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Abstract. In this paper, we introduce the notion of fuzzy ideals in C -algebras and
investigate some of their properties. Mainly, we give an agebraic characterization for
fuzzy ideals generated by fuzzy sets. Furthermore, it is proved that the class of fuzzy
ideals of aC —algebraforms an algebraic lattice.
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1. Introduction
The theory of fuzzy sets was introduced by Zadeh [16] in 1965. Rosenfeld [9] use the
idea of fuzzy sets and developed the concept of fuzzy subgroups. Since then many
authors have been studying fuzzy subalgebras of several agebraic structures (see
[2,5,6,10]).

On the other hand, Guzman and Squier [4] introduced the variety of C-algebras as
the variety generated by the three-element algebra C = {T, F, U} with the operations "A";
"v" and "™ of type (2,2,1), which is the agebraic form of the three-valued conditional
logic. Following this work, many more results have been appeared on the structure of
C —algebras (see [7,8,11-14]). In this paper, we consider the fuzzification of idedsin C-
algebra. Mainly, we characterize fuzzy ideds generated by fuzzy sets from the the
algebraic point of view. Findly, it is proved that the class of al fuzzy ideas of a
C —algebraforms an algebraic lattice.

2. Preliminaries
In this section, we recall some definitions and basic results on € —algebras from [4,13].

Definition 2.1. An algebra(4,v,A,") of type(2,2,1) is called &-algebra, if it satisfies
the following axioms:

a’'=a

.(aAb) =a VvD'

. (anb)Ac=aANn(bAc)

an(bvc)=(anb)V(aAc)

.(avb)Ac=(anc)V(dAbAC)

ONWN P
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6. av(aAnb)=a
7. (anb)v(brna)=(bra)V(anb)fordlabceA

Example 2.2. The three element algebéa= {T, F, U} with the operations given by the
following tables is @-algebra.

\Y T F U
T T T T
F T F U
U U U U
A T F U
T T F U
F F F F
U U U U

x x'

T F

F T

U U

Note 2.1. Theidentities 2.1(1), 2.1(2) imply that the variety of C-algebras satisfies all the
dual statements of 2.1(2) to 2.1(7).

Definition 2.3. An element of aC-algebraA is called a left zero fon if z A x = z for
all x € A.

Definition 2.4. A nonempty subsétof aC-algebraA is called an ideal ofl, if

1l abel=>avbeland

2. a€l=>xANac€l, forexchx € A.
It isobserved thataAb e lif andonly if bAa € I for al a,b € A. For any subset S €
A, the smallest ideal of A containing S is called the ideal of A generated by S and is
denoted by (S]. Note that:

(S]={Vv; i Ax;):y; €A, x; €S,i=1,...,nforsomen € Z,}

If S = {a} then we write {(a] for (S]. In this case (a] = {x A a:x € A}. Moreover it is
observed in[13] that the set I, = {x A x": x € A} isthesmallest ideal in A.

3. Fuzzy ideals

In this section we define fuzzy ideals in C — agebra and we give severd
characterizations. Throughout this note we simply write A to say aC —algebra (4,V,A, ).
By a fuzzy subset of A we mean a mapping u of A into the unit interval [0,1]. For each
a € [0,1] the set

b = {x € A:p(x) = a}
is called the level subset of u at a and the set
supp(u) = {x € A:p(x) > 0}
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is caled the support set of u [16]. For numbers ¢ and £ in [0,1] we write a A S
(respectively a v B) instead of min{a, 8} (respectively max{a, 53}).

Definition 3.1. A fuzzy subset of A is called a fuzzy subalgebra 4ff:
px V) Ap(x Ay) = p(x) Apu(y) foralx,yeA

Definition 3.2. A fuzzy subset of A is called a fuzzy ideal #fif:
1. u(a) = 1, whenever a isaleft zero for A
2. p(xVy) = p(x) Apy)
3 uxAy) =z u®)
for dl x,y € A.
Note that the condition (3) in the above definition can be replaced by:
yAx=y=puy) = pux)
for dl x,y € A. We denote the class of all fuzzy ideals of A by FI(A).

Lemma 3.3. Letu be a fuzzy ideal of. Then the following holds for al, b € A.
1 u(anb) =ubAa)
2. u(anxAb)=pu(anb)foreachx € A
3. u(a) = u(avb)andhenceu(a) Au(b) = u(aVvb)Au(Va)
4. If x € {(a], then u(x) = u(a).
5. For anonempty subset S of 4;

n
x €(S] = u(x) 2A wa)
for someaq, a,,....,a, €S.
In the following we give the most natural characterization of fuzzy ideals using their level
sets.

Lemma 3.4. Afuzzy subsetof A is a fuzzy ideal of if and only if eacle —level selu,
is an ideal ofd. In particular; A nonempty subsebf A is an ideal ofd if and only if its
characteristic functiory; is a fuzzy ideal od.

It is routine to verify that the intersection of any family of fuzzy ideds of Ais a
fuzzy ided. So that for any fuzzy subset u of A, there exists a smallest fuzzy idea
containing u. But the union of afamily of fuzzy ideals of A isnot in general afuzzy ideal
of A. Moreover, if we define binary operations e, and o, on the class[0,1]4 as follows;
for each u, 0 € [0,1]4 and al x € A:

. (1 op 0)(x) = Sup{u(y) Ao (2):y Az = x}
an
(1 oy 0)(x) = Sup{u(y) Ao (2):y V z = x}
If u and o are fuzzy ideals, then o, cisafuzzy idea of Aandpucpo=uno=uAo.
But it is not true in genera that i o, o isafuzzy idea of A.

Theorem 3.5. A fuzzy subset of A with u(z) = 1 for all z € I, is a fuzzy ideal of if
and only if:

1 poyu<Spuand

2. noyuCSuforadlne[0,1]4
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Definition 3.6. Letu be fuzzy subset af The smallest fuzzy ideal Afcontainingu is
called a fuzzy ideal of generated by and is denoted biu].

Lemma 3.7. LetS be any subset of and ys its characteristic function. Thefxs] =
X(s1-
P(r(])of: We show that x ) is the smallest fuzzy ided of A containing ys. Clearly x5 <
X(s]- Also from lemma 3.4 we have x s is afuzzy ideal of A. Let 6 be any fuzzy idedl of
A containing xs. Then 6(x) =1 for each x € S. It remain to show that ys; € 6. If
y € (S],theny =Vi-, (y; Ax;), wherey; € A, x; € S. Then consider:
n
6(y) = 6(V, (i Ax)

=>Inf{O(y; Ax):i=1,2,...,n}

> Inf{0(x;):i=12,...,n}

>1
So that XS] co.
For any fuzzy subset u of A, itis clear that

u(x) =Sup{a € [0,1]:x e u,}foral x e A

In the following theorem we characterize a fuzzy ideal generated by a fuzzy set in terms
of itslevel ideals.

Theorem 3.8. For a fuzzy subset of A let ji be defined by:
A(x) = Sup{a € [0,1]: x € (u,]}foral x € A
Then g = (u].
Proof: It isenough if we show that /i isthe smallest fuzzy idea of A containing u.
We first show that fi isafuzzy ideal of A. For; for any x,y € A consider:
() AAY) = Sup{a € [0,1]:x € (]} A Sup(B € [0,1]:y € (ug]}

= Sup{min{a, B}:x € (], ¥ € (ugl}
If we put A =min{a, B}, where x € (u,] and y € (ug], then x,y € (u3]. So that
x Vy € (uy]. Therefore

AG) AA(Y) = Sup{min{a, B}:x € (ug]y € (ugl}

< Sup{A € [01]:xVy € (]}

=[x Vy).
Also, for any a € [0,1],

Y € (gl > x Ay € (ug]
for al x,y € A which implies that fi(x Ay) > fi(y). So that fi is afuzzy idea of A. It is
also clear that u < fi. Let y be any fuzzy ideal of A such that u < y, thenu, < v, for dl
a € [0,1]. Asy isafuzzyidead of A4, y, isanidea of A for al « € [0,1]. That is, y, isan
ideal of A containing u,. Then (u,] € y, foral a € [0,1]
Now for any x € A consider;
A(x) = Sup{a € [0,1]: x € (4]}

< Sup{a € [0,1]: x € .}

=y(x)
Hence the result holds.

Corollary 3.9. For any fuzzy subsgtof A.
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(] = (ulcfor all t € [0,1]

Notation 3.10. We writeF cc A to say thaf is a finite subset of.

Theorem 3.11. Letu be a fuzzy subset 4f Then a fuzzy subsetbf A defined by:
U(x) = Sup{ /E\F u(a):x € (F],F cc A}forallx € A
a
isafuzzy idea of A.
Proof: For any x,y € A consider:
RGO AR(Y) = Sup{ A, u(@):x € (ELE €< A} A
Sup{ A_u(b):y € (F],F cc A}

= Sup{( A_u(@) A (A w(b):x € (EL,y € (FI}
= Sup{ El/:_\w_,u(c):xVy E(EUF|,EUF ccA,}
c
< Sup{c/E\G u(©):xvy€e(G],G cc A4}
=u(xVvy)
Also;
uly) = Sup{a(E\F u(a):y € (F],F cc A}
< Sup{ /E\F u(a):x ANy € (F],F cc A}
a
= u(x Ay)
Therefore u isafuzzy ideal of A.

In the following theorem we give an algebraic characterization for fuzzy ideals generated
by fuzzy sets.

Theorem 3.12. For any fuzzy subsatof 4, i = (u]; whereu is as given in Theorem
3.11.

Proof: Clearly u € u. Let y be fuzzy ideal of A such that u € y. Let x € A such that

x € (F] for some F cc A. Then by (5) of Lemma3.3

n
y(x) 2,/\1 y(a;)forsomeay,a,,...,a, € F
i=
Now
n
< < )<
A u(@) S A ¥(@) S A ¥(a) < ¥()

Thereforei(x) < y(x) for dl x € A. Sop is the smallest fuzzy ided of A containing p.
Thatisp = (u].

Lemma 3.13. A fuzzy subset, of A defined by:
Uy = {1 if xisaleftzero for A
0=

otherwise
for dl x € A, isthe smallest fuzzy ideal of A.

Theorem 3.14. The classFI(A) of all fuzzy ideals ofl forms a complete bounded
distributive lattice where the infimum and supremeirany family{u,: a € A} of fuzzy
ideals is given by:

A Bg =N Ha,y Vo Ug = (U liq]
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Uo 1S its zero element and 1, (the fuzzy subset of A with constant value 1) is its unit
element.

For eechx € A and a € (0,1] remember from [15] that, the fuzzy subset x, of A given
by:
_(a ifz=x
Xa(2) = {0 otherwise
is called afuzzy point of A. In this case x is caled the support of x, and « its value.

Theorem 3.15. For each fuzzy point, of 4, the fuzzy setX given by:

1 ifzel,
ui@ =la ifze -1l

0 otherwise
isthe fuzzy ideal of A generated by the fuzzy point x,, or equivalently uy = (x,].

Lemma 3.16. For any fuzzy points, andyz of 4, (x,] = (yg], if and only if{x] = (y]
anda = .

Corollary 3.17. Letx,, yg andz, be fuzzy points of. If (x,] = (yz], then(z, o, x4] =
(Z]/ Oy y[ﬁ’]'

Theorem 3.18. The following statements are equivalent for &nyalgebraA:
1. AisaBoolean algebra
2. For any fuzzy points x, and yg of 4; x4 oy Y = Y5 oy Xg
3. For any fuzzy points x, and yg of A4; (x4 oy ¥g] = (Vg °v Xq]

4. For any fuzzy points x, and yg of 4; (x, oy 5] = (,u){,x’y N;

wherey = min{a, 8} and u){,x'y Yisgiven by:

vy (Y if zE{x Y}
Wy (@) {0 otherwise
5. For any fuzzy points x,, yg and z, of A. If (xq] = (¥l

then (x, oy Zy] = (37,8 °v Zy]

4. Homomor phisms and fuzzy ideals
Theorem 4.1. Letf:A — B be a surjective homomorphism@®tlgebras,u a fuzzy
ideal ofA andv a fuzzy ideal oB, then
1. f(w) isafuzzyided of B
2. f~1(v) isafuzzy idea of A
Proof: Since f is given to be surjective, f~1(z) # @ for al z € B. Let z;,z, € B. Then
consider:
f)(20) A f (1) (22) = Sup{u(x):x € fH(2)} A Sup{u():y € f~1(21)}
= Sup{u(x) Ap():x € fX(z,),y € f(z1)}
< Sup{pu(x Vy): f(x) = z1, f(y) = 21}
< Sup{u(a):a € f (2, V 2,)}
= f(W)(z1V 22)

Alsolet z;,z, € B andx € A suchthat f(x) = z;. Then consider:
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F)(22) = sup{u(y):y € f(2,)}
S sup{u(x Ay): f(x) = z1, f(¥) = 22}
= sup{u(x Ay):x Ay € f1(21 A 2)}
< sup{u(a):a € f~1(z A 2,)}
= f(W)(z1 A 22)
Thus f(u) is a fuzzy ideal of B. Similarly one can easily verify that f~1(v) is a fuzzy
ideal of A.

Theorem 4.2. Letf: A - B be a homomorphism,andv fuzzy ideals ofl, o and6 fuzzy
ideals ofB then

L fuvv)=fwvf)

2. f(uAv) =f A f(v)

3 f M ove)=fo)VF(O)

4 o AB) =f o) AfTI(O)
Proof: We prove the first part only. For this, we show that f (u v v) is the smallest fuzzy
ideal of B containing both f(u) and f(v). By theorem 4.1 f (u v v) isafuzzy ided of B.
Alsofor any y € B consider:

fFW@) = sup{u(x):x € f1 (1)}
< sup{(uVv)(x):x € f ()}
=fuvv)()
So that f(u) € f(uVvv). Similarly, we get f(v) € f(u Vv v). Now for any fuzzy ideal n

of B:
fwenfsn= W) S E@) S fFm)
Spcfimyveftm
=S uvvefi(
= fuvv)Sftm) =n
Thus f(uVvv) = f(u)V f(v). The others can be proved using similar arguments.

5. Product of fuzzy ideals
Theorem 5.1. If u; andu, are fuzzy ideals af-algebras4, andA, respectively, then
Uy X Uy is a fuzzy ideal ol x A,.
Proof: Suppose that y; and u, are fuzzy ideals A; and A, respectively. Remember that
Uy X u, isafuzzy subset of A; x A, defined as:
(11 X pz)(ay, az) = min{u; (as), Hz(az)}
foradl a; € A; anda, € A,. Now consider:
(ug X pz)((ag,az) V (b1, b2)) = py X pp((ay V by), (az V by))
= min{u,(a, V by), uz(az V by)}
= min{min{u, (a1), p1 (b1)}, min{puz (az), p2(b2)}
= min{min{u, (a1), pz(az)} min{u, (b1), uz(b2)}
= min{(uy X u2)(ay, az), (Uy X p2) (b1, b2)}
Also
(u1 X pz)((a1,az) A (b1, b2)) = p1 X pz((ay A by), (az Aby))
= min{u,(a; A by), uz(az A by)}
= min{py (b1), u2(b2)}
= (U1 X pz)(by, b2)
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So that u; X u, is afuzzy ideal of A; X A,. But it is not in generd true that any fuzzy
ideal of A; X A, is of the form u; X u, for some fuzzy ideals u; and u, of A; and A,

respectively.

Definition 5.2. [2] For a fuzzy subset of A; X A,;
pri(W)(x) = sup{u(x,y):y € A}
and

pr2 (W) () = sup{u(x,y):x € A}
are called the projections of 1 on A; and A, respectively.

Lemmab5.3. If u is a fuzzy ideal o, x 4,, thenpr; (1) (respectivelypr,(w)) is a fuzzy
ideal of4, (respectively,).
Proof: It is enough if we show that, pry (1) is a fuzzy ideal of A;. For; letx,,x, € A;.
Then consider:
pra(u)(x1) Apra(p)(x2) = Sup{p(x1,¥1): y1 € Az} A Sup{p(x2,y2): y2 € Az}

= Sup{u(x1, y1) Au(xz,¥2): ¥1, Y2 € Az}

< Sup{u(x1 V Xx2,y1 V ¥2): ¥1, Y2 € Az}

< Sup{u(xy V x3,2):z € Ay}

_ =pri(W) (X1 V xz)
Also consider:
pri(p)(x2) = Sup{u(xz, y2): 2 € Az}

< Sup{u[(x1,y1) A (X2,¥2)]:¥2 € A2} VX3 €Ay €A

= Sup{u(x1 A X2, y1 AY2): Y1, Y2 € Az}

< Sup{u(xq Ax3,2):z € Ay}

=pri(W (X1 Axz) Vxi €4,
So that pry (1) is afuzzy idea of A;. Similarly it can be verified that pr, (1) is a fuzzy
idedl of A4,.

Definition 5.4. [2] Let u be a fuzzy subset #f x 4,, a € A, andb € A, the marginal
fuzzy subsets pfwith respect to a and b) apéa) € [0,1]4 andugb) € [0,1]42 defined
by:

1900 = plx, andul? (v) = u(b, )
fordlx € Ay andy € A,.

Lemma 5.5. If u is a fuzzy ideal of; x 4,, then,uia) is a fuzzy ideal od, and,ugb) is a
fuzzy ideal ofd, for all a € A, andb € A,.

Theorem 5.6. If A; andA, are C —algebras with meet identiffy, then any fuzzy ideal of
A; X A, is necessarily of the formy X u, for some fuzzy ideals andu, of A; andA4,
respectively.
Proof: Supposethat u isafuzzy ideal of A; x A,. Take

p = pri(wand u, = pry ()
Since each p; and p, are homomorphisms, by applying theorem 4.1 we get that 4, and u,
arefuzzy idealsof A; and A, respectively. Also for eacha, € A; and a, € A, consider:

1 X Hz(aq, az) = min{p (aq), 4z (az)}
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= min{p1 (W) (a1), p2(1)(az)}
= min{Sup{u(xy, x2): (x1,x2) € pr ' (a)},
Sup{p(xy, x2): (x1, %) € pz *(a2)}}

= min{Sup{u(a, x2): x, € Az}, Sup{u(xy,az):x1 € A4}}

= min{u(xy, az), u(ay, xz)}  Vxy € Ay, x; € Ay
In particular (u; X uy)(aq,a;) = u(aq,a,). Sothat u € yy X u,. On the other hand, to
show that p; X u, € ulet a; € Ay and a, € A, such that (uy X uy)(aq,a,) = a. Then
Uq(ay) = a and u,(a,) = a. It follows from the definition of p; and p, that there exists
x1 € A; and x, € A, such that u(a,,x;) = a and p(xq,a,) = a. Put by = (aq,x,),
b, = (x1,a5), yv1 = (T,F), y, = (F,T), c;(aq,F) and c,(F,a;). Then we have c; =
v, Abyandc, =y, Aby. Since (aq, a,) = ¢ V ¢, consider the following:

u(ay, az) = p(er Vez)

= p(c1) A p(cz)

= pu(y1 Aby) Apu(yz Aby)

> u(by) A (by)

= p(ag, x2) A p(xy, az)

=a
Thus (u; X pp) € p and hence the result holds.

6. Thelattice of fuzzy idealsin C-algebras
It is proved in section (3) that the class F7(A) of all ideals of A forms a complete lattice.
In this section we further prove that the lattice F7(A) isan agebraic lattice.

Lemma 6.1. For any two fuzzy idea}s ando of A, their supremum V ¢ is given by:
n n
(Vo)) = sup{ A [u(a; Vo(@))l:x =V a;a; € A}

Corollary 6.2. For any family{u, }4ea Of fuzzy ideals of:

(| #ad@) = sup( A, [supealiiat@)):x = [V, aia; € 4)
a€A

Note 6.3. For a fuzzy subset of A, by the cardinality oft, we mean the cardinality of
the support set qf.

Theorem 6.4. The latticeFJ(A) of all fuzzy ideals o is an algebraic lattice in which
the compact elements are precisely the finitelyegged fuzzy ideals.
Proof: We first show that (1] is a compact element in the class F7(A) for a fuzzy subset
A with finite cardinality. Let card(4) = n. That is, the supp(1) has exactly n elements
let say xq,x5,...,%,. Putt; = A(x;) for al 1 < i < n. Suppose that {1, }4ea be a family
of fuzzy ideals of A such that:

(4] SV, Ha = (Ag; < [a\E/A Halty Vil<i<n

= (A, SM\E/A [Halep Vi1<i<n

Since the class of dl ideals is an algebraic lattice and finitely generated ideals are
compact, for eachi,1 < i < n, there exists a;; €A, whereeach j,1 < j < m; such that
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(Ati] S].S]\émi [/v‘aij]t,-
which implies that
(Ati] < \ [ﬂai.]ti' VI" 1 Sisn
J

T1sisnlsjsm;
Since A hasn distinct level sets, (1] hasalso n distinct level sets. So that
A= __V

= . He;
1<isnis<jsm; Y
Thus (1] is compact. Conversely we show that any compact element in F7(A) should
necessarily be of the form (1] where 4 is of finite cardinal. For; supposethat u is compact
in FI(A). For each « € (0,1] and any x € A consider afuzzy subset a,. of A given by
_(a ify=x
. G0 = {0 otherwise Y €4

Itis clear to see that:

u =u(9>§2a (ax](1)

Aspu is compact, there exists x4, x5,...,x, € A and a4, ay, ..., a, € (0,1] with u(x;) =
a; such that:

p=_V ((@)uxl

1<isn

If we define afuzzy subset A of A by:
a; 1 = Xj
A = {Ol otj;zgrwisle vyed
Then A is of finite cardinal such that
A=V (@)l = ¢
Therefore the compact elements in FJ(A) are precisely fuzzy ideds of A generated by
fuzzy sets with finite cardinality. So that u is generated by a fuzzy subset of finite

cardinality. Also it follows from (1) that any fuzzy ideal of A is compactly generated and
hence FJ(A) isan agebraic lattice.

7. Conclusion

The results presented in this note indicate that many of the basic concepts in fuzzy
normal subgroups (respectively fuzzy ideals) of the well known structures; groups
(respectively rings) can readily be extended to fuzzy ideals of C —algebras. Moreover,
this paper lays a ground for further studies on fuzzy ideal theories in C —algebras like:
prime fuzzy ideals, fuzzy congruence relations and other fuzzy structuresin € —algebras.
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