+k-2
2

In view of the above defined labeling pattern weeh&(1) = «%(0) = and

fo(0) = f3(1) = s. Then |0) — vy(1)|< 1 and |§(0) — fy(1)|< 1.

Thus G is face integer edge cordial graph for n is odd.

The planar graph 'Gs obtained from joining the outer vertex of th@tcopies of the
planar graph G by a path of arbitrary length iefateger edge cordial graph.

Theorem 3.3. The graph 3K ) is face integer edge cordial graph faz 8.

Proof: Let v,v,...,v, be the vertices of K, Let G = K1 ). Then v,y vy, ...V, V', V7,
...,V,, are the vertices, @, ...,&;, are the edges andff,...,f,_; are the interior faces of
G, where e= vvj, i = v and g, = V' for 1<i<nand f= vwv'vi,yv for 1<i < n-1.
Then |[V(G)| = 2n+2, |[E(G)| = 3n and |[F(G)| = n-3.

Case (i) : nis odd.

Define g : E(G)~ [-(222),....(332)) as follows.
g(e) =i for 1sis”7+1;
g(a):—”TJ'lﬂ for ”;3 <isn;
g(ewi):—n—;l—i for 1<is ”7‘1
genw) =i for”TJ'1 <i<n
g(&n+) =—N—i for1<is< ”7_3
g(&n+) =0 fori= nT_l
g(en+) = _3n2—1 fori= ”T”
g(ens) = 3n2+5—i for n;s <i<n

Then induced vertex labels are
g*(v)=land g*(v) =1
g*(vi) =0, for 1<i < n7+1 and g*(v) = 1, fornT+3 <isn;

g*(v}) = 0, for 1sisn7+1and g*(v}) = 1, for %3 <i<n.

Also the induced face labels are
g*(f) =0, for 1<i < “7‘1 and g**(f) = 1, for ”T” <i<n-1
In view of the above defined labeling pattern weeha(0) = «(1) = n+1 and{0) =
fo(1) = ”T_l Then |y(0) — (1)|< 1 and [§(0) - fy(1)|< 1.

Thus K, ) is face integer edge cordial graph for n is odd.
Case(ii) : nis even.
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Define g : E(G)— [—(%),...,(3—;)]* as follows.

g(e) =i forlsis%;
_n . n+2 _. .
g(e)-5| for 2= <i<n;
g(e) = n+l
_n . . n
g(eq+.)—5+| for2£|sE
g(en) = —i for%2 <i<n

O(&ns1) = %"’ 1

g(GZnH) = n+i for2<i< %
g(GZnH) = _% —i for &22 <i<n

Then induced vertex labels are
g*(v)=land g*(v) =0
g*(vi) = 1, for 1<i < % and g*(v) = 0, fornT+2 <i<n;

g*(v}) =1, for 1<i< M and g*(v!) = 0, for ”T” <i<n

n
2
Also the induced face labels a
g(f) = 1, for 1<i< Z.and g(f) = 0, for %2 <i<n-1

re

In view of the above defined labeling pattern ween&(0) = 4(1) = n+1 andf0)+1 =
fo(1) = % Then |y(0) — vg(1)|< 1 and |f(0) - fy(1)|< 1.

Thus &K, ) is face integer edge cordial graph for n is even.
Hence the graph'&, ;) is face integer edge cordial graph faz 8.

4. Conclusions

In this paper, we presented the face integer edgdiad labeling of duplication of each
vertex by an edge in fan graphfér n>2, planar graph Gs obtained from joining the
outer vertex of the two copies of the planar gr&plby a path of arbitrary length and
S(Kyp).
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