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Abstract. Inventories exist throughout the supply chain imiags forms for various
reasons. This paper presents a continuous reviewetfelon inventory system. The
operating policy at the lower echelon is (s, S} thavhenever the inventory level traps to
s on order for Q = (S-s) items is placed, the ordétems are received after a random
time which is distributed as exponential. We asstina¢ the demands accruing during
the stock-out period are partially backlogged. Tétailer replenishes their stock from the
regular supplier which adopts (0,M) policy, M #§h When the regular supplier stock is
empty the replacement of retailer stock made byotlitside supplier who adopts (0,N)
policy N = nQ. The joint probability disruption of the invenyotevels of retailer,
regular supplier and the outside supplier are abthiin the steady state case. Various
system performance measures are derived andrigela total expected inventory cost
rate is calculated. Several instances of numeeixainples, which provide insight into the
behavior of the system are presented.

Keywords: Continuous review inventory system, two-echelorsifpee lead time, partial
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1. Introduction
Most manufacturing enterprises are organized inmeowvork of manufacturing and
distributed sites that procure raw-material, precéisem into finished goods and
distributed the finished goods in to customers. Tdrens multi-echelon or multi-level
production distribution network and also synonymuaiith such networks (supply chain)
when on items move through more than one stepgéeéaching the final customer.
Inventory exist throughout the supply chain in gas form for various reasons. At any
manufacturing point they may exist as raw — maligrigork-in processor finished goods.
The usual objective for a multi-echelon inventorydal is to coordinate the
inventories at the various echelons so as to madrtiie total cost associated with the
entire multi-echelon inventory system. This is @aura objective for a fully integrated
corporation that operates the entire system. Ithiméiso be a suitable objective when
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certain echelons are managed by either the supphiethe retailers of the company.
Multi-echelon inventory system has been studied rbgny researchers and its
applications in supply chain management has praverthy in recent literature. As
supply chains integrates many operators in the ar&tvand optimize the total cost
involved without compromising as customer servifigciency. The first quantitative
analysis in inventory studies Started with the wafkHarris [7]. Clark and Scarf (1960)
[4] had put forward the multi-echelon inventorysfir They analyzed a N-echelon
pipelining system without considering a lot sizescBnt developments in two-echelon
models may be found in. One of the oldest papetisaield of continuous review multi-
echelon inventory system is a basic and seminatmpapitten by Sherbrooke in 1968.
HP's (Hawlett Packard) Strategic Planning and Maode(SPaM) group initiated this
kind of research in 1977.Continuous review modéisalti-echelon inventory system in
1980s concentrated more on repairable items inppBRase system than as consumable
items (see Graves, Moinzadeh and Lee). KalpakamAaivérignan (1988) introduced
multiple reorder level policy with lost sales irvéntory control system.

All these papers deal with repairable items wittchardering. Jokar and Seifbarghy
analyzed a two echelon inventory system with oneelw@use and multiple retailers
controlled by continuous review (R, Q) policy. A i@plete review was provided by
Beamon [2]. Axsater [1] proposed an approximate ehoflinventory structure in SC. He
assumed (S-1, S) polices in the Deport-Base sysiammepairable items in the American
Air Force and could approximate the average invgrdad stock out level in bases.

The supply chain concept grow largely out of twagst multi-echelon inventory
models, and it is important to note that considerabsearch in this area is based on the
classic work of Clark and Scarf (1960). Continuogergew perishable inventory models
studied by Kalpakam. S and Arivarignan (1998) [8l & continuous review perishable
inventory system at Service Facilities was studigdElango and Arivarignan [5]. A
continuous review (s, S) policy with positive leides in two-echelon Supply Chain for
both perishable and non perishable was consideyedrishnan and Elango 2005.
Krishnan and Elango continuous review (s, S) poligth positive lead times in two
echelons Supply Chain was considered by Krishn@071R Rameshpandy et al. [13]
consider a Two-Echelon Perishable Inventory Systéth direct and Retrial demands
and Satheeshkumar [14] et al. consider a PartieklBgging Inventory System in Two-
echelon with Retrial and Direct Demands. The réshe paper is organized as follows.
The model formulation is described in section &nglwith some important notations
used in the paper. In section 3, steady state sisadye done: Section 4 deals with the
derivation of operating characteristics of the eystin section 5, the cost analysis for the
operation. Section 6 provides numerical examplessamsitivity analysis.

2. Modd

2.1. The problem description

The inventory control system in supply chain coesid in this paper is defined as
follows. A supply chain system consisting one Matifirer (MF), two suppliers (regular
and outside), single disruption centre (DC) anddentical retailers dealing with a single
finished product. These finished products movesnfithe manufacturer through the
network consist of manufacture, supplier, DC, Retgiand the final customer.
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A finished product is supplied from MF to suppligegular and outside) which
adopts (0,M) and (0, N) replenishment policy thes product is supplied to retailer who
adopts (s,S) policy. The demand at retailers notlewis a Poisson distribution with rate
A>0. The replacement of item in terms of productriade from regular supplier is

administrated with exponential distribution havipgrameteg, = 0. The replenishment
of items of pocket is made from outside suppliethwate ., 20 Demands accruing

during the stock out periods are assumed to be Td® maximum inventory level at
retailer node S is fixed, and the recorder poirg &nd the ordering quantity is Q(=S-s)
items. The maximum inventory at regular supplidd@nQ) and outsource supplier in N

(=nQ).

3. Analysis
Let I,(t), I,(t) and | ; (t) denote the on hand inventory levels of outsidepliers, regular

suppliers and retailer respectively at tirhe t
We define

L®) ={(1.®, 1,0, 150,):t=0}
as a Markov process with state space
E={(i}k|i=Q,...nQ, j=Q,......n@&= S,S-1...1,0,-1,-2.:b}.
Since E is finite and all its states are aperiodicurrent non- null and also irreducible.
That is all the states are ergodic. Hence theilignidistribution exists and is independent
of the initial state
The infinitesimal generator matrix of this process (a(i, j, k, :l, m, n)) .\ yi 1 nye
can be obtained from the following arguments.
e The arrival of a demand at retailer make a statesttion in the Markov process
from (i, j, k) to (i-1, j, k) with the intensityf transitionA > 0.
* The replacement of inventory at retailer from regusupplier makes a state
transition from (i, j, k) to (i+Q, j-Q, k) witintensity of transitiorys > 0.
» The replacement of inventory at distributor frontside supplier makes a state
transition from( i, j, k) to (i+Q, j, k-Q ) witmtensity of transitionu, > 0.
The infinitesimal generator C is given by

'A B O .. 0 O
0O AB .. 0O

Hence entries of C is given by
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A P=g q= nQ (1) Q...C
_|B p=09+Q g=(n-1)Q...Q
[C] pa=
B p=g-(n-1)Q o= nQ
0 otherwise
The sub matrices are given by
A, P=q g=nQ (1) Q...Q
A, p=0g+Q og=(m1)Q...Q
[Al,={As P=a-(n-1)Q  g= nQ
A, pP=d g=0
0 otherwise
[B] _ A, p=gag=0
A | O otherwise
The sub matrices of A and B are
A P=gq=S,...... $1
—-(A+4) P=909=S...ccc..... 1,0..= b+ 1)
[Al,=] -H p=gg=-b
A p=9g+19=S-1..10..- @+ 1
0 otherwise
(Al = H p=9-Qq=S,S 1....C
“7lo otherwise
(4 p=¢g=S,...0..~b
[A]B_{ 0 otherwise
—(A+ 1) p=ggq=S,...8 1
A+ +u,) P=0Q9=S........... .= b+ 1
[AlL=1 (4 + ) p=gg=-b
A p=9g+%qg=S-1...10,..= Db
0 otherwise
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3.1. Steady state analysis

The structure of the infinitesimal matrix C, reve#hat the state space E of the Markov
process {1@®:t0}is finite and irreducible. Let the limiting gipability
distribution of the inventory level process be

Hijyk = lim Pr{(1,(t), 1 ,(t),1 4&) =@, k )} where |_| ' isthe steady state probability
that the system be in staiej, k). Let [] {|_| |_| :11 H }denote the steady

state probability distribution. For eacki(j k), |_| [, can be obtained by solving the

matrix equation[] C = 0 together with normalizing conditionz ij = 1
(i,j k)OE '

4. Operating characteristic

In this section we derive some important systenfop@ance measure.

4.1. Averageinventory level
The eventl ;, Iz, | o4 denote the average inventory level at Retaileegufar supplier,

and Outside supplier respectively,

| % nd s i
(@) [

k=Q j=Q i= |_|
e
(i) Rd — Pk J=QJ |_| ik
USRI K i
(iii) = ,:Q;):k:o |_| i«

4.2. Mean reorder rate
Let R;, Ry, Rogbe the mean reorder rate at retailer, regular gmpplutsource supplier
respectively,

() &AZZH“

k=Q j=Q

(il MZZHW

k=Q i=0

(ii) %ZZHN

j=Q i=0

4.3. Shortagerate
Let S; be the shortage rate at retailer and it is given b
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nQ nd

(i) S =22 [,

k=Q j=Q

5. Cost analysis

In this section we impose a cost structure forgh@posed model and analyze it by the
criteria of minimization of long run total expectedst per unit time. The long run
expected cost rate C(S, Q) is given by

(s Q=(H*I)+(Hy*1,) H H1 ) tOTR)} 10 GR ) 10 gR J tP71S)
Although we have a not proved analytically theaodity of the cost function C(S,Q)
our experience with considerable number of nurakggamples indicate that C(s,Q) for
fixed Q appears to be convex s. In some casamigd out to be increasing function of s.
For large number case of C(s,Q) revealed a localhwex structure. Hence we adopted
the numerical search procedure to determine thimaptalue of s.

6. Numerical example and sensitivity analysis

6.1. Numerical example

In this section, we discuss the problem of minimgzihe structure. We assume HHrd

< Hod the holding cost at distribution node is ldsan that of regular distributor node
and an outside distributor node. Holding cost atrégular distributor node is less than
outsource distributor node as the rental charge lmeayigh at outsource distributor. Also
Or < 0rd<Ood the ordering cost at retailer node is lesa that of regular distributor
node and an outsource distributor node. Orderirgy abthe regular distributor is less
than outsource distributor node. The results wainbt in the steady state case may be
illustrated through the following numerical example

S=16,M=80,N=601=4, 44, =3,4,=2H, =11, H, =12, H,, = 1.
0,=210,=22Q,= 2:P =31 P, =32,b=

The cost for different reorder level are given by

S 1 2 3 4 5 6 7
Q 15 14 13 12 11 1C 9
C(s, Q) | 249.944! | 226.77: | 194.03" | 188.358! | 202.0¢ | 236.55¢ | 26t

Table 1: Total expected cost rate as a function s and Q

For the inventory capacity S, the optimal reordamel s* and optimal cost C(s,Q) are
indicated by the symbol *. The Convexity of thetdomction is given in the graph.

7. Conclusion

This paper deals with an Inventory problem with supplier, namely a regular supplier
and outside supplier. The demand at retailer nollewis Poisson with raté. The
structure of the chain allows vertical movementgobds from to regular supplier to
Retailers. If there is no stock in regular supplteen the retailer will get products from
outside supplier. The model is analyzed withinfthenework of Markov processes. Joint
probability distribution of inventory levels at ader, Regular and Outside suppliers in
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the steady state are computed. Various systemrpafaee measures are derived anc
long+un expected cost rate is calculated. By assumisgitable cost structure on t
inventory system, we have presentxtensive numerical illustrations to show the eff
of change of values on the total expected costlrateuld be interesting to analyze t
problem discussed in this paper by relaxing theirmapsion of exponentially distribute
leadtimes to a class carbitrarily distributed leadimes using techniques from rene\
theory.

300
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Figure 1.
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