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1. Introduction

The concept of fuzzy sets which formed the backboh&izzy mathematics was first

introduced by Zadah [14] in his classical papethmyear of 1965. There after Chang in
1968 was introduced the concepts of fuzzy topolmgeneralization of topological space.
Since then much attention has been imply to deviddlefundamental concepts of it by
many authors. Thus a modern theory of fuzzy topoluas been developed.

The concept of fuzzy-open set was introduced by Hanfy et al. [8] in998 a
union of notation of fuzzy semi-open sets and fyzmopen sets. Hanafy introduced the
fuzzy y-open sets which are weaker than each of thenmgUbils notation, he studied
fuzzyy-continious mapping on fuzzy topological spacearigeraj et al. []9-13] discussed
fuzzy a —Baire space in fuzzy topological space and stuidégoroperties.

We shall introduce and study the concepts of fyzBaire space and fuzzyD
Baire space by using fuzzy open sets in fuzzy topological space and relatiohfuzzy
Baire, fuzzyy-Baire and fuzzy-D-Baire spaces are discussed. Also we discusg som
theorems and results on this spaces. Many works begn done by Balasubramanian [2-
3], Caldas et al. [4] and De [5-7]. Jana, Senagiatl. have investigated on BCK/BCI
algebras and related algebras, see [15-17].

2. Preliminaries

Some basic definitions and properties which bdlneeded are recalled in this section.
In this paper we use the notion of a fuzzy topoliogthe original sense of Chang (1968).
Throughout this paper by (¥, we mean a fuzzy topological space(fts,shortly).

For a fuzzy set in a fts (X7), cl A, intk, intclintA, will respectively stand for the
fuzzy closure,fuzzy interior and interior closunggirior ofA in (X,7).
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Definition 2.1. [8]A fuzzy subseh of fuzzy topological space (¥),is said to be fuzzy-
open set (res. fuzzy — closed set) if
A < clintd vintcl A (res.A = clintA A intcl 1)

Also, it may be write that the complement of fuzzyropen set is fuzzy —-closed set.
Any union (resp. intersection) of Fuzzyjof-open (resp. fuzzy-closed) set is fuzzy
y —open(resp. fuzzy —closed.).

But intersection of two fuzzy —open sets need not be fuzzy-open
The intersection of a fuzzy open set which is Bpcisubset and a fuzpppen set is fuzzy
y open.
The union of fuzzy closed set which is a crispsstiband fuzzyy —closed set is
fuzzyy —closed.

Remark 2.2. It is obvious that every fuzzy open (resp. fuzlpged) set is a fuzzy —open
set(resp. fuzzy —closed set).But The converse need not be trueriarge

Proposition 2.3.[1] If 4 and\ are two fuzzy subsets of a ftsgXthen
() clp veld = cl(uvAd) and cl g A cl A = cl(ua D)

(i) intunint A = int(uA A) and intpvintA < int(uvA)O

(i) 1 —intA=cl(1—-2)

(iv) 1 —clA =int(1 —2)

Definition 2.4. [8] They —interior andy —closure of a fuzzy set A in (X) are denoted by
y —int(A) andy-cl(A) respectively and are defined as
y — int(A) =[¥B: B <A, B is fuzzyy —open set in X}
y — cl(A)=CKC: C =A, C is fuzzyy —closed set in X}.
Here, let uy(x)and ug(x) be the membership function of every x in A and B
respectively. Then a member of A is contained ireantmer of B which is denoted by</B

iff pa(x) < pp(x).

Proposition 2.5. [8] If A is a subset of (X) and?’is its complement then
)y —ct’ = (y —intd)’
@iy —intA' = (y — cl)’

Definition 2.6. [10]

i) A fuzzy set) in a fuzzy topological space @,is called fuzzy dense if there exists no
fuzzy closed set p in (X) such thath < p < 1.That s, cl(A) = 1.

(iDA fuzzy seth in a fts (X7) is called fuzzy nowhere dense if there existian-zero
fuzzy open set in (X,7) such that u < cl(A), that is intcl(A) = 0.

Definition 2.7. [3] A fuzzy sefd in a fts (X7) is called a fuzzyis-set in (X7) if A=A"=1(4;)
whereA; Ot for iOA.

Proposition 2.8. [1] For a family A of #,} of fuzzy sets of a ft{X, 1),
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v(cl(Ag) < cl(vay).
In case A is finite sey(cl(1,) = cl(vA,)
Also v(int(1,) < int(vAg).in (X1).

Definition 2.9.[12] A fts (X, 7) is called a fuzzy Baire space ift(vi2; (4;)) = 0 where
(4;)'s are fuzzy nowhere dense set§Xn1).

Definition 2.10. [12] A fuzzy sef\ in fts(X, 7) is called a fuzzy first category sefif=
viz1(1;) where §;)’s are nowhere dense setg}) 7).Any other fuzzy set iiX, 7) is said
to be of fuzzy second category.

Definition 2.11. [10]A fts(X, 7) is called a fuzzy first category setit (;) = 1x, where
(4;)’'s are nowhere dense set{ 7).
Any other fts(X, 7) is said to be of fuzzy second category.

Theorem 2.12.[12] If X is a fuzzy dense set and fuz@y set in a fuzzy topological
space(X), then 1i is a fuzzy first category set (X, 7).

Definition 2.13.[9]A fts(X, 1) is called fuzzy P-space if every non zero fuzgyset in
(X,1) is fuzzy open in(X, 7). That is,
ifA = AjZ;(1;) where A;et forieA.

Definition 2.14.[13] A fts(X, 7) is called a fuzzy Volterra spacedfAl; (1;) = 1, where
(4;)'s are fuzzy dense and fuzgy-sets in(X, 1) .

Definition 2.15.[3]A fuzzy topological spadg, 7) is called a fuzzy submaximal space if
for each fuzzy open sgtin (X, t) such thatl(A) = 1.

3. Fuzzy y —Baire Space

Definition 3.1. Fuzzy y —Baire Space: LeiX, ) be a fuzzy topological space. THi&nr)
is called fuzzyy —Baire Space if

Yy— int(vfil(ll-)) = 0, wherel;’s are fuzzyy —no where dense sets(iK, 7).

Proposition3.2. Let (X, 7) be a fuzzy topological space. Then the followirgequivalent:
i) (X,7) is a fuzzyy —Baire space.
i)y — intcl(v(4;)) = 0,for every fuzzyy-first category set in (X, 1)
iii) y —inta = 1 for every fuzzyy —residual set in (X, 1)
Proof: From i}=ii)
Let Abe a fuzzyy — first category set in (X, 7).
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ThenA = vi2, (4;),where); are fuzzyy —no where dense sets(iH, 7)
Sy —intA =vi2;(4;) =0 [since(X,t) isy —Baire space.]

LYy—intA=0
(iiy=(iii) :
Leta be a fuzzy —residual set (X, 7).
Then le is fuzzyy —first category set iiX, 7).

Sy—int(l— a)=0

=1—-(y—inta) =0

sLy—inta=1
(i)=() :
A be a fuzzyy —first category set ifX, 1)
ThenA = V2, A;,where);are fuzzy —no where dense sets(i, 7).
Now,\ isy —first category set.
1-A is ay —residual in(X, 7)
Now we have,

y—cl(l1-2)=1
1-(y—intA)) =1

sy —intd) =0
=Y — intv{‘il(li) = 0, wherel;is no where dense set
=(X,7) is a fuzzy — Baire set.

Theorem 3.3. Let(X, 1) is a fuzzyy —Baire space antlis fuzzy set in(X, 7). Prove that
y — int(y — clintv;) = 0.
Proof: Let{4;,i € A:} be a collection of fuzzy — open sets ifX, 7).
Now, we havel; < intcll;vclintl;
Let (X, 1) is a fuzzyy —Baire space.
By definition ,for no where dense set if
y — int(y — cl(A)) =0
And for(X, t)is fuzzyy —open set
We havel < intclAvclintA and arbitrary union of —open set iy —open, lefA = v4;
And y —int(y —cl(X)) mean that intclon—open sets
Now taking union on both sides
VA < v(intclivclintd) < intclvA;vclintva;),i = 1 to oo
Takingy —int (y — cl) on both sides,

y —int (y — cDvA; <y —int(y — cl)(intclvA;vclintviy))

< (y —int(y — cDvA)V((y — int(y — clntvl)))
< ((y —int(y —clntvd;))), [sincé\ isy —no where dense set,

(y —int(y — chva;) = 0]

.0 <y —int(y — clint(vAy))
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y — int(y — clint(v};)) = 0, proved.

Definition 3.4. Fuzzy y-Baire Space: LetX, 1) be a fuzzy topological space. Ti&nr)
is called fuzzyy —Baire space ify — int(y — clnt(vA;)) = 0.

Example 3.5. Letu, Uy, us be fuzzy sets on X=[0,1] defined as

mG)=0if0<x< we(0) =Lif0<x <3
=2x—1if§sXs1, — _4x+2, if%SxS%
=0, lf%SXSl

4x—-1 1
= 3 if Z <x<1

Considert={0,1, u,,u5,l3 11 V21 On X. In (X, T)u,, 13 andu, Au,are fuzzyy —open sets
but u,Ausis not fuzzyy —open set.
Indeed u, Az £ clint (MaAmsz)vintel(((uaAps) . paApsis not fuzzyy —open set.
But HaAB2 < clint (g Ap)vintel(pq Apo) O ug A, is fuzzyy —open set
Now, verify whethep,,us; andu, Au, are fuzzyy —no where dense sets.
intcl(uinty) = 0, inclintclu, = intclu; # 0
S0, U; AU,IS a fuzzyy —Baire space ifX, 7).

Definition 3.6. A fuzzy y —open seb in fts(X, ) is called fuzzy —dense if there exists
no fuzzyy —closed set | (X, ) such thak < u < 1; That iscl(A) = 1.

Definition 3.7. A fuzzyy —open sed in fts(X, 1) is said fuzzy nowherg —dense if there
exists no non zerp —open setu i(X, t) such thau < cl(A).. Thatis,(A) = 0.

Definition 3.8. A fuzzyy —open seb in fts(X, ) is called fuzzy — F;set in (Xz) if A =
Vie,(4;), wherel — A; € T, fori €1.

Definition 3.9. A fuzzyy —open sek in fts(X, 7) is called fuzzy — Gssetin (Xg) if A =
AZ1(4;), whered; € 1, fori €1.

Definition 3.10. A fuzzyy —open sek in a fts(X, 1) is fuzzy first categony—set ifA =
viz; (4;), where Li)'s are fuzzy nowherg —dense sets (X, 7). Any other fuzzyy —set in
(X,7) is said to be fuzzy second category.

Definition 3.11. A fts (X, 1) is calledy —P space if countable intersection of fuzzyropen

sets ifX,7) is fuzzy y —open. That is, every non zero fuzpy- Gs set in (Xg) is
fuzzyy —open inX, 7).
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Definition 3.12. Fuzzyy —hyper connected space: A fuzzy topological spade célled
fuzzy y — hyper connected if there is no proper fuzzy seX which is both fuzzy —
open and fuzzy —closed.

Definition 3.13. A fuzzy topological spacgX, 7) is called a fuzzy — submaximal space
if for each fuzzyy —open sek in (X,1) such thatl(Ad) =1 .

Theorem 3.14.1f a fuzzyy —P spacgX, 1) is a fuzzyy —hyper connected space, then
(X, 1) is a fuzzyy —Baire space
Proof: Here, leth be a fuzzyy — Gs space in fuzzy —P spacéX, 7).
Since, fts (%) is fuzzyy —hyper connected space, the fuzzyopen seb is dense set in
X, 7)
i.ecl()) = 1. Also, we know, sincg is fuzzyy —P space angd —dense set,
Therefore, (1x) is first category set i(X, 1) .
21=2=v{2,(4;) where(;)’s are fuzzy nowhere dense set§nt)
int(v{'il(li) = int(l - ﬂ.l) =1- Clﬂ.i =1-1=0
=(X, 1) is fuzzyy —Baire Space. Proved

Remark 3.15. the converse of the above proposition need adiuz. A fuzzyy —second

category space need not be a fugzy Baire space.
An example are given support of it;

Example3.16. Let uq, u,, u; be fuzzy sets on X=[0,1] defined as

m()=0if0<x<2 up(0) = Lif0<x <2
=2x—1if;<x<1, = —4x+2, if;<x <3
=0 1f§§x§1

ua(x) =0 ,if 0<x <=
4x — 1 1
= 3 if—-<x<1

Considern={0,1, pq,U,U3 41V2} ON X.
In (X, 1), uy,us anduyAu, are fuzzyy —open sets buyt, Ausis not fuzzyy —open set.
For Fuzzyy —no where dense set: Verify— intcld; = 0, whereA; are fuzzyy —open
set.
Hereu; Au,, 1, are fuzzyy —no where dense set.
Now Fory —second category set: To verifiti# 1
Here((uiAp) v, = pp # 1
0(X,1) is a fuzzyy —second category space.
Now to test, whether is it a fuzpy—Baire space i.ez — intvA; =0
Y — int{(pAux) vz} = py # 0
Here (Xz) is not fuzzyy —Baire space.
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Shows if(X, 1) is a fuzzyy —second category need not be fupzyBaire space.

Proposition 3.17. If the fuzzy topological spade, 7) is fuzzyy-Baire space, thefX, 7) is
fuzzyy —second category space.
Proof: Let (X, 1) be a fuzzy —Baire space.
We havey —int(vi=;(4;)) = 0, wherel;,s are fuzzy —nowhere dense sets(if, 7).
If possible letvi2,(4;) = 1x
Taking y —int, y —int vi2;(4;) = (y —int)(1x) =1

0=1,itis absurd.

Vier(4) #1

=(X,7) is not a first category.
Hence(X, 1) is a fuzzyy —second category space.

Theorem 3.18. If A is a fuzzyy — Gs-set in a fuzzyy —Baire space and fuzzy P-
spacé€X, 1), then(X, 7) is a fuzzyy —second category set (¥, 7).

Proof: LetA be a fuzzy — Gs set in fuzzyy —Baire space and fuzzy P-spéker).

Here, (X, 1) is a fuzzy P-space, The fuzzy get Gs-set is a fuzzyy —open irfX, 7).
Since(X, 7) is ay —Baire space, we know the open’sét not a first category set in @,
Hencel is a fuzzyy —second category set (i, 7).

4. Fuzzyy —D Baire space

Definition 4.1. Fuzzyy — D-Baire Space: A fuzzy topological spdég 1) is called a fuzzy
y —D Baire space iffX, ) if every fuzzyy —first category set in{X, 1) is a fuzzyy —
nowhere dense set (i, 7)’

That is,(X, 7) is afuzzyy —D Baire space if

y —intcl(}) = O for each fuzzy —first category set iQX, 7).

Proposition 4.2. If (X,7) is ay —P space, then (¥),is not a fuzzyy —D- Baire space.
Proof. Leth be a fuzzy first category set in fuzzy —P spacgX,t). We know if the
y —first category set in fuzzy —P spac€X, 1) , thenk is not ay — nowhere dense set in
(X,1). That is, Fuzzy-first category set ifX, t) is not a fuzzy —no where dense set in
(X, 7). Hence(X, 1) is not a Fuzzy —D Baire space

Theorem 4.3: If a fuzzyy —P-Spacd X, 1) is a fuzzyy —submaximal and fuzzy —Baire
space, theiX, 1) is fuzzyy —D-Baire space.
Proof: Let (X,7) is fuzzy —P-Space(X,7) and be a fuzzy —submaximal and
fuzzyy —Baire space. Lét isy —first category in ().
So, we havey,— intA = 0. since(X, 7) is a fuzzyy —Baire space]
Sl=(y—intd) =1
=(1-)) is fuzzyy —dense set in (X)
Since(X, 1) is fuzzyy —submaximal,so every (1} is fuzzyy —open set itX, 7)
O is fuzzyy —closed set if{X, 7) ie in P-space.
=cl() =2
=intcl(A) = intA = 0 [since) is in fuzzyy —Baire space]
sintel(A) =0
= is fuzzyy — no where dense set.

81



Dipankar De

By definition, if eachX fuzzyy — ist category be fuzzy—nowhere dense set théx, 1)
is fuzzyy —D Baire space.
0 (X, 1) is fuzzyy —D Baire space.
Example4.4. Letu,, u,, u; be fuzzy sets on X = [0,1] defined as
1
wx) =0 ifOSXSE

=2x—1ﬁ%SXSL

=0 if-<x<
us(x) =0,if0<x <=
4x—1 1

= f-<x<
3 1f4_x_1

Considerr = {0,1, yy, Uz, 43} on X.

Here, in(X, 1), 41, Uz, Uz anduyAu, are fuzzyy —open sets.
and1 — u,, 1 — (u Al,) are fuzzyy —nowhere dense sets.
Therefore, inf(1 — uy)v(1 — uyAu,)) = 0.

Hence(X, 1) is fuzzyy —Baire space.

Herel — u, is fuzzyy-first category.

y-intcl(1 — u;) = 0= fuzzyy —nowhere dense set.

0 (X, ) is fuzzyy —D Baire Space.

Definition 4.5. A fuzzy topological spacéX, t)is fuzzy — Baire space. The(X, t) is
fuzzyy — D' — Baire Spaceif every fuzzy setwith empty-nowhere dense setqi 7).

5. Conclusion

In this paper, we introduce and study a new conftelyy —Baire space and Fuzzy—

D —Baire space in fuzzy topological space. This mancept and the characteristic
properties of the discussed fuzgy-first category, fuzzyy —second category, fuzzy
y —Baire space and fuzazy— D —Baire space will play an important part in thedging
the theory of fuzzy — D' —Baire space and fuzzy —Baire space. This work may be
extended to fuzzyy — Volterra space and fuzzy — D — Volterra space in fuzzy
topological space.lt may have applications in dquan particle physics.
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