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1. Introduction

Generalization of ideals is necessary for furthevelopment in the study of algebraic
systems. The notion of quasi-ideals in near-rings pioneered by Yakabe [16]. Lajos
and Szasz [6] introduced the concept of quasi-dgalassociate near-rings. The quasi
ideals are generalization of left and right idealbereas bi-ideals are generalization of
guasi ideals. We refer to Chelvam and GanesanfdtHji-ideals. Abbassi and Rizivi [1]
studied the prime ideals in near rings. The ideafsizzy sub near rings was introduced
by Zaid [2]. A near-algebra is a near ring whiclmétd a field as a right operator domain.
Pilz [9] wrote a monograph on near-rings. Brown, [Sfinivas [12], Irish [4], Swamy
[7,8] have studied certain properties of near-algeb The notion fuzzy set was
introduced by Zadeh [17]. The concept of prime lisl@ad fuzzy prime ideals is initiated
in [5,10,11,13,14]. In this paper, we introduce fttencept of irreducible, strongly
irreducible bi-ideals of a near algebra, and obtz@nain characterizations. Also, we
studied the fuzzy concepts of irreducible, stronglgducible bi-ideals for a near algebra.

2. Preliminaries

Definition 2.1. A (right) near-algebra Y over a field X is a larespace Y over X on

which multiplication is defined such that

() Y forms a semi-group under multiplication

(i) Multiplication is right distributive over adton, that i§a + b)c = ac + bc for every
a,b,&lY and

(i) A(ab) = (Aa)b for everya, b € Y and € X.
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Definition 2.2. A subset D of a near algebra Y over a field Xd&l¢o be a sub near
algebra of Y if

() Dis alinear subspace of Y

(i) (D, .) is a semi-group.

Definition 2.3. A nonempty subset | of a near algebra Y is cadlettar algebra ideal of
Y if

() Iis alinear subspace of the linear space Y

(ii) ix €l, forevery xe Y, i€ |

(i) y (x +i) —y x € | for every x, ye Y, i€ I.

If | satisfies conditions (i) and (ii), then | isleed a right ideal of Y.

If | satisfies conditions (i) and (iii), then | &alled a left ideal of Y.

Definition 2.4. Let Y be a near-algebra over a field X. Then te&¥g={a € Y/a0 =
0}is called the zero-symmetric part of ¥.,= {a € Y /a0 = a} is called the constant part
of Y. Y is called zero-symmetric near-algebr¥ i Yy, Y is called constant near-algebra
ifYy =Y.

Definition 2.5. LetX be a non empty set. A fuzzy subsebdf X is a functionn: X —
[0,1]. The numben(x) is the degree of membership ofX.

Definition 2.6. Let u be a fuzzy subset of N amde [0,1]. Then the set
U ={x € N /u(x) = t}is called a level set (or level sub setuoflt is denoted byp,.

Definition 2.7. A fuzzy subset F of a field X is called a fuzzglfi of X, if it satisfies the
following four conditions for every x, g Y:

(i) F(x+y) = min(F(x), F(y)),

(ii) F(- x) = F(x),

(iii) F(x +y)=min(F(x), F(y)),

(iv) F(x") > F(x) for every non-zero&X.

A fuzzy field F of X is denoted by (F,X).

Definition 2.8. Let Y be a near algebra over a field X and (Fh¥)a fuzzy field. A fuzzy
subsel: of Y is called a fuzzy near algebra of Y over azffield (F,X) if

(i) HOc+Hy) = min@(x), u(y)),

(it) LX) = min(FQ), u(x)),

(i) H(xy) = min(u(x), p(y)),

(iv) F(1) > p(x) for every x, ye Y, L € X.

A fuzzy near algebrp of Y is denoted by, Y).

Definition 2.9. Let (u,Y) be a fuzzy near algebra over a fuzzy field (f,Khenu is a
fuzzy ideal of Y if

(i) u(xy) > u(x) for every x, ye Y

(i) w(y(x +1i) =y x)>u(i) for every x, y, i€ Y.

Ais a fuzzy right ideal of Y ifi(x y) > u(x) for every x, ye Y.
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Ais a fuzzy left ideal of Y ifu(y(x + i) — y X)> u(i) for every x, y, i€ Y.

Definition 2.10. A fuzzy subset: of a near-algebra Y over a fuzzy field (F,X) idled a
fuzzy bi-ideal of Y, if u(x + y) > min{u(X), u(V)}, & Ax) = min{F (1), u (X)}and
(noyou) N ((,uox) * y) c uforevery x, ye Y, L € X.

Throughout this article Y denotes a right neardatgeand X denotes a field.

3. Irreducible and strongly irreducible bi-ideals

In this section we introduce irreducible bi-idedl @ near-algebra Y and strongly
irreducible bi-ideal of a near-algebra Y. Furtheoyided some properties along with
proofs.

Definition 3.1. A bi-ideal | of a near algebra Y is called an dueible bi-ideal of Y, if
for any bi-ideald;, I, of Y, I, NI, =1 impliesl; =T orl, = I.

Definition 3.2. A bi-ideal | of a near algebra Y is called strongreducible bi-ideal of
Y, if for any bi-ideald,, I, of Y, I, NI, < I implies eithed; <1 orl, < I.

Definition 3.3. A bi-ideal | of a near algebra Y is called strongreducible semiprime
bi-ideal of Y, if for any bi-ideal$;, I, of Y, (I; n1,)? €I implies eithed; S 1 orl, S
I.

Definition 3.4. A bi-ideal D of a near algebra Y is called a priteideal of Y, if
P,P, € D implies P, € D orP, < D for any bi-idealsP;, P, of Y.

Definition 3.5. A bi-ideal P of a near algebra Y is a semiprimédeal of Y, if for any
bi-idealP;of Y, P, € P impliesP, S P .

Definition 3.6. A bi-ideal P of a near algebra Y is called a sgigmprime bi-ideal of Y, if
P,P, N P,P; € P impliesP; € P or P, € P for any bi-ideals ofP;, P, of Y.

Theorem 3.7. Every strongly irreducible semiprime bi-ideal ofam algebra Y is a
strongly prime bi-ideal of Y.

Proof. Let | be strongly irreducible semiprime bi-idedlnear algebra Y. Letandl, be
two bi-ideals of Y such thdil, nI,I; < I. Then we have to show that eitligic I or
I,€1.Sincel;nl, €I, andl; NI, S I,,

Implies(l; N1,)? € LI, and(l; N 1,)? € LI,. Thus(I; nL,)> € L1, nI,1; € 1. Itis
clear that(l; N I,) is also a bi-ideal of Y. S@; Nn1,)? € I. This implies ; n1,) €1,
because | is a semiprime bi-ideal of Y. Algo= I orl, < I, because | is strongly
irreducible bi-ideal of Y. Hence, | is a stronglympe bi-ideal of Y.

Proposition 3.8. Let D be a bi-ideal of a near-algebra Y and Y such thak € D. Then
there exists an irreducible bi-ideal | of Y suchtth € I andx € 1.

Theorem 3.9. For a near-algebra Y, the following statementsegrgvalent:
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(a)D? = D for every bi-ideal D of Y.

(b) D;D, N D,D,; = D; N D,for any bi-idead,, D, of Y.

(c) Each bi-ideal of Y is semiprime.

(d) Each proper bi-ideal of Y is the intersectidnrgeducible semiprime bi-ideals of Y
which contain it.

Proof. (a)= (b): LetD;and D, be any two bi-ideals of Y. Thel, n D, is also a bi-
ideal of Y. By hypothesis we hay®,; N D,) = (D; N D,)? = (D; NnD,)(D; NnD,) €
D,D, . Similarly,

D, nD, € D,D,. SoD, nD, € D,D, nD,D;. SinceD,D,, D,D;, D;D, N D,D; bi-
ideals of Y, thenD,D, n D,D; = (D;D, N D,D;)(D;D, N D,D;) € D;D,.D,D, =
D,D,*D; € D,D,D, € D,YD, < D, Similarly D;D, N D,D; S D,. Thus D,;D, N
D,D; € D; N D,.HenceD;D, N D,D; =D; ND,.

(b) = (c): Let D be a bi-ideal of Y such tha;? < D for any bi-ideaD, of Y. Then
D; =D, nD; = D;D, nD;D; = D;2 € D. This shows that B is a semiprime bi-ideal
of Y. Hence every bi-ideal of Y is a semiprime @éal of Y.

(c) = (d): Suppose that each bi-ideal of Y is semipritret. D be a proper bi-ideal of Y.
Then there exists an irreducible bi-ideal of Y eamihg D. If N, I, be the intersection of
all irreducible bi-ideals of Y containing D, thé&nc N,I,, asD < I, for all a. If this
inclusion is proper, then there existsE N, I, such thak ¢ D. This impliesa € I, for all

a. Asx & D, then there exist an irreducible bi-ideal | of ifch thatD < I andx ¢ 1. This
is a contradiction to the fact that I, for all a. So D9, I, . Thus each proper bi-ideal
of Y is the intersection of irreducible semiprimddeals of Y which contains it.

(d)= (a): Let each proper bi-ideal of Y is the intetsmt of irreducible semiprime bi-
ideals of Y which contain it. Let D be a bi-idedl 6, thenDD = D2, If D2 =Y is an
improper bi-ideal, then & D?, impliesD € Y € D?. AlsoD? € D. SoD? = D for each
bi-ideal of D of Y. Now ifD?is a proper bi-ideal of Y that B? # Y, thenD? =
Ny{D,:D, is an irreducible semiprime bi-ideal of Y suchttha < D,, for all o} implies
D € D, for all o, because eadh, is a semiprime bi-ideal of Y. Thibcn D, = D2.
Also D? € D. HenceD? = D for each bi-ideal D of Y.

Theorem 3.10. If every bi-ideal of near algebra Y is an idemmbtthen the following
assertions are equivalent: (a) D is strongly iro#ole (b) D is strongly prime.

Proof. (a)=(b): LetD; andD, be any two bi-ideals of Y such tHat{D, n D,D; < D.

Each bi-ideal of Y is idempotent, then we hawen D, = D;D, nD,D; € D, this
impliesD; NnD, € D. But D is strongly irreducible bi-ideal of Y. Thiy € D or

D, € D. Hence D is strongly prime bi-ideal of Y.

(b)=>(a): LetD; andD, be any two bi-ideals of Y such tHat n D, < D. Then

D,D, nD,D; € D, N D, E€ D, this impliesD;D, N D,D; € D. But D is strongly prime
bi-ideals of Y. Thus we hav@; < D or D, < D. Hence D is strongly irreducible bi-ideal
of Y.
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4. Irreducibleand Strongly Irreducible Fuzzy Bi-ideal
Definition 4.1. A fuzzy bi-ideal\k of a near algebra Y is said to be an irreducibkzyibi-
ideal of Y if for any fuzzy bi-idealg andyof Y,uny=A=p=%xory=A

Definition 4.2. A fuzzy bi-ideall of a near algebra Y is said to be strongly irredieci
fuzzy bi-ideal of Y if for any fuzzy bi-idealsandyof Y, puny<iA=p<iory<Ai

Theorem 4.3. Every strongly irreducible semiprime fuzzy bi-itlednear algebra Y is a
strongly prime fuzzy bi-ideal of Y.
Proof: Let be a strongly irreducible semiprime fuzzy bi-ideaf near algebra Y. Let
wand y be two fuzzy bi-ideals of Y such thgtoy) N (yop) <A As(uny)o(uny) =
(uNy)? < (poy) and(uny)o(uny) = (wNy? < (yop) = (uNy)? < (uoy) N
(yop) < A, sopny < A

Sincel is a semiprime fuzzy bi-ideal of Y, then<i ory <A\ Hence\lis a
strongly prime fuzzy bi-ideal of near algebra Y.

Theorem 4.4. For a Near algebra Y, the following statementseangvalent:
(a) Aok = A for each bi-ideal of Y.
(b) (uny) = (poy) N (yop) for all fuzzy bi-idealgt and y of Y.
(c) Every fuzzy bi-ideal of Y is fuzzy semiprime.
(d) Each proper fuzzy bi-ideal of Y is the intersectafirreducible semiprime fuzzy
bi-ideal of Y which contain it.

Theorem 4.5. If every fuzzy bi-idealt of a near-algebra Y is idempotent, then the
following statements are equivalent: 4ajs strongly irreducible (b} is strongly prime.
Proof. (a)= (b): Let(uoy) n (you) < 4 for any two fuzzy bi-idealg andy of Y. Then
uny = (uoy) n(you) <A = u < Aory < 1, asl is strongly irreducible. Sa is

strongly prime fuzzy bi-ideal of Y.

(b) = (a): Letu andy be two fuzzy bi-ideals of Y such thatny < A. Then(uoy) n

(you) = u ny € A. So(uoy) N (you) S A. This implies that either € A ory € 1, asi

is strongly prime fuzzy bi-ideal of Y. Thiss strongly irreducible.
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