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Abstract. In this paper we used quartic non-polynomial sdinto improve a new
numerical method for computing approximations t® $iolution of third order boundary
value problems, and shown the new method givesoajpations, which are better than
those produced by other collocation, finite-diffeze, and spline methods. Convergence
analysis of the method is discussed through stdrtacedures. A numerical example is
given here to illustrate the efficiency and apgitiey of the novel method.
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1. Introduction
Consider the following third order boundary valuelgems

u® () +pEOu) = r(x), x € [a,b] (1)

With the boundary
conditions:

u(@=vy,u@=¢,u'(b)=0 (2)

wherey , € ando are finite real constants. The functigr{(g) andr(x) are continuous on
the intervalla,b] The analytical solution of the problem (1-2) canbe obtained for
arbitrary choices op(x) andr(x). The numerical analysis literature contains a few
numbers of other methods developed to explain gnoapmate solution of this problem.
The third-order problems solved by using quamicn® Noor et al. [1]. By using quintic
splines for the numerical solution of third-ordeubdary-value problems Khan et al. [2].
Forth-degree B-spline functions for numerical solutof third-order boundary-value
problems with Caglar et al. [4] and other [5] nuio@rsolutions of third-order system of
boundary value problems. The aim of this papeoisanstruct a non-polynomial spline
function to construct a new spline method based trat has a trigonometric part, and a
polynomial part to develop numerical methods in eordto obtaining smooth
approximations to find the solution of the probl€hy with the boundary conditions (2).
Recently, new methods based on a non-polynomiiesfiinction that have three parts the
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trigonometric part, exponential part and a polyradrpart are used to develop numerical
methods for obtaining numerical approximation foubdary-value problems, [7, 8]. A
postponement of exertion of Islam et al. [9]. lis{aper we propose also for the numerical
solution of third order boundary value problem (¢ quartic non-polynomial spline
method with boundary conditions. in this papermef non-polynomial spline method is
systematized into six sections. In section numbgivs a brief derivation for method.
While in Section 3 the method is made in a matowxrf. which explain in Section 4
Convergence analysis of the method. While in sacationber 5,demonstrate the efficiency
of my method | presented the numerical exampldslagir comparison with the existing
methods . In section 6, we explain the conclusfdh@numerical results. of the proposed
method.

2. The method description
To derive non-polynomial spline approximation fquation (1) with boundary conditions
in equations (2), the intervdh, b] was distributed inta like subintervals :
xi=a+1ih,i=0,1,..,nwherea=xy b=x,,; andh = %
To the exact solution assume the approximaticn was considered to be , which was
obtained by using the Quartic non-polynomial spfj(&), passing by the points;, u;)
and (xj4+1,Uj+1) Then S;(x) was required to satisfy the conditions (&f,x;+;) the
boundary conditions in equations (1),and also tmginuity condition of first derivative at
the point(x;, u;) For every partitiofx;, x;;1], the non-polynomial spling;(x) can be
written in the following
Si(%) = a; cos w(x — x;) + b;e XX 4 ¢;(x — x1)? + di(x — x;) + e N E))

Herea;, b, ¢;, d; ande; are arbitrary constant values andienotes the free parameter. The
non-polynomial functiors;(x). Chosen from clas€?[a,b], interpolatesu(x), at the
common knotg;,i = 0,1, ...,n rely on the parameter and then converted to amamd
quartic splines;(x) over[a, b] whenw — 0.

Let

{ Si(x;) = uj, Si(Xit1) = Ujry, SP(x) =V,
SW(xi11) = Virr, SPx) = Zi, SO (xi11) = Zisq

By using the conditions of continuity on first aselcond derivatives at the poiiss, u;)
and through simple algebraic manipulation, the taonts in equation (3) can be obtained

in the form,
_ h3 (Zi+1 + Zie_e) b _ —hBZi
4= T 9zgin(e) T
_ h3(sin(0) (Zie™® = Z; + V; + 0Z)) + 63 (1 — u;)) + cos(8) (e™® — Zi;1))
‘= 03h2 sin(0)
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(=Ziy1 + Zie™®)  h3Z

Kh3Z; -
=W 03 sin(0) 03

03’

di=Vi

And at the points(x;,u;) we obtained the consistency relation as following

Vit Viig = % (uj— ui—y)
h3(e™® (2cos(8) — 0sin( 0) + sin(0) — 2) + sin(0) (20 + 1))Z;_,
+ -
63 sin(0)
(0sin(06) —cos(6) —2)

+h° 03 sin(0) i )
Vi— Vi
2 1 ,(sin(6)(6*+6) 2(1—cos(®))
B H(ui“ = i) +Eh ( 03sin(0) + 03 sin(0) ) i+1

+

i—-1

1 W2 e %(2cos(8) + sin(8) + 6%cos(0) + 62 sin(0)) + sin(0) (6 + 1) .
2 ( 03sin(0) )
1, (e‘e(Zcos(e) + 0'sin(0) + 2sin(8) — 82 — 2) —cos(8) (6% — 1) + (2 + 63 sin( O )))
+=h : Zi
2 63 sin(9)

)
Adding equations (4) and (5) we get

Vi
1 h3(2 — 6% — 2 cos(8))
= E(qu - Uj_,) +h? ( 2h03 sin(0) > i+1
2 (cos(®)(sin(8) + 1) — sir.l(e)(e2 +2e79) +0%° Z
403 sin(0)
2 (e ®sin(0) (46 + 2 + 62 + 2) + cos(6) (2 — 6%) + 2)
+ < 403 sin(0) >

Zi_4 (6)

by replacei with i — 1 in equation (6) we get the following

o _ 1. 2 ((2-62-2cos(0))
Vl—l - 2h (ul+1 ul—l) + h ( 403 sin(0)
5 ((cos(8)(sin(8)+1)—sin(0)(6%+2e~0)+03e® .
h ( 403 sin(0) Zi-y +
2 (e_e sin(0)(406+2+6%+2)+cos(0)(2 —62)+2) _
h ( 463 sin(0) Zi— ™)
Substituting equation (6) and (7) into equationvB)get the following equation

)%+
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—Uj— + 3 Uj—g — 3Uj + Uj41 =
hZ (e_9(1+6 cos(8)+6sin(8)+4 cos(8)—3sin(0))+sin(0)(46—6)+3 B%cos(B)

) (Zi—z + Ziyq) +

403 sin(0)
5 ((e7®(4 cos(B)—4 sin®-0)+sin(6))+(46—-02+ 4 sin B+2)—2 cos(0) _
h ( 463 sin(0) (Z; +
Zi-1) 8

For simplicity, equation (8) can be re-written lire tfollowing form:

—Uj_p +3uj_g = 3u; + Ujpq = WP [E(Zig + Zigy) + A(Zi+ Zig) ] 9)
where
_ e~9(1+6 cos (8)+6 sin (8)+4 cos (6)—3 sin (8))+sin(0)(46—6)+3 6Zcos(0)
§= 403 sin(0)

3 = e %(4 cos(8) — 4 sin® — 0) + sin(0)) + (40 — 62 + 405sin 0 + 2 — 2 cos(V)
B 403 sin(0)

Equation. (9) givea — 2 equations in thea unknownay;,i = 0,1,..n. We must added
two equations to the direct computation af,i = 0,1,...,n. These 2 equations are
developed by Taylor series and by the method oéterchined coefficients,

3u0—4u1+u1=—2hV0+h3GZO+§Zl+%ZZ) i=1 (10)

1 5
3u,_, —8u,_; —5u, =h3 (—gzn_z —Zpq1 — EZH) i=n (11)

The local truncation errots,i = 1,2,3, ...n. ,. associated with equation (9 - 11) can be
obtained as follows:

1
Eui@ +0(%, i=1.

1 13 1
h(1 - 25— 20u® + 0 (5 + 542 u® + 1 (5 25+ 72 )u®

-1 7.1 117 1
ti = hﬁ(— Z —A) © h7(——— ——A) @ +0(h®), i=23,..n—1.
P (g g g uT T gg T b T gt w T H 0D, i=23,m
5

—h
Wui(s) + O(h6), i=n.

3. Non polynomial Splinefunction

Spline solution of (1) with the boundary conditi(@) is based on linear equations given
by (9-11). LeW =w;,, U=y ,Q=9q; ,T=t; E=U-t; be n-dimensional
column vectors. Wher®/ , U, T andE are Exact, approximate, truncation error and error
n-column vectors respectively. Then | can writegtendard matrix equations in the form
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AW=Q+T, AU= W,AE=T (12)
We also have
A= A, +hRP, P =diag(p;) (13)

whereA, andR are four-band matrices. The four-band matijxhas the form

[—4 1 0 0 0 O 1
| 3 -3 1 0 0 0|
-1 3 -3 1 0|
Ao_i 00 0 -~ =~ 0 | a4
0 0 1 3 -3 1
| 0 o0 0 3 -8 5 |
and the four-band matrix has the form
11 0 0
3 12 0 0
A A 13 0 0 0
B A E w0
6= Eo 3‘ 0 -~ ~ 0 (15)
A §
0 0 S T
0 0 0o — -1 —
| 8 6
For the vectoR), we have
(_3y—2n +h3(1( )+r°+r2> i=1
Y € 2 o — PoY 37 12)" 1= 1.
Yh3(§(ro —PoY +13) + A(ry + rz)) ,i=2
qi = < h3(E(ri_2 +rip1) F ANz +1iy1)), i=34...,n—1. (16)

)

T'n—1 15I'n—1 .
6 6 ) 1

—2ho + h3 (

\

4, Conver gence analysis of the method
Our main purpose here is to derive a bound YE{|now turn back to the error equation

in (12) and rewrite it in the following form
E=A"'T=[A,+h3RP]7'T = [I +
h3A, P Ao IT
Aol Tl
b2 [[Ag IRl [P a7

lElle <
provided thath3||A0'1||m||R||m |IP|l. From equation (6) we have
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_w3(1 3 1 -1 5 -1 _ 5
From [4] we gefTlle, = h3 (3 =2 §—31) Ag ™", Ag ™" = maxeyep|u(¥)|
that

_ Q
D™l <13 (18)

whereQ is constant independent h . Then from equatiof. \{&e have

04, "h2(3-2§-A)h

HENler < = =gipie w1 = O (19)

5. Numerical examples

Now to illustrating the comparative performanceoof method we consider 2 numerical
examples (12) over other existing methods. Alcdations are implemented by Maple
13.

Example 1.
Consider the boundary value problems:

u®(x) +u=(x—4)sin(x) + (1 — x) cos(x) x € [0,1]

u(0) =0,u’(0) =0 ,u’(1) =sin(1)

The analytic solution ia(x) = x(x — 1) sin(x)

The numerical solution in term of maximum absokn®r are given in Table(1).

Example 2.
Consider the boundary value problems:

u®(x) — xu = (x3 — 2x3 — 5x — 3)eX X € [1,2]
u(0) =0,u'(1) =0 ,u'(2) = —e

The analytic solution ia(x) = x(1 — x)e*
The numerical solution in term of maximum absokn®r are given in Table (2)

Table 1: The maximum absolute errors for Example 1

H Our method Abd El-Salam et al [6]
0.0625 1.7412 x 10710 2.3819 x 1078
0.03125 2.8531 x 10711 1.1184 x 107°
0.015625 1.7915 x 10~ 11 6.3020 x 107°
0.0078125 2.1483 x 10713 3.7640 x 10711
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Table2: Maximum absolute errors for Example 2

H Our method Abdullah et al [ 3]
0.0625 6.311x 1077 5.7055 x 107>
0.03125 8.5729 x 1078 6.8944 x 107°
0.015625 7.6141 x107° 8.4476 x 1077
0.0078125 2.6174 x 107° 1.0442 x 10~7

6. Conclusion

In this paper we used the Quartic non polynomilhggunction to develop a numerical
method to solving third order boundary value probléVe shows that the developed
method maintains a very remarkable and high acgutaat makes it so encouraging to
deal with the solutions of singularly perturbed badary value problems.
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