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1. Introduction

The theory of fuzzy sets was first introduced byleta[18] in 1965. Since then, due to
the wide applicability of this notion in variousefils, many authors have expansively
developed the theory of fuzzy sets and its aptinat In this context Deng [4], Erceg,
[5], Fang and Gao [6], Kaleva and Seikkala [¥djamosil and Michalek [11] have
introduced the concept of fuzzy metric spaces ffedint ways. In 1994 George and
Veeramani [7] modified this concept of fuzzy metdpace and obtain a Hausdroff
topology for this kind of fuzzy metric spaces. jtpaars that the study of Kramosil and
Michalek [11] of fuzzy metric spaces paves the way developing the smooth
machinery in the field of fixed point theory foretistudy of contractive maps. Sessa [13]
initiated the tradition of improving commutativitonditions in fixed point theorems by
introducing the notion of weakly commuting mapsnietric spaces. Jungck [9] soon
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enlarged this concept to compatible maps. The naifocompatible mappings in fuzzy
metric spaces was introduced by Cho [2]. VasuKi ibtroduced the concept of R —
weakly commuting map and proved a fixed point teeoifor fuzzy metric space using
this concept. In 2000, Singh and Chauhan [14] thtced the concept of compatibility in
fuzzy metric spaces. Singh and Jain [15] studiednbtions of semi compatibility and
weak compatibility of maps in fuzzy metric spadespa [12] established some results on
fixed point theorems for weakly compatible non dmmbus mappings using implicit
relations. Imdad and Khan [8] extended the worlPopa [12]. Cho et al. [3] introduced
the concept ofe —chainable fuzzy metric space and obtained commgedfipoint
theorems for four weakly compatible mappingsesefchainable fuzzy metric spaces.
Singh and Bhadauriya [16] proved a fixed point theo in ¢ —chainable fuzzy metric
spaces using implicit relations.

In this Paper we establish a common fixed poinothe for weakly compatible
maps on complete —chainable fuzzy metric space satisfying a clagmpficit relations.
The established results generalize, extend, umiflfazzify several existing fixed point
results in metric space and fuzzy metric space.

2. Preliminaries
Definition 1. A binary operatiorx: [0,1] x [0,1] — [0, 1] is a continuous — norm if *
satisfies following conditions:
® * S commutative and associative;
(i) * is continuous;
(i) ax1=aforalla € [0,1];
(iv) a*b < c+d whenevern < candb < d, anda, b, c,d € [0, 1].
Examples of continuous— norm are:
axb=ab
a * b = min(a, b)

Definition 2. A 3 — tuple(X, M ,*) is called aM — fuzzy metric space X is an arbitrary
(non - empty) sety is a continuoug — norm, andM is a fuzzy set ork? x (0,o),
satisfying the following conditions for eaghy, z € X andt,s > 0,

(i) Mx,y,t)> 0,

(i) M(x,y,t) =1 if and only if x =y,

(i)  Mx,y,t)= MQ,xt),

(iv) M@x,y,t)*M(y,z,5) < M(x,z,t+5),

(V) M(x,y, .): (0,0) - [0,1] is continuous.

Example 1. Let (X, d) be a metric space. Defimex b = min(a, b), and
M (x,y,t) =

t+d(x,y)
induced by the metrid is often called the standard fuzzy metric.

Definition 3. Let (X, M,*) be aM — fuzzy metric space. For> 0, the open ball

By (x,7,t) with centerx € X and radius 0 <r <1 is defined byBy,(x,r,t) =
{yeX: M(x,y,t) >1—r}.
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A subsetd of X is called an open set if for eaghe A there exist >0 and0<r <1
such thaB,(x,r,t) S A.

Definition 4. A sequence{x,} in a fuzzy metric spacgX, M ,*) is said to be a Cauchy
sequence if for each > 0 andt > 0, there exista, € N such that
M (%, X, t) > 1 — eforall n,m = n,.

A sequence{x,} in a fuzzy metric spac€X, M ,*) is said to be convergent to € X if
for each € > 0 there existsn, € N such thatlim,, , , M (x,,,x,t) > 1— ¢ for all
t>0&n > ny. George and Veeramani [7] proved that a sequémrge in a fuzzy
metric spac&€X, M ,*) converges to a point € X if and only if M (x,,, x,t) = 1, for all
t > 0.

A fuzzy metric spacéX, M ,*) is said to be complete if every Cauchy sequence
in X converges to a point ixi.

Definition 5. Two self mapping4 and B of a fuzzy metric spadgX, M,*) are said to be
compatible if there exists a sequerfog,} in X such that

lim, _, ., M (ABx,, BAx,,t) =1, forallt > 0,
whenevelim,, _, , A x,, = lim,, _, , B x, = x for somex € X.

Definition 6. Two self mappingd and B of a fuzzy metric spacg, M ,*) are said to be
weakly compatible if ABx = BAx wheneverAx = Bx for somex € X. If the self
mappingsA and B of a fuzzy metric spacé€X, M ,*) are compatible, then they are
weakly compatible, but the converse is not necégsare.

Example 2. Let X =[0,4] and a * b = min{a, b}. Let M be the standard fuzzy metric
induced byd, whered (x,y) = |x — y| for x,y € X. Define two self mappingd and
B of the fuzzy metric spad&, M ,*) by:

4—x, 0 <x <2
Ax_{ 4, 2<x<4
X, 0<x <2
Bx_{ 4, 2 <x <4

Let{x,} ={1—- (1/n)}. Then it can be easily proved that the self magghand B are
weakly compatible but they are not compatible.

Definition 7. A finite sequencex = xg, x4,**, X, = y in a fuzzy metric spac€X, M ,*)
is callede — chain from x to y if there existse > 0 such thatM (x;,x;_,t) >1— ¢
forallt>0andi=1,2,:,n.

A fuzzy metric spacé€X, M ,*) is callede — chainable if there exists an— chain
from x toy, foranyx,y € X.

Lemmal M (x,y,.) is non-decreasing for afj y € X.

Proof: Suppose M (x,y,t) > M (x,y,s) for somed < t < s.

ThenM (x,y,t) * M (y,y,s—t) < M (x,y,5) < M (x,y,t).

SinceM (y,y,s — t) = 1, therefore M (x,y,t) < M (x,y,s) < M (x,y,t), which is
a contradiction. Thus\t (x,y,.) is non-decreasing for afly € X.

Lemma2. Ifforallx,y e X,t>0and0 <k <1,
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M (x,y,kt) = M (x,y,t), thenx = y.

Proof: Suppose that there exisfis< k < 1 such that

M (x,y,kt) = M (x,y,t) forallx,y € X andt > 0.

ThenM (x,y,t) = M (x,y,t/k),

and M (x,y,t) = M (x,y,t/k™)

for positive integen. Taking limitasn — o, M (x,y,t) = 1 and hence = y.

Definition 8. [1] A Class of Implicit Relations
Let 1 be the set of all real and continuous functidgh®R% — R, non decreasing in the
first argument satisfying the following conditions:
(@) For w,v =0,F(u,v,1,v,1,u) = 0 implies thatu > v.
(b) F(u,1,1,1,1,u) =0 or F(u,1,u,u,u,1) =0 or F(u,u,u,1,u,1) = 0 implies
thatu > 1.

Example3. Let F: RS — R be defined by
F(ty,ty,ta, ty, ts, tg) = 20ty — 18t, + t3 — 14t, — ts + 12t
Then we see that
Fu,v,,v,,u)=0 =2 32(u-v)=>0 = u >v
Fu,1,1,1,1,u) >0 = 32(u—-1)=>0 >u >1
Flu,Lbuuul) =20 =6u—-1)=0 =>u =1
Flu,uu,,u,1) >0 =2 2(u—-1)=>0 > u >1
Therefore,F € .
Ali et al. [1] proved the following fixed point tkeem for weakly compatible
maps on complete —chainable fuzzy metric spaces satisfying an imiptelation

Theorem 1. Let (X,M,*) be a completes — chainable fuzzy metric space and let
A, B, S and T be the self mappings &f satisfying the following conditions:

(1) AX cTXand BX c SX;

(2) The pair(4,T) and (B, S) are weakly compatible;

(3) T (X) orS (X) is complete;

(4) There existsk € (0,1) such that

M (Ax, By, kt), M (Sx, Ty, t), M (Ax, Ty, t), M (Sx, Ax,t),
F aM (Ax,By,t) + b M (Ax,Ty,t)

aM (By,Ty,t)+b

,M (By, Ty, t)

for everyx,y € X andt > 0, wherea, b = 0 with a & b cannot be simultaneously 0.
Then,A, B, S andT have a unique common fixed pointXn
We are now extending Ali et al. [1] work as thddaling results.

3. Themain results

Definition 9. A class of implicit relations

Let 1 be the set of all real and continuous functi?hR7 — R, non decreasing in the
first argument satisfying the following conditions:

(@ Foruw,v =0,F(u,1,v,1,v,u,u) = 0 implies thatu = v.
(b) F(u,1,1,1,1,u,u) =2 00r F(u,u,1,u,u,1,1) =0 or F(u,u,u,u,1,1,1) > 0
implies thatu > 1.

Example4. Let F: R7 — R be defined by
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F(ty,ty, ta, ty, ts, te, t7) = 22t + t, — 18t3 — t, — 14 t5 — 2tg + 12t,
Then we see that
Flu,L,v,,v,uu) =20 = 32(u-v)=>0 > u >v
Fu,,,1,L,u,u) >0 =2 32u—-1)=>0 =u >1
Fu,u,,u,u,1,1) 20 =2 8u—-1) =20 = u =1
Fu,u,u,u,1,1,1) 20 =2 4u—-1) =20 = u =1
ThereforeF € .
Theorem 2. Let (X, M ,*) be a complete — chainable fuzzy metric space and let
A, B, S and T be the self mappings &f, satisfying the following conditions:
(1) AX cTX and BY c SX;
(2) The pair(A4,T) and (B, S) are weakly compatible;
(3) T (X) orS (X) is complete;
(4) There existsk € (0,1) such that
/ M (Ax, By, kt),M (Ax,Ty,t),
aM (Ax,By,t) + b M (Ax,Ty,t) \
M S IT It ) )
(5% T,0) aM (By, Ty,t) +b
F >0
cM (Ax,By,t) + d M (By,Ty,t)
cM (Ax, Ty, t) +d ’
M (By, Ty, t)

\M (Sx,Ax, t),

for all x,y € X andt > 0, wherek €(0,1) and a,b,c,d = 0 with a & bandc &d
cannot be simultaneousl. Then4, B, S andT have a unique common fixed pointin
Proof: Letx, be any arbitrary point. AdX c TX, BX c SX so, there exists; ,x, €
X such thatAx, = Tx,; and Bx; = Sx,. Inductively we construct the sequencgs}
and {x,} in X such that

Yon = TXopi1 = AXoy

 Yan+1 = SXopiz = BXonya
For n = 0,1, 2,---.Now using condition (4) withx = x5,y = x,,1, We get

M (Sxyy, Tx 0 a M (Axzn, Bxaniq,t) + b M (Axzp, TX2pn41, t)
it n s aM (Bxzn+1, Txzn41,t) + b '

Fl

|\M (Sxyp, Axop, t),

( M (Axp, BXani1, kt), M (Axpn, TX2041,8), M (SX20, TX2n 41, 1), \
i >0

¢ M (Axzn, Bxzn41,t) + d M (Bxopi1, TXopn41,t)

cM (Axyp, Txopne1, t) +d /
M (Bx2n+1' Tx2n+1' t)
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M Yan Yon+1, k), M Van, Yon, t), \

aM (YonYan+1t)+ b M (VanYant)
. M (YZn—lv Yon D, aM (Yan+1.Y2nt)+b
that isF | | >0
M ( t) cM (YonYontt)+ A M (Yan+1Y2nt)
M (y2n+1' Yon t)
/ M V2 Yon+1, KO, M (Van, Yon, £, \
aM (YanYant1t)+ b
. H M (yZn—ll Yo t), aM Vanir,Yant)+b ’ H
that isF 3 et H 120
\M (yZn—lv Vo t), YonYan+1 — Yan+1.Y2n ’/
M (Yans1 Yono t)

/ M (Yans Yon+1, k), 1,
. M Yon-1,Y2nr t), 1,
that isF =0
M (Yon-1, Y2 £, M V2, Yon+1, ),
M (Y2n, Y2n+1,t)

Thus we have (y2n, Yans1, kt) = M (Vo Yon—1,t) * M (Vans1, Yon, t)
that isM' (Yz2n, Yan+1,kt) = M (Van, Yan-1,t)

Similarly, we haveM' (Y2p+1, Yan+2,kt) = M (Van+1, Y2n t)

Therefore, for all even and odd we haveM (v, Vn+1, kt) = M (Y, V-1, t)
Thus, for anyr andt, we have

M (Yn Yn+1, kt) % M Vp, Yn-1,t) .
M Yns1 Y t) 2 M (Yn:Yn—lvE> = M (Yn—lyyn—2:ﬁ> =

> M (yl,yo,kin) — lasn — oo. So, the result holds far = 1. As our induction

hypothesis suppose that the result holdsroe p.

Now, . .

M (ynvyn—p+1't) = M (anyn—ptz) * M (yn+1vyn—p+1v5) - 1x1=1Thus, the
result holds forn = p + 1.'Hence{y, } is a Cauchy sequenceXnwhich is complete.
Therefore{y, } converges ta, that isy,, — z for some

z € X. Then it follows that the sequendgsbr,,},{Sx2,}, {BX2n4+1} and{Tx,,1} also
converge toz. Now, we prove that{x,} is a Cauchy sequence Xn SinceX is ¢ —
chainable, there exists an- chain fromx,, tox,,,,, that is, there exists a finite sequence
Xn = Y1,¥2,°,¥n = Xp41 SUCh that

M Yo V-, ) > (1 — ¢) forall t >0andi=1,2,:--,m. Thus, we have

t t t
M (Xp, Xpi1,t) = M (yl')/z'7>* M (yz.ygfz)*---* M <Ym—1'ym'7)

>A1-9*(A-g*xA-e)=1- ¢
For m > n,

t

t
M (X, X, t ZM(x X ,—)* M(x X ’_)*
(Xn) Xm, t) At T n+l An+2, T

t
* M (xm_l'xm'm - n)
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>A-9*x1—-98=x*-x(1—-—e)=1- 9
Hence{x,} is a Cauchy sequence Xn which is complete. Therefor¢x,,} converges
toz, that isx,, —» z for somez € X. Then it follows that its sub sequengts,,,},
{Sxon}, {Bxon41} and{Tx,, .1} also converge to.
Casel: When T (X) is complete.
If we takez € T (X), then there exists € X, such that = Tu.
Step I: Put x = x,, and y = u in condition (4), we obtain,
M (Axyy,, Bu, kt), M (Axyy,, Tu,t),
(JV[ aM (Axy,, Bu,t) + b M (Axyp, Tu, t) \

aM (Bu,Tu,t) +b

(Sx3n,Tu, t),

F >0
c M (Axyy,, Bu, t) + d M (Bu, Tu,t)
cM (Axyp, Tu, t) +d

M (Bu,Tu,t)

)

\M (SXZn, Ax2n, t),

Taking limit n —» oo in the above, we get

M (z,Bu, kt), M (z,Tu,t),
aM (z,Bu,t) + b M (z,Tu,t)
M (z,Tu,t
(2 Tw, D), aM (Bu,Tu,t)+b ’
F| =0

cM (z,Bu,t) + d M (Bu,Tu,t)

M ) ) t ) )
\ (22,6 cM (z,Tu,t) +d
M (Bu,Tu,t)
/ M (z,Bu, kt), M (z,2z,1t),
aM (z,Bu,t)+ b M (z,z1t) \
M t
| (22,0, aM (Bu,z,t)+b "
=F >0
¢ M (z,Bu,t)+ d M (Bu,zt)
M (z,2z,t),

cM(z,z,t)+d ’
M (Bu, z,t)

aM (z,Bu,t)+ b
"aM (Bu,z,t) +b ’ |

=F
¢ M (z,Bu,t) + d M (Bu,z,t)

c +d
M (Bu,z,t)

1,

\
|/ M (z,Bu, kt), 1, \
|
\
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M (z,Bu, kt), 1,
1,1,
1, M (Buzt), | =°
M (Bu, z,t)
Since F is non-decreasing in the first argument, therefore
F (M (z,Bw kt),1,1,1,1,M (Bu,z,t),M (Bu,z,t)) = 0
So thatM (z,Bu,t) = 1. Hencez = Bu. SinceB c S, thereforez = Bu € S and so
z = Bu = Su. Thereforeg = Bu = Su = Tu. Now, (B,S) is weakly compatible, so
BSu = SBu and s@Bz = Sz.
Step I1: Put x = x,,, and y = z in condition (4), we obtain,
M (szn, BZ, kt),M (AXZn, TZ, t),
/ aM (Axyy, Bz, t) + b M (Axy,, Tz, t) \

aM (Bz,Tz,t)+b a

=F

| M (Sxyp, Tz, t),

F >0
c M (Axy,, Bz, t) + d M (Bz,Tz,t)
cM (Axyp, Tz, t) +d '/
M (Bz,Tz,t)
Taking limit n — oo in the above, we get

/ M (z,Bz, kt),M (z,Tz,t), \
|
E
|

\M (Sxzn, AXap, 1),

M@T t)aM(Z,BZ,t)-l- bM (z,Tzt)
i L5t aM (Bz, Tz, t)+b ’
F

| cM (z,Bz,t) + d M (Bz,Tz,t)
\M (22,0, cM (z,Tz,t)+d '/
M (Bz,Tz,t)
Since F is non-decreasing in the first argument= Tz and z € T (X), therefore,
M (z,Bz, kt),M (z,2z,t),
aM (z,Bz,t)+ bM (z,z,t)
aM (Bz,zt)+b '

0

M (z,z,¢),
F| [=0
| cM (z,Bz,t)+ d M (Bz,zt) |
\M (z21), cM (z,z,t)+d '/
M (Bz,z,t)
M (z,Bz, kt), 1,
( aM (z,Bz,t)+ b \

"aM (Bz,z,t)+b '

= F| | =0
| 1 cM (z,Bz,t) + d M (Bz,z,t) |
\ ’ c +d '/
M (Bz,z,t)
M (z,Bz, kt), 1,
1,1, >0
1, M (Bz,zt), |~
M (Bz,z,t)

= F
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= F(M (z,Bz kt),1,1,1,1, M (Bz,2,t),M (Bz,2t)) = 0
So thatM (z,Bz,t) = 1. Hencez = Bz and soz = Bz = Tz.
Step I11: AsB (X) c S (X), there existsv € X such thatz = Bz = Sv.
Put x = v and y = z in condition (4), we obtain,
M (Av,Bz, kt), M (Av,Tz,t),
/ aM (Av,Bz,t) + b M (Av, Tz, t)

aM (Bz,Tz,t)+b !

| M (Sv,Tz,t),

F =0

¢ M (Av,Bz,t) + d M (Bz,Tz,t)
cM (Av, Tz, t) +d ’
M (Bz,Tz,t)
M (Av,z, kt), M (Av, z, 1),
aM (Av,z,t)+ b M (Av,z,t)
M (Z' % t)' aM (z,z,t)+b
that isF =0

\M (Z, AU, t), cM (Av,z,t)+ d M (z,z,t)

\M (Sv,Av, t),

)

’

cM (Av,z,t)+d
M (z,z2,t)

M (Av,z, kt), M (Av, z, t),
/1 aM (Av,z,t) + b M (Av,z,t)
| b

a+b

=F |20
cM (Av,z,t) + d

cM (Av,z,t) + d '/
1

\ M (z,Av, t),

M (Av, z, kt), M (Av, z, 1),
1, M (Av, z, t),
M (Avl Z, t)l 1)

=0

=F

1
= F{M (Av,z,kt), M (Av,z,t), 1, M (Av,z,t),M (Av,z,t),1,1} =0
Since F is non-decreasing in the first argument, we have
= F{M (Av,z,t), M (Av,z,t),1,M (Av,z,t),M (Av,z,t),1,1} = 0
that is M (Av,z,t) = 1. So, z = Av. Now, sinced c T, thereforez = Av € T and so
z =Av =Tv. As (4,T) is weakly compatible, thereforeiTv = TAv so thatAdz = Tz.
Combining all the results, we hade = Tz = Bz = Sz = z.
Step IV: Put x = Sz and y = z in condition (4), we obtain,
M (ASz,Bz,kt), M (ASz,Tz,t),
/ aM (ASz,Bz,t) + b M (ASz,Tz,t) \

M (§5z,Tz,t), ,
| (§52,Tz1) aM (Bz,Tz,t) +b |
F =0
M (552,452, 1) c M (ASz,Bz,t) + d M (Bz,Tz,t)
\ LA L), ¢ M (AS7,Tz,t) + d ’ /
M (Bz,Tz,t)
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M (Az, Bz, kt), M (Az,Tz,t),
aM (Az,Bz,t)+ b M (Az,Tz,t)

M (SZ' Tz, t)' a M (Bz,Tz,t)+b !
that i | >0
cM (Az,Bz,t)+ d M (Bz,Tz,t)
\M (S2,42,1), cM (Az,Tz,t)+d ’/
M (Bz,Tz,t)
M (Az, z, kt), M (Az, z,t),
M (52,2,0) aM (Az,z,t) + b M (Az,z,t)
L2t aM (z,z,t)+b ’
F| [=0
| cM (Az,z,t)+ d M (z,z,t) |
M (S5z,Az,t), )
\ (52,42,6) cM (Az,z,t)+d /
M (z,2,t)

M (Az,z, kt),M (Az, z,t),
aM (Az,z,t) + b M (Az,z,t)

M ) 'tl 7
(z2,0) aM (z,z,t)+b

—

>0

cM (Az,z,t) + d M (z,z,t) )

M (z,Az,t),
(2, 42,0) cM (Az,z,t) +d

M (z,z,t)

—

M (Az,z,kt),M (Az, z,t),
1 aM (Az,z,t) + bM (Az,z,t)
a+b

=F )Izo

)

cM (Az,z, t) + d
cM (Az,z,t) +d

M (z,Az,t),

1
M (Az, z, kt), M (Az,z,t),
1, M (Az, z,t),
M (z,Az,t),1,

=0

=F

1
= F{M (4z,z,kt),M (Az,2,t),1,M (Az,z,t),M (z,Az,t),1,1} = 0
Since F is non-decreasing in the first argument, we have
= F{M (Az,2,t),M (Az,2,t),1,M (Az,2,t),M (z,Az,t),1,1} = 0
thatis M (Az,z,t) = 1. Therefore,Az = z. Similarly, we can show th#tz = z,
Tz =zandSz =z. Hencez = Az=Tz =Bz = Sz.
Casell: When S (X) is complete.
If we takez € S (X), then there exist® € X, such that = Tw. Proceeding exactly as
in case |, we can show thdt = z, Bz =z, Tz =z andSz = z. Hence,z = Az =Tz =
Bz = Sz. Thusz is the common fixed point f, B, S andT.
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Uniqueness: Let w and z be two common fixed points of the mappiay®, S andT.
Put x = z and y = w in condition (4), we obtain,

M (Az, Bw, kt), M (Az, Tw,t),
M (S2.Tw, ©) aM (Az,Bw,t) + b M (Az,Tw,t)
ZIW aM (Bw,Tw,t) + b '
F >0
cM (Az,Bw,t) + d M (Bw,Tw, t)
cM (Az, Tw,t) +d ’
M (Bw,Tw, t)

\M (5z,Az,t),

M (z,w, kt), M (z,w,1), \
aM (zw,t)+ b M (z,w,t)
M (Z' w, t)' aM (ww,t)+b ! |
that ig- >0
cM (zwt)+d M (ww,t) |

\M (z,2,¢t), cM (zw,t)+d '/

M (w,w,t)

/ M (z,w,kt),M (z,w,t), \
M (z,w,t)+ bM (z,w,t
a+b
= F >0

1c]\/[(z,w,t)+ d

\ "eM (zw,t)+d’
1

M (z,w, kt), M (z,w,t),

M (z,w,t),M (z,w,t),
= F| [>0

\ o)
1

Since F is non-decreasing in the first argument, we have

= F(M (z,w, kt), M (z,w, kt),M (z,w, kt), M (z,w,kt),1,1,1) =0
thatis M (z,w,t) > 1.
Thus z = w. Hencez is the unique common fixed point 4fB, S andT.

4. Conclusion

In this chapter we have extended the work of Alakt[1] and established a common
fixed point theorem for four weakly compatible mams completes —chainable fuzzy
metric space satisfying a class of implicit relatio The established results can be
extended for more number of maps satisfying a raoneplex class of implicit relations.
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