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Abstract. In this paper, we apply the notion of bipolar-valudezzy soft set to module

theory. We introduce the concept of bipolar fuzaft &-modules, fuzzy soft d-ideals of
modules and investigate several properties. We gilations between a bipolar fuzzy
soft G-modules and bipolar fuzzy soft d-ideal. @Wevide a condition for bipolar fuzzy

soft G-modules to be a bipolar fuzzy soft d-idedle also give characterizations of
bipolar fuzzy soft ideal. We consider the conagfstrongest bipolar fuzzy relations on
bipolar fuzzy soft d-ideals of a module and disca@®e related properties.
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1. Introduction

Fuzzy sets are a kind of useful mathematical siredio represent a collection of objects
whose boundary is vague. There are several kihfl&zpy sets extensions in the fuzzy
set theory, for example, intuitionist fuzzy setdgerval valued fuzzy sets, vague sets etc.
Bipolar-valued fuzzy sets are an extension of fustg whose membership degree range
is enlarged from the interval [0,1] to [-1, 1]. pBlar-Valued fuzzy sets have membership
degrees that represent the degree of satisfaatitimetproperty and its counter property.
In a bipolar valued fuzzy set the membership de@remans that elements are irrelevant
to the corresponding property, the membership @sgom (0,1] indicate that elements
some what satisfy the property, and the memberdbigrees on [-1,0) indicate that
elements somewhat satisfy the implicit counter prop In the definition of bipolar-
valued fuzzy sets, there are two kinds of reprediems so called canonical
representation and reduced representation. In plaiper, we use the canonical
representation of bipolar valued fuzzy soft set® &pply the notion of bipolar-valued
fuzzy soft set to module theory. We introduce tlomaept of bipolar fuzzy soft G-
modules/ (fuzzy soft d-ideals of modules and ingas¢ several properties. We give
relations between a bipolar fuzzy soft G-moduled hipolar fuzzy soft d-ideal. We
provide a condition for bipolar fuzzy soft G-modul® be a bipolar fuzzy soft d-ideal.
We also give characterizations of bipolar fuzzyt s¢éal. We consider the concept of
strongest bipolar fuzzy relations on bipolar fuznft d-ideals of a module and discuss
some related properties.
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2. Preliminaries

In this section as a beginning, the concepts of dgute soft sets introduced by
Molodsov and the notions of fuzzy soft set introgdi by Maji et al. have been
presented.

Definition 2.1. Let ‘'S’ be a set. A fuzzy setin S is a funatip : S>[0,1].

Definition 2.2. Let G be a finite group. A vector space M overeddfiK (a subfield of C)
is called a G-moduléf for every g€ G and m& M, there exists a product (called the
right action of G on M) m.¢g& M which satisfies the following axioms.

1. m.k=mforall me& M (1 being the identify of G)

2.m.(g.h)=(m.g). h,r@ M,g,heG

Bo(km+km). G=k(m.g)+k(m.Qg), k,k €K mmEM&
g € G. In a similar manner the left action of G orclsh be defined.

Definition 2.3. Let M and M* be G-modules. A mappirg M—M* is a G-module
homomorphisnif

1. (ke my + komy) = kg @ (My) + ke @ (My)

2.0(gm)=go(m), k,kn € KKmmm € M&g € G.

Definition 2.4. Let M be a G-module. A subspace N of M is a G - sduleif N is also
a G-module under the action of G.
Let U be a universe set, E be a set of paramdé@ih,be the power set of U andAE.

Definition 2.5. A pair (F,A) is called a soft set over U, wherésR& mapping given by F

: A—P(U).

In other words, a soft set over U is a parametédramily of subsets of the universe U.
Note that a soft set (F, A) can be denoted kit this case, when we define more than
one soft set in some subsets A, B, C of paramé&tetise soft sets will be denoted by, F
Fg, Fc, respectively. On the other case, when we defiagerthan one soft set in a subset
A of the set of parameters E, the soft sets willleroted by k;Ga, Ha, respectively.

Definition 2.6. The relative complement of the soft sat é&ver U is denoted by'f
where F, : A — P(U) is a mapping given a&f@) =U \R(a), for all a€ A.

Definition 2.7. Let F, and G be two soft sets over U such thal B # ¢ The restricted
intersection of |k and G is denoted by FU Gg, and is defined as,FU Gz =(H,C),
where C = AB and for all ce C, H(c) = F(chG(c).

Definition 2.8. Let F, and G be two soft sets over U such thatiB # ¢. The restricted
union of ki, and G is denoted by fur Gg, and is defined asaBr Gg = (H,C),where C =
ANB and for all .= C, H(c) = F(cbG(c).

Definition 2.9. Let F, and G be soft sets over the common universe U fibd a
function from A to B. Then we can define the sdadth (Fa) over U, wheral (Fa) :
B—P(U) is a set valued function defined #y(F,)(b) ={F(a) | a€ A and % (a) = b},
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if ¥™%(b) # @. = 0 otherwise for all k& B. Here,i (Fa) is called the soft image of,F
underi. Moreover we can define a soft 32t'(Gg) over U, wherap™(Gg) : A — P(U)
is a set-valued function defined #y*(Gg)(a) = G (a)) for all ac A. Then, v {(Gg) is
called the soft pre image (or inverse image) ptideri.

Definition 2.10. Let F, and G be soft sets over the common universe U ik a
function from A to B. Then we can define the sofet g (Fa) over U,
wherei*(Fa):B—P(U) is a set-valued function defined by
Yr(Fa)(b) = N{F(a) | a€ A andy (a) = b}, ifP(b)# ¢

= 0 otherwise for all ke B. Here,iy*(F,) is called the soft anti image of F
underif.

Theorem 2.11. Let Ry and Tk be soft sets over U,\FF Tk be their relative soft sets,
respectively angl be a function from H to K. then,

i) (T = @(Tw)'

i) 1 (F) = @+(Fa) andy~(Fy) = @ (Fy))'

Definition 2.12. Let F, be a soft set over U and a be a subset of U. Tippera-
inclusion of ki, denoted by‘f“ , is defined arff“ = {xEA/F(x) 2a}. Similarly,

F="= {x € A | F(x) Ca}is called the lowemr -inclusion of . A nonempty subset U of
a vector space V is called a subspace of V if @ i&ctor space on F. From now on, V
denotes a vector space over F and if U is a subgifa¢, then it is denoted by U < V.

3. Bipolar fuzzy soft G-modules

Definition 3.1. Let ‘G’ be a non-empty set. A bipolar-Valued Fuzst A in G is an
object having the form A = {(X,ua'(X), pa(X) / xeG} where ua":G>[0,1] and
ua: G> [-1,0] are mapping. The positive membership degra*(x) denotes the
satisfaction degree of an element x to the propastyesponding to ‘A’ and the negative
membership degree, (x) denotes the satisfaction degree of x to sonmidih counter
property of A.

Definition 3.2. Let U be an initial universe, E be the set of patars, A is subset of E.
Define F: A— BFU , where BFU is the collection of all bipolarzzy subsets of U. Then
(F,A) is said to be a bipolar fuzzy soft set overumiverse U. It is defined by
(F,A) = { (X, pe' (X), e (X) : for all xe U and e A}.

Example 3.3. Let U = { ¢,,¢;,G3,¢4 } be the set of four cars under consideration and
E = { e, =costly, g=beautiful, g = fuel efficient, @ = modern technology } be the set of
parameters and A ={e,es} is subset of E. Then
(F,A) F(® ={(cy, 0.3,-0.4), (§ 0.3,-0.5), (§0.1,-0.2), (¢ 0.7, -0.6)}
Fge={(c1, 0.2, -0.6), (g 0.1, -0.7), (60.3,-0.7), (g 0.5, -0.6)}
Fg = {(cy, 0.1, -0.3), (g 0.3, -0.5), (§0.7,-0.2), (g, 0.3, -0.7)}
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Definition 3.4. Let U be a universe and E a set of attributes. ;{beB) is the collection
of all bipolar fuzzy soft sets on U with attributtem E and is said to be bipolar fuzzy
soft class.

Definition 3.5. A bipolar fuzzy soft set (F,A) is said to be alrhipolar fuzzy soft set
denoted by empty se if for all es A , F(e) =@ .

Definition 3.6. A bipolar fuzzy soft set (F,A) is said to be arsalote bipolar fuzzy soft
set, if for all es A, F(e) = BFU.

Definition 3.7. The complement of a bipolar fuzzy soft set (F#}lenoted (F,A)and is
denoted by (F,A)={ (X, 1- pa" (X), 1-pa’(X) ; x e U}.

Definition 3.8. A bipolar fuzzy soft set A", ua) of S is called a bipolar fuzzy soft G-
modules of S provided that for all x,y,z,a,B;

(BFSGMLI) pa*(ax+by)> min pa’(x), pa’(y) }, pa (@x+by)< max { pa'(x), pa’(y) },
(BFSGM2) pa"(0x) = pa'(X), , ma(@X) < pa’(y) }

Definition 3.9. For a bipolar fuzzy set ‘A’ and (o) ¢ [-1.0] x [0,1], we define
Al = {XeX [ pa'(X) = o},  Ag = {xeX / pa'(X) > o} which are called the positive
a-cut and negativ@-cut of A respectively.

Definition 3.10. A bipolar fuzzy soft set ‘A’ in X is called a bifar fuzzy soft d-ideal of
X if it satisfies;

(BPFSDW) pa’(x) > T{ pa'(ax+by), ua’(v)}

(BPFSDD) pa(X) < S{ pa'(ax+by), pa'(y)}

(BPFSDE) pa'(€) > pa*(x) and pa(e) > pa’(x) and for all x,y¢ X.

Definition 3.11. Letx andp be two fuzzy subsets in X. The Cartesian Prodfict™xu*
: X x X = [0,1] is defined by xpu*(x,y) = T{ A"(X), u'(y)} and
Arxpts X x X = [0,1] is defined by">p™ (x,y) =  S{L (X), w(y)} for all x,y € X.

Definition 3.12. Let f : X 2 Y be a mapping of modulesd ' be a bipolar fuzzy soft
set of y. The map' is the pre image ofp; and p, under f. sop;,"(x) = p*(x),

ne' (%) = n'(x)

Definition 3.13. Let ‘A’ be a bipolar fuzzy soft set in a X, themtgest bipolar fuzzy soft
relation on X that is fuzzy relation on Ajig given by,

ma'(xy) =T{AT(x), A"(Y)} pa'(xy) =S{A(x), A(y)} forall x,y e X.

4. Main results

Proposition 4.1. If @ is a bipolar fuzzy soft G-modules of X, thegi(e) > p,’(x) and
e (€) <py(x) forall xe X.

Proof: Let x ¢ X, then

Mo (€) =iy (X X = T { 1y (9, 1o (X} 2T { 1" (%), 1" (¥} = 115"(X)

and p, (e) =py (X x) < S{ Ho (X), u,p'(X'l)} < S{ny (%), ue ()} = py'(X)
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This completes the proof.

Proposition 4.2. Let ‘¢ be a bipolar fuzzy soft G-modules of X, then tholowing
assertions are valid.

() (Dael0,1] (@ #@ = @ is a group of X)

(i) (OB &e[-1,0] (@ # @ = @ is a group of X)

Proof: Let te [0,1] be such that@™ # @. If x,ye @', thenp,’(x) >t and p, (y)>t It
follows thaty, (ax+by) > T { p, (X), e (¥)} >t.

Corollary 4.3. If @is a bipolar fuzzy soft G-modules of X, then thessp’, . and
@ u, (e) are group of X.
Proof: Straight forward.

Proposition 4.4. Let @ = (X, p,, Ky ) be a bipolar fuzzy soft d-ideal of X. If the
inequality xy< z holds in X, then

o (¥) =T { 1y (¥), 1y (2) }

He(¥) < S{ue(y), 1e(2) }
Proof: Let X, y, ze X be such that x¢ z, then (xy)z = 0, and so
o (X) =T { ug (ax+by),ue'(Y)} = T{T { ny (@x+by)z,ug ()}, 1y (y) } =
T{T{ ue'(®). g @}, 1o M)} =T{ 1o (¥), 1o (2) Yand
Ho (X) = S { e (ax), ne(} v < S{S {ne(ax)z, ny(2)}, ne(y) }

=S {S{ue(e), 1o (D)}, He ()} =S{ ke (y), () }

This completes the proof.

Proposition 4.5. Let @ be afy, y ) -bipolar fuzzy soft d-ideal of X. If the ineditgx <y
holds in X, theniy'(x) > p,'(Y) andug(X) < pg(y)
Proof: Let X, ye X be such that X y, thenu, (x) > T { p, (ax+by),p, (V)}
£ g (e), g ()} = 1o (¥) He(X)
< S { g (ax), ue(y)}
TE 16 (€), o ()} = po(y)
This completes the proof.

Proposition 4.6. In a group X, every bipolar fuzzy soft d-ideal of ¥
bipolar fuzzy soft G-modules of X.

Proof: Let ‘¢ be a bipolar fuzzy soft d-ideal of a group X. n& xy< x  for all
X,y € X, it follows from Proposition (4.5) that

Ho (ax+by) > T { puy'(X) andp,(X) < pe(X), so from Proposition 4.1

(BPFSGM1) py(ax+by) =T { py'(X) v 2T{ne (@ax+by) e ()} = T{ py'(X), 1e' (¥)}
and (BPFSGM2) pg(ax+by ) <pg(x) <S {ug(ax+by),uy(y)} < S{ue(x), ne(y)}

e (XY =T {ug' (@), ne ()} = T{ 1g'(€), e M} =1’ (X) , e (XY) < S {pg(ax), ug
W} <), ()} < pe(x) . Henceg is bipolar fuzzy soft G-modules. The
converse of the theorem is not true in general.

Proposition 4.7. Let ‘¢ be a bipolar fuzzy soft G-modules of a module u¢hs that
Proposition 4.2 holds for all x, y, & X satisfying the inequality xy¢ z theng is a
bipolar fuzzy soft d-ideal of X.
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Proof: Recall from Proposition 4.1; that'(e) > p,"(X) andy, (e) <up,(x) for all xe
X. Since x (xy)<y for all x, y ¢ X, it follows that Proposition 4.2,
He (X) = T { iy (ax+by), g (y)} and

Ho(X) =S {ng(ax), e (y)}
Hencepis a bipolar fuzzy soft d-ideal of X.

Proposition 4.8. Let A andp be bipolar fuzzy soft d-ideal of X, thémp is also bipolar
fuzzy soft d-ideal of X.

Proof: For any (X, %), (Yu. ¥2) € X x X, we have

(BFdh) O\ix 1) (X, fz) =T {7\++(X1), H+(X2)+}

2T{T{ A 0 y2), A (v} T{ (%2 ¥2), e (v2)} )

=T{T{ LA (X, Y0, 0 (X2, Y2)h, T{A (Y1), w'(y2)} }

= T{(\" x 1) (X, %2), (Y1, ¥2)}

(Axp) (X1, X2) = SIV(X), W (X2)}

< S{S{A(x1,y1), X(yn} S{ w(xay2), w(y2)}

= S{ SV (Xu.y1), W(X2,¥2)} S{ My, u(y2)}

= S{ () (3, %) (Yo, Y2, xw)(yn, Y2}

(}\‘ ><l.l+) (X]i- ! XE- ) 1 + + + +

= T000), w0} =TT 0y, Kb T W 0ays), 1y}
=T{ T{} (1(1.)’1)1 1 (X2,y2)}, T{} (yl), w(y2)}

=T{ (A Xul) (Xlla X2) (Y1, )/2),1(7b XH )1(Y1, o)}

(Ax) (X7 X%7) = SP(X7), M(x2 )}

< S{S{V(X1,y2), M (Y1)}, S{ w(X2,Y2), n(y2)}

= S{ S{M(X1,y1), W (X2,y2)}, S{ X(y1), w(y2)}

< S{ W) (Xu, X2, Y1, Y2), AWXW)(Ya, Y2)}

Hencelxy is bipolar fuzzy soft d-ideal of X.

Proposition 4.9. Let f : X > Y be a homomorphism of groups. Ifi‘is a
bipolar fuzzy soft d-ideal of y, thari is bipolar fuzzy soft d-ideal of X.
Proof: For any xe X, we have

uf(X) = (f(x) = w'(e) =p'(f(e)) = u”(ef)

R =p(fx) sp(e) =u(fEe) = nie)

Let x, ye X

T{ Li*'(xy), u:(y) }= TR (E(xy), w'(f(y) } = T{ R (F)-(y)), 1 (F(y)}

< uff(X) =K (x).

S{i (xy), w0} =S {uilxy), wf(x)} =S { w(f(x),f0q), w(ix) }

> p(f(x) =p'(x)

Hencey' is bipolar fuzzy soft d-ideal of X.

Proposition 4.10. Let f : X > Y be an epimorphism of groups. (ifis bipolar fuzzy soft
d-ideal of X, thenu is bipolar fuzzy soft d-ideal of Y.

Proof: Let ye Y, there exists ¥ X such that f(x) =y, then

w'y) = (f(0) =p(x) <p(e) =u'(fe) =n'(e)

W) =u(f(x) =p'()=p'(e) =u(f(e) =u(e)

Let X, ye Y, then there exists a,&X, such that f(a) = x and f(b) = y. It followsah

W) =p'(f(a) Ny =n"(@) andu(x) =w(f(@) Ny =p’(a)
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e uf(ab),u:f(b)} = T{ W'(f(ab), w'(f(b)} = T{ n'(f(a).f(b)), W' (f(b)}
= T{n(xy), w(y)}

Also

< S{u'(ab),w'(b)} = S{w(f(ab), w(f(b)} v = S{w(f(a).f(b)), w(f(b)}
= S{p(xy), w(y)}

Hencey is a bipolar fuzzy soft d-ideal of y.

Proposition 4.11. Let ‘A’ be a bipolar fuzzy soft set in a module a0d pus be the
strongest bipolar fuzzy soft relation on X, therisfa bipolar fuzzy soft d-ideal of X if
and only ifu, is a bipolar fuzzy soft d-ideal of X x X.

Proof: Suppose that ‘A’ is a bipolar fuzzy soft d-ide&g then

ua'(e, €) =T {A(e), A'(e)}

>T{AY(X), A"(Y)} =pa"(x,y) forall (x, y)e X x X.

pal(e, e) =S {Ae), A(e)} < S{A(X), A(Y)} = ma(x, y) for all (x, y)e X x X.

For any x = (x x») and

y = Y2) e X x X

A’ (X) =pa" (X1, %)

T {A(x), A" (%)} =T{T{A "(x1,y1), A"(yn}, T{A "(x2, ), A"(Y2)} }

T{ T{A "(x1, Y1), A"(X2, ¥2)}, T{A "(y2), A"(y2) } }

= T{ A" (X1, V), (%2 ¥2)), A (Y1, ¥2)} = T{ pa"(xy), pa"(y)}

Ha'(X) = pa’ (X1, %)

= S{A(x), A} =S{S{A(xs, y1), Ay} S{A (X2, y2), Ay2)} }

= S{S{A (X1, Y1), A(X2, Y2}, S{A (Y1), A(Y2) }}

= S{pa (X, Y1), (%2, ¥2)), pa (Y1, Y2} = S{ pa’(xy), pa (V)}

Hencep, is a bipolar fuzzy soft d-ideal of X x X. Convelg suppose thai, is a
bipolar fuzzy soft d-ideal of X x X. Then,

T{A"(e), A'(e)} =pa'(e, €)

> pa'(X, y) = T{A'(X), A"(Y)} O, y) e X x X,

S{Af(e), A(e)} = pa(e, e)spa(x, y) = S {A(x), A(y)}

forany x = (%, y1) and y = (y, ¥») € X x X., we have

T{A(X 1), A(X2)} = pa(X1, o) = T{pa((X1, %), (Y1, ¥2)), ba(Y1, Y2)}

= T{pa(Xay1, X¥2)), pa(ys, ¥Y2)t = T{ T{AKX 1, Y1), A(Xz, ¥2)}, TEA(Y 1), A(Y2)}

= T{T{A(x1, Y1), Alyd), T{A(X2, ¥2), A(y2)}

Putting X = x, = 0, we have

pa(X1) = T{pa(Xs, Y1), ra(yn)}

Likewise, pa(X1y1) = T{pa(X1), pa(x2)}

S{A(X1), A%} = palXs, X2) < S{pal(Xe, X2), (Y1, ¥2)), Ha(Ye, Y2)}

= S{HA(lel, Xzyz))! “’A(yl! yZ)} = S{ S{A(X L yl)! A(XZ! yz)}, S{A(y l)! A(yz)}

= S{S{ A(x1, Y1), Aly1), S{A(X2, y2), A(Y2)}

Putting X = % = 0, we have

Ha(X)) < S{ualXa, Y1), na(yn)}

Likewise, pa(X1y1) < S{pa(X1), pa(X2)} . Hence Ais a bipolar fuzzy soft d-idealX%f
Proposition 4.12. Let @ be a bipolar fuzzy soft set in X, theris a bipolar fuzzy soft d-
ideal of X if and only if it satisfies the followgnassertions.

(Doef0,1] @ #¢ = @ is an ideal of X)

(OBel-1,0] (@ #9¢ = @ is anideal of X)
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Proof: Assume thatp is a bipolar fuzzy soft d-ideal of X. Let (sgt]-1, 0] € [0,1] be
such that @* # pandg # @.
Obviously, es @ n @ .
Let x, ye X be such that xy @" and ys @", and
Let a, be X be such that abq and be ¢ , then
o (XY) =T, e (y) >t pg(ab) <svyandug(b) <s.
It follows from Proposition 4.1
o () =T { o' (xy), po'(¥)} >t and
He(@) < S{ug(ab),uy(b)<s.
so that xc @" and & @. Therefore @¢" andg, are ideals of X.

Conversely, suppose that the condition (corollasyyalid. For any x X, let
w,'(xX) =tandy,(x) =s.thenx @ n @, and sap” andg are non-empty. Sincg"
andg are ideal of X, € @' n @ . Hencey, (€)Ny>t=p, (X) andp,(e)Ny<s =
e (X) v for all x & X.

If there exists X y', &, b' & X such thaty, (x*) < T{ uy (X'y"), 1o (Y)}
andpg (@) > S{ ue(a'b?), ue(b")} then by taking
to= Y2 { 1y (<) + T{ g (x'y"), g (v}
So= Y2 { e (@) + S{ug(@b'), ug(b")}
We have,
e (X) << T{ pg' (XYY, ne ()}
ue(@) <9< S{uy(ab’), pe(b)}
Hence X O@o", X', V' € @', V€ @', @ 0 ¢ and B ¢ qg. This is a contradiction and
thusois a bipolar fuzzy soft d-ideal of X.

5. Conclusion

Lee [6] introduces the notion of bipolar fuzzy salgebra and bipolar fuzzy ideals of
BCK/BCl-algebra. In this paper, we provide a cdiodi for a bipolar fuzzy soft G-
modules and bipolar fuzzy soft d-ideal. We giviatiens between a bipolar fuzzy soft
G-modules and bipolar fuzzy soft d-ideal. We cdesithe concept of strongest bipolar
fuzzy soft relation and discuss some related ptigser
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