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1. Introduction
In the classical finance model, a basic assumpisothat the volatility is constant.
However, several models proposed in recent yeac$, as the model found in [1], have
allowed the volatility to be nonconstant or a stmstit variable [1,3]. Over the past
decades, several stochastic volatility models hbeen developed to overcome the
shortcomings of the Black—Scholes model [4-10]hsas a missing smile or skew of the
volatility. Among these models, the Heston stodhagblatility model [11] plays an
important role, since it reproduces market smilas$ skews and can be calibrated rapidly
using semi-analytical formulas.

In this paper we study a jump-type Heston modelo(alalled a stochastic volatility
with jumps model, SVJ model)

ds(t) = rS(9dt+ y() S 3d WO k+y $-0)d N, (1.1)
S(0)= g .The variance proces(?), t=0} driven by another jump-diffusion progress
satisfy
dv(t) = K (6~ V(D) dt+ o V(OAW, (9+ T, ()N (D), (1.2)
AW () T, (1) = N (9N, (9= dW (0N (9= dN (0dW (3=
wherev(0)=v,,v, ands, are given positive values, the non negative cotsta y,

and « represent the interest rate, the volatility of pudiffusion term, the long variance,
and the rate at which reverts tod. g, and g, have an impact on the volatility of

variance process. The integrals with respect to Wiener procesgB(9, t=0} and
compensate Poisson progrésii), t>0} are described as the Ito integral.
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The main goal of this work is to investigate théstence, uniqueness and continuity of
solutions to the dynamic model (1.1)-(1.2). Thestetice and uniqueness are analyzed in
Section 2. Section 3 studies the continuity of sh&ition to the dynamic model (1.1)-
(1.2).

2. The existence and uniqueness
In this section, we prove the existence and unigs&wf solution for the mixed fractional
CEV model by extending the idea déflf14.

Theorem 2.1. The volatility equation of the fractional mixed €ZEnodel has a unique
positive solutionv(t) wheret[0,T) andT =inf{t>0| W({) =0} .

Proof: First, we confirm the solution existence for tudatility equation (1.2). We first
defineY’ =y, andY® = Y*(w) inductively as follows

YO0 =y + [ k(0 s Lo YW a W s [lon FaN). (2.1)
Therefore
B = Y[ ]

= (IR AR A T WA TN R e NN I B
We know that(a+b+ 0" <2"*(laf + |b[+ |c] , SO
E[|Yt(k+1) _ Y(k)|2]

<acE][) (0 - Y )a$ 1+ 307 8]V - ¥ Wb 22)
+ao7el L P - N (1

Using the Holder inequality, one derives
E[U;(Yt(k)_Y(k—l))d *SZ]S !-; g Yk)_ y—l)lzld 5 ji;‘ [E S(#a_ s(vl)lz]d . (2.3)

Next we consideiE[U;\/@—Jng‘“d W( #2]. Using the Ito isometR?, we obtain
el YT w #z]s [ af¥-J¥rd sqf ES- 7, (24)
JAE -\ Ta N 1<) 8P - FTF saf | - 80

Here we used the fact th|a/E—JB| <2|a-H for anya>0, b>0. Putting together (2.2),
(2.3), and (2.4), we have

BV - Y91 M 8 ¥ - ¥ (2.5)
whereM, =3«’T +1207 + 12075 .

El

Next, we pay attention tp= E[| Y - \6|2] . Takingk =0 in (2.1), one obtains
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- 2
h = B[, k(6 - wd st [, 4 W( 3+ 1o W OB
= Ellk0t- kv, t+ 0,V W( ) + 0 NI ]

Now we use(a+b+9"<2"'(|al' + |b[ + |c]  and Holder inequality to obtain
h, < 3E[k6t- kv, 11 +3 Elo, WO 1+3 o ¥ N ]

<3CE(O-[1€ + (07 + oD Bl wll+ 0P B W(IT+- 0 B NOH

53/(2E[|49—v0|2]t2 +g(af+022) | v, |]+l:aft+—§/la§t
Recall thatE[| W, (1) 1= t, E[| N,(t) F]1=At,

h<M,+Mt+M,t°,
where M, ::—23(012 +a2)E[| v, |1, M, :gaf +l;’/10§, M, =3«°E[|6-v,|’] . Similarly, with the
induction onk we obtain
2. Mt
o = B - Y1

for some suitable constam, only depends om,, i =1,2,3,4. Thus, the existence

follows from the Doob martingale inequality and dtatemma.
We now show that the solution of (1i®)unique. Suppos¥(t,w) and Z(t,w) satisfy

(1.2), Y(0,w)=Y andz(0,w) = Z. Therefore,
Ell Y(tw) - Z(tw) F]
=E[ Y- Z+ [ k(M sw)- 7 s))d s
+0,[[W(s@) - Z sw)d W( 3+ 0, [ X50)- Z=sw)d N)§]

We may use Young's inequality to obtain
Ell Y(tw) - Z(tw) ]

< 4EY - ZF 1+ 4 k], Y(s)- Z o) ] (2.6)

+agE(( [ V(s @)~ A sa)d WY 1+40% [ ¥50) -/ @so)d 1)l
Following the similar proof of (2.3), (2.4) and %2. we obtian
e[, (s - zsw)d}]s [ B o)~ coflds [T [E(Ma- (2871, (27)
and

E[(I;JY(SW) -J A sawyd W( )%2134; EYV.&)- ¢o)fld, (2.8)

E[(I;JY( 5 @)~ 4 s, w)d H( )s) <[ B Y.&)- ¢®)fd. (2.9)
Substituting (2.7) and (2.8) into (2.6) and lettikig = 4T« +16To; + 161To;, we have
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Bl Y(te)- Z(tw) 1< 4H] Y- ZF1+ M| B X $0)- Za)fld.

Using Gronwall inequality, we have
Ell Y(tw)- Z(tw) f1< 4H| Y- Zf]exp{ M }.
The uniqueness of solution can be proved using
Y = Y(0,w) = Z(0,w)= Z.
Consequently, the theorem is proved.
Next, we will deriveL, estimate for the solution of the volatility equaati

Lemma 2.1. Assume that Assumption 1 holds, andTiet0 be fixed. Then for any
positive constanM, =M, (v,, T, p,x,6,0,,0,), we have
Elsup|v(t)’ ] M, . @1
t[0,T]

Proof: Since for anyt O[0, T],

V(D) = vy + [ K(@-U9)d sta, [ (30 W( B0, [ v9d N).
Using Young' s inequality, we have for amy= 2 that

V()" <4 (v, P+A+ A+ A), (2.11)
where A :U;K(H—V(Q)d:#;p A = j;\/@dvg ( 3{p A = _[;«/v(s—)dl\lz(s)‘p. Now, we
computeE[A], E[A] and E[A] . Using Holder inequality, we obtain

E[A] < E[‘K9T+Kj; ¢ X F] <2PIkPGP P4iP ]‘; E (\)$°]d . (2.12)
By B-D-G's inequality[11] and Holder inequality, vadtain

eral = 8], Od WOR T <[} B )4 \Zzs [t IECyIg3d
Note thatx<1+ x* for any x>0,
E[AI<T+T[, @ ¢3Ild (2.13)
Following the similar proof with (2.13),
E[A] S AT+AT] B ¢ 3I7]d < (2.14)

Substituting (2.12) and (2.13) into (2.11), anditet
Mg = 4P E[| v, P]+87 'k PEPT P+ 4P T(1+ 1), My = 4P T (L+ A +k2),
we obtain

V()] < M, + M [ Bl (9Pl < (2.15)
Hence the Gronwall inequality implies that
supE[v(t)” < M, exp{M,T}= M,,, p=2. (2.16)

t[o,T]
Second, we prove that (2.10) still holds for aryp < 2. Using Cauchy inequality, we
obtain

EMOP"] < B| )2 S[?Dt',ﬁ’] ] UF"]T.
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Considering2p = 2, and using (2.16), we obtain

E[M9]"T <My -
Because [0, T] is arbitrary, (2.10) is proved whea p < 2.
Finally, if 0< p<1, note that
1
VO =[VOOI” oy *+ VO™ Fgy 10 <[v(o” Lo VO 0 -
Further we have
VO <[V Lpy +1< VO™ +1.

Hence it follows from the case< p<1,

SUpEfv(t)’]s My, +1.

t0[0,T]
This completes the proof of the lemma

Following the proof of Theorem 2.1 and Lemmafé,can prove the following lemma
for stock price equation.

Lemma 2.2. Stock price equation of CEV model has a uniquetioi. In the case that
B and o(Iy satisfies Assumption 1, then

SUpE[S(t)" I My(%, 8. T p Wk 0,0, (2.17)

tC[o,T]

3. The model
In this section we discuss the continuity to stpdke equation of CEV model.

Theorem 3.1. Stock price process of Black-Scholes madgl), t=0} is continuous.
Proof: Note that for ang<s<t<T,

SO)-S3=[.x $)l 8] ()s(9 ., W+ y (RT(M
Using (a+hb)* < 2°(a*+ b"), we obtain
IS()- L 3°<3 A+3 A+3 (3.1)

where A, :U:rS(Sd iF,A», :‘L\/@s ¥d W)F,As :‘L\/@s ¥d W)F. It follows
Cauchy inequality,

YRR S SE St W ACT- L (3.2)
(2.17) and (3.2) imply that
E[A] < r*M,,|t-4". (3.3)
Now we pay attention t8[ A] . Using B-D-G inequality* and Holder inequality we
obtain

E[Al<[ B (310 83K k[ EW$] [E (SBK].
It follows by (2.10) and (2.17) that

E[A] <YM, M, |t-4, E[A]<AM, M, |t-4. (3.4)

Substituting (3.3) and (3.4) into (3.1), we yeild

73



Yu-dong Sun and Yi-min Shi
E|S()- S §1<30+0)y M M| & 3% M| & [3. (3.5)

Therefore, the theorem is proved.

4. Conclusion

Stochastic volatility models play an important ridinance modeling. In this paper, we

proposed a new version of the Heston model witlgd@mge dependence by considering
the properties of mixed fractional Brownian motiemd showed this model has a unique
solution. Moreover, we proved the continuity anchecestimates of the solution.
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