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Abstract. Vague graphs has found its importance in mostntepears. It has played the
vital role in many real life applications. The methatical approach of blending different
aspects of vague graphs gives a more generalizgdagh. As a result of it, we introduce
the concepts of Complex vague graphs (CVG). Indhépter, we introduce certain notions
including union, join, complement and compositidrcomplex vague graphs. This helps
in manipulating the real life applications in dé@ismaking problems. We also investigate
on the ideas of homomorphisms of complex vague lrafinally we provide an
application of CVG in launching a water reservaidifferent locations.
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1. Introduction

We divide this section into four main paragraphsthie first paragraph, we provide some
details about fuzzy sets. In the second paragkaplgive the details of complex fuzzy sets
which is an extension of fuzzy sets. In third paa@ad the introduction of fuzzy graphs and
its types were discussed. The fourth paragraplritbescthe concepts of vague graph and
combines the approach of second and third paradgagding to the complex vague graphs.

Fuzzy set theory was first introduced by Zadel [dThe year 1965 to solve the

problems with uncertainties. Then after many redeas came out with different ideas to
enhance the concepts of fuzzy sets and their gieperhis helped them in many ways to
solve the real life problems involving uncertairdaambiguous environment. Atanassov
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[3] proposed the concepts of a different fuzzycsdtied intuitionistic fuzzy set(IF set) by
adding a new component which is said to be an drtdform of fuzzy set later. The idea
of this fuzzy set was introduced by Atanassov Withpresence of degree of truth and false
membership functions. There are various applicatimmadly studied under this IF set
such as pattern recognition, image processing@od.sGau and Buehrer [6] proposed the
concept of vague sets in 1993 by replacing theevaftan element in a set having the sub-
interval of [0,1]. A true membership functiag(x) and a false membership function
f,(x) are used to understand the boundaries of the mempedegree. These two
boundaries forms a subinterval g5(x),1 — f,,(x)] in [0,1]. The vague set theory is very
much used to deal with uncertain, inexact and v&govledge.

Buckley and Nguyen et al., [4] combined complerbers with fuzzy sets. After
their introduction, Ramot et al., [12] extended taege of membership to unit circle in a
complex plane where others limited this range td][0Some of the applications of
complex fuzzy sets are considered in image restoratlecision making and reasoning
schemes. Zhang et al., [18] analysed some propemi®perations of complex fuzzy sets
resulting in a concept calledi -inequalities of complex fuzzy sets. These corcépive
also been studied in intuitionisitic fuzzy setsi & al., [1] introduced the concepts of
complex intuitionistic fuzzy classes. Alkhouri asdlleh [2] studied some operations on
complex intuitionistic fuzzy sets.

Rosenfeld [14] discussed the concept of fuzzy lgapvhose ideas are
implemented by Kauffman [8] in 1973. The fuzzy tiela between fuzzy sets were also
considered by Rosenfeld who developed the structiifezzy graphs, obtaining various
analagous results of several graph theoretical egiac Bhattacharya [5] gave some
remarks of fuzzy graphs. The complement of fuzaphs was introduced by Mordeson
[10]. The concepts of intuitionistic fuzzy graphassvintroduced by Atanassov. Shannon
and Atannasov [15] investigated some of the priggemf intuitionistic fuzzy graphs.
Thirunavukarasu et al., [16] analysed the concept complex fuzzy graphs.
Ramakrishna[10] introduced the concepts of vagaphyg and analysed some of their
properties. Recently, new papers have publishedtdhzzy graphs in [7,9,11].

Finally in this paper we discuss the conceptoaigex vague graphs (CVG) and
its operations such as union, join, composition@dplement. An application of CVG in
launching water reservoirs in different locatioggliscussed.

2. Preliminaries

Definition 2.1. A complex fuzzy set(CFS) defined on a universiscdwarsey is an
object of the formd = {(x, uy(x)e!®4®7]} wherei = V-1, u,(x) € [0,1] and 0 <
wy(x) < 2m.

Definition 2.2. A complex intuitionistic fuzzy set(cif set) A dediron the universe of
discoursey is an object of the formd = {(x, 4 (x)e'* ™), v, (x)ePa®))} wherei =
V=1, pa(x),va(x) € [0,1], aq(x), Ba(x) € [0,2mr] and 0 < py (x) +va(x) < 21

Definition 2.3. A complex vague set A defined on the universesobdisey is an object
of the formA = {(x, t,(x)e!*a®), £, (x)e'Pa®)} wherei = -1, t,(x).f4(x) € [0,1],
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a (x), Ba(x) €10,2n] and 0 < ty4(x) + fu(x) < 2m

Definition 2.4. Let A and B be two cif sets jn whered =

{(x, 1a ()€™, v, (x)e$a®): x € x} and B = {(x, up (1)@ ™, v, (x)eFe®): x €
X3

ThenAU B = {(x, HAuB(x)emAUB(x)'VAuB(x)eiﬁA“B(x)):x € x Where
Haup () aB®) = [, (x) A pp(x)]e @By, b (x)e!®avs() = [y, (x) N
VB(x)]ei{aA(x)naB(x)}]

Definition 2.5. Let A and B be two cif sets jn whereA =
{06, a(x)e!4® v, (x)e$a®): x € x} and B = {(x, up(x)e'“s®), v, (x)eF3()): x €
X}
Then for allx € y

(1) Ac B ifand only if (%) < ug(x),v4(x) > vg(x) for amplitude terms and
as(x) < ay(x), Ba(x) > Bg(x) for phase terms. (24 = B if and only if u,(x) =
Ug(x),v4(x) = vg(x) for amplitude terms and,(x) = a,4(x),
Ba(x) = Bg(x) for phase terms.

Definition 2.6. Let A and B be two complex vague setg iwhere A =
{(x, ta ()™, £, (x)e'Pa®): x € y} and B = {(x, tp (x)e'®, £, (x)eFs®): x €
x}- Then for allx € y

(1) Ac B ifand only if t,(x) < ug(x), f4a(x) > vg(x) for amplitude terms and
ay(x) < ay(x), Ba(x) > Bg(x) for phase terms.

(2) A= B ifand only if t4(x) = ug(x), f4(x) = vg(x) for amplitude terms and
ay(x) = ay(x), Ba(x) = Bg(x) for phase terms.

3. Complex vague graphs
In this section, we provide definition and someragiens on complex vague graphs.

Definition 3.1. A complex vague graph(CVG) with an underlyinglées defined to be a
pair G = (4, B), whereA is a complex vague set dhand B is a complex vague set on
E €V XV such that

tp (xy)eiae(xy) < min{t,(x), t, (y)}eimin{aA(x),aA(y)}

fo(xy)ePOY) > max{f,(x), fa(y)}emaxBa@.La0)} (1)
forall x,y eV

Definition 3.2. Let G = (4, B) be a CVGThe order of a CVG is defined by

0(G) = Cxey  ta(x)eXx=v a3 0 fy(x)eXxev Fald)
The degree of a vertex in G is defined by

deg(x) = (Bxeg tp(xy)eZzee B ¥ o fp(xy)elres Pr())
Example 3.3. Consider a graphG* = (V,E) such thatV =a,b,c,d, E =

ab,ad, bc,cd. Let A be a complex vague subsetlofand B be a complex vague subset
of ECV XV, as given:
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0.2€i1'3n 0'4ei0.6n’ 0.8€i1'2n 0.1€i0'7n 0.7ei0.4n’ 0.2€i1'5n 1.0ei1.6n' 0.0eiOA-TL'

) ) )

Cc
B = (O.Zeil'ln,OAeiO‘S” O.Zeio.sn,0'4ei0.7n O.Sei0'3”,0.36i1'7” 0.6ei0'3”,0.3ei1'6”
ab ’ ad ! bc ! cd
':"‘.:'.3‘..:‘1 By ¥ U__]r..a'[l Bx )
i o ilEx illTxy
(2557 408 (0,2:08= [} 4gi0-T7)
(0812 (1.1e07m) (1.0eL67 0. 0eiltx

':'::'.-:;r."":l 47 .3 il.r= 1 (0.8e iU.B:_ []_:gr.l: G |

(0.7e il A 0.9 L5=y

Figure 1. Complex vague graph G
() By usual computations, it can be observedtiaigraph shown in figure 1 is a complex
vague graph.
(i) Order of the complex vague graphG%G) = (2.4e'3°7,0.7¢13-2™)
(iii) Degree of each verteg is
deg(a) = (0.4e1°7,0.7e'14™), deg(b) = (0.7e'147,0.7¢25™),
deg(c) = (1.1ei%°7,0.6e33™), deg(d) = (0.8e17,0.7¢2-3™)

Definition 3.4. The cartesian produaf; X G, of two complex vague graphs is defined
as apairG; X G, = (A1 X A, B; X By), such that:
1. tayxa, (1, Xp)e @auxa G052 = min{t, (x,), ¢, (x;)Je Mim(@a, () @ay ()
fA1XA2 (xl’xz)eiBAlez (x1Xx3) — max{fA1 (xl)'fAz (xz)}eimax([ﬁ’Al(ﬁ).BAz *x2))  for all
X1, X, EV
2. ts, x5, ((x, %) (%, yz)eiflglez((X.XZ)(X.yz) -
min{t,, (x),tg, (x2y,) Yo M (@a, ().a6, (x272)

i, (0, x2) (x, yp Y oo (22 () =
min{t,, (x),tp, (x,y,)}emax(Bay (X).BB, (¥2Y2) for all x € V, andx,y, € E,,
3. tp,x, (X1, 2) V1, 2)e 5222 012) =
min{tg (x1Y1),ta, (2)}e Mm@, (Xay1)2a; (2)
fo,xB, (41, 2) (1, 2)e PBrB2 01D = max{fy (x1y1), fa, (2)}e M Prr X170 P4 ()
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forall z eV, andx,y, € E;

Example 3.5. Consider the two complex vague graghsand G,, then their
corresponding cartesian produ&; x G, is shown in the below figure.

a(0.3¢1047 0,2¢10-27)
®

d(0.5¢"3, 0.3¢™ ™)

(0_2()10.61.': 0. lt.,io.gﬂ J

(0.1™7,0.7¢™47) (0.3¢i0.2pi,0.5ei1.4pi)

®

b(0.2¢™57 0.1¢'37) d(0.2¢077 0.7¢127)  (0.2¢1177 0.8¢il47)  e(0.36'1.67,0.4e"5T)

Figure2: G; and G,
ac (036097 0.36077)

(0.1670'3’:: U,T(’M gx) (0_2(_.130.37r~ 0_3650.?1.')

ad(0.2e7047 0.7¢12m)

be(0.269037, 0.36107)

(O_QE{U.!R_ 0.8651"”_ (U.Qrﬁio'gﬂ_ 0.76“'3”)

ae(0.3¢47, 0.4¢"14T) bd(0.2¢10-57 0. 7¢!1:27)

(0_2610.61?: 0.48“‘%—) {0.2610'57‘—_ 0.86“"”)

be(0.261057_().4¢1-37)

Figure 3: G; X G,

Proposition 3.6. The cartesian product of two complex vague graplessdomplex vague
graph.
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Proof: The conditions of4, x A, are obvious and therefore it is easy to verify the
conditions forB; X B,. Let x € V;, andx,y, € E,. Then,

ta,xa, (%, X2) (%, y,)elB1xBz (6¥2)(%.y2))
= min{tAl (x), th (Xzyz)}eimin(“A1(x)'“Bz (x2¥2)
< min{ty, (), minty, (x;), t, ()} ™ COMInttay () 3 2]

= min{min{tA1 (x), ta, (xz)} , min{tA1 (%), ta, (yz)}}
e imin{min{a, (x),@a, (x2)}min{aa, (x),aa,(¥2)}}

= Min{ta, xa, (X X2), ta, xa, (%, yz)}e M arxas (532) Cay g (672))
fB1><BZ ((x, x2) (x, yz))eiVleBz((xvxz)(xJ’z))
= max{fy, (x), fz, (x2y,)}e MV a1 (Vb (¥272)
> max{fAl (%), max{fAz (x2), fAz (yz)}}eimax{mz ()max{y a, (x2),ya,(v2)}}

= max{max{fAl (x), fA2 (xz)} ) maX{fAl (x), fA2 ()’2)}}

elmax{max{ya, (X),y a, (x2)}max{y a, (),¥a,(¥2)}}

= max{fA1XA2 (x' xZ)' fA1 XA, (x' YZ)}eimax{YA:lXAz (X2)¥ 41 %42 (xy2)}

Definition 3.7. The compositiort; o G, of two complex vague graphs is defined as a
pair G, o G, = (41 o A,),B; © B,), such that:
1. tA1°A2 (xl, .X'Z)e L&A 04z (x1,%2)
_ mil’l{tAl (1) b, (xz)} eiminfaa, (x1).aa, (XZ)}fAloAZ (xy, %, ) e Pareaz (x122)
max{tAl (xl), tAz (xz)} elmax{BAl(xl)vﬁAz (xz)}forallxl’ X, € V.
tyop, (X, X2) (%, )@ @Bre52 (X2)(572))
mirl{tA1 (%), ta, (xzyz)} e imin{aa, (x).ap, (xzyZ)}fBloBz (x, %) (x, yz)eiﬁglegz (x%,x2)(%,¥2))
max{tA1 (%), ta, (xzyz)} e‘m“x{BAl(x)'ﬁBZ(xZVZ)}forallx € Vy,x,Y, € E,
tyop, (01, 2) (v, 2) e PPre82 (2200220
= min{tp, (¥11), ta, )} ei.min{aBl(xlyl)'aAz @ fayem, (e, 2) 1, Z)eiBB:fBz(xl’Z)(yl’Z))
max{fBl (x1y1), fAz(Z)} elmax(en, (1y1)aa; 0y, tpop, (X1, %2) (V1, y2)e!tBrena (X2 1,72)
= min{ta, (), ta, (v2), t, (1)} e i {oas G0 oy O )
fo,08, (1, %2) (v, ¥z ) € F2e52 (1) O2)
= max{ty, (), ta, (72, t5, (x171)} e P G s 02 ey (a0}
forall x,,y, €V,, x5 # y, and x,y, € E;

N

w

Definition 3.8. Let G; and G, be two complex vague graphs. The degree of axierte
G, ° G, can be defined as, for any vertex, x,) € V; X V,,

a8 .8
dGl°GZ (Xl’ X2) =( Z tBchz ((Xl’ Xz)(yr yz)e(xl’xz)’(yl’yz)DE

(Xl-xz)-(ylxyZ)DE

(%1 %), (Y11 Y2)),

Xy x) vy )eE o, (X1, X2) (1, yo)eZtixnoiynes  Brika ((xp,x3), (v1,¥2)))
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Proposition 3.9. The composition of two complex vague graphs isnapbex vague
graph.

Definition 3.10. The unionG, U G, = (4; U 45, B; U B,) of two complex vague graphs
is defined as

1.ta,ua, (x)ei“A1UA2(x> = t,, (@) pi®a, ()
fa,ua, ()eParvaz® = £, (x)ePa() forx € Vyandx € V.

2.t4,0a, (x)ei“AwAz ™) = tAl(x)eiaAz )
oa, (0)etBaa®) = £, (x)ePa:(X) fory € V,andx € V.
1V4y 2
3.4, 04, (x)eiaA1UA2 () — max{tA1 %), ta, (x)}eimax{aAl(x),aAz @3
fa,ua, ()ePa104:® = min(f, (x), f,,(x)} ™M @Le@] fory € Vv, UV,
4. t31UBz (xy)emBlUBZ (xy) = _tB1 (xy)emBl(xy)' .
5. ug, (Xy)ePB1UB2 (xy) = fp (xy)ePB1Y) forxy € Ejand xy € E,.
1 2 1
5' t31UBz (xy)elaBluBz (xY) = .tBZ (xy)elaBZ (xy)’ .
5,um, (0Y)ePB1VB2 (xy) = f (xy)ePB20Y) forxy € Vyandxy € V.
1 2 y y 2 y y y
6. ts,us, (xy)eiflgluBz xy) — max{tBl (x), tp, (xy)}eimax{agl(xy),agz (XY)}’
fa,un, (xy)e P08 09 = min{fy (xy), f, (xy)Jemin{Bo, Cvue, () for
xy VNV,

Proposition 3.11. The union of two complex vague graphs is a comgxe graph.

Definition 3.12. The join G, + G, = (4, + A,, By + B,) of two complex vague graphs,
whereV; UV, = @ is defined as
1. tA1+A2(x)elaA1+A2(x) = tA1UA2 (x)ew‘Alqu(x)
fA1+A2 (x)eiﬁA1+A2(X) = fAlqu(x)eiBA1UA2(x)
2. t31+32(x)eia81+32(x) = tB1UBz(xy)emBlUBz(x)
fo,+5, (x)eiﬁslwz(x) = fa,uB, (xy)eiﬁglugz(x)
3. tg 4B, (xy)e'PBi+B(¥Y) = min{t,, (x), ta, (y)}eimin{aAl(x),aAz(y)}
f31+32 (Xy)eiﬁ31+32 (xy) = max{fA1 (x)’ fAz (y)}eimax{BAl(x)vﬁAz (62}
if xy € E, where E is the set of all edges joining the eediofl/; andV/,.

Proposition 3.13. The join of two complex vague graphs is a compdgxie graphs.

Proposition 3.14. Let G, = (41,4,) and G, = (B4, B,) be the complex vague graphs of
the graphG; and G; and letV; NV, = @. Then the uniorG,; U G, = (4; UA,,B; U
B,) is a complex vague graph &f if and only ifG; and G, are complex vague graphs
of G; and G, respectively.
Proof: ConsiderG, U G, is a complex vague graph. Ley € E;. Then,xy € E, and
x,y € V; —V,. Therefore,

tp, (xy)e'@e: ) = tg,nB, (xy)e'*B1nB2 ()
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< min{ta,na, (%), ta,na, (y)emin(@aina; () @azna; ()
= min(ty, (x), tAl(Y))eimin(aAz(x)'“Al(Y))
f5,621 %) = fg ap, (xy)eFr10me®
= max{ty, na, (%), ta,na, (y)eimax(ﬁAlnAz (xX),Pazna, @)
= max(fa, (x), fa, »)) eimax(Ba,(x).fa; ),
This shows thats; = (4,, B,) is a complex vague graphs. Also we can show @hat

(4,, by) is a complex vague graph. The converse of thisgsition is obvious. Hence the
proof.

4. Application of complex vague graph
In this section we will consider a real time sitaatand implement the concepts using
complex vague graph. Vague sets are the generalizatt the fuzzy sets. We implement
the concepts of complex vague set with the grapbrth Complex vague graphs have wide
applications in neural networks, decision makingbtems etc., Consider the Water
Desalination plant in gulf which plans to launck thinimum number of plants in the city,
such that it covers the maximum number of housasexted with the pipe lines directly.
This way of approach benefits the users to hawen&idg water facility 24/7 without any
interruption. For this purpose, the following paeiers are taken into consideration
namely,

» Suitable place to launch the water plant.

» Users

» Connectivity with the main power plant unit.

» Connectivity to Urban location and hill areas

« Available resources which acts as a camidransporting water.

» Expenditure and income by launching such eem@esalination plant.

Suppose a team selected five places where théytarested in launching a water

plant, so that they can cover maximum number ofhsun those places. The following
are the observations taken care before launching:

1. Launching a water plant exactly at a locatioriciwtwill cover all these five
places.

2. Launching a water plant between any two of tHected five places. In case of
situation 1, we could proceed as follows:

Let V = {C,,C,,C3,C4,Cs} be the set of places the team is attracted tackaan
water plant. This is considered as a vertex sgip&se that70% of the experts on the
team believes thaf; should have a water plant aBd% of the expert believe that there
is no need to fix a water plant in that locatioteafobserving various parameters and
constraints.

The amplitude term for both the membership and membership functions are
well defined. Now we consider the phase term tlaattb ensure the period. L% of
the experts believe that in a particular time frafpecan attact the maximum number of
end-users to get benefitted an€% of the experts have to think on the other end
oppositely. We frame this into a model with theoimhation as(C;: 0.7e0-357, 0.2¢10-47),

Thus the expert team finalises the opinion@@n They now move ont@,. After
taking care on this observation, they model thisrimation as(C,: 0.6e*7, 0.2¢0-37),
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This means0% of the experts are in the favour 6f, although it will produce30% will
produce the profit. Similarly, they visit other pés and model it as
(C3:0.5€i0'6n,0.7ei0'4n), <C4:0.4ei0'4n,0.8€i0'2n> and <C5:0'7ei0.6n’0.56i0.7n>
respectively.

We denote this models as follows:

(Cl: 0.7ei0.35rt’ 0.2€i0'4n)
(Czi 0.331'0.471’ 0.58i0'3n>
A= i <C3: 0.631'0.671’0.131'0.471)
(C4:0.4€047, 0.8 0-27)
(CS: 0.7ei0.6n’ 0.58i0'7n>

Here the complex membership of the vertices defihegositive characteristics and the
non complex membership of the vertices defineségative characteristics of a parameter
for a certain place. We will now find the absolutdues as

1C,| = (0.7,0.2)
|C,| = (0.3,0.5)
|C3] = (0.6,0.1)
|C4| = (0.4,0.8)
|Cs| = (0.7,0.5)

We now find the optimal choice by using a scomfion of the absolute values of each
location Cy, C,, C5, C4, Cs as follows:

S(€;)=0.7-02=05
S(C,) =03 —-05=-0.2
S(C3)=06—0.1=0.5
S(C,) =0.4—0.8=—0.4
S(Cs) =0.7—0.5=0.2

Since the scores af; and C; are equal, we will find the accuracies@f and C,
asH(C;) =0.7+4+0.2=09 andH(C3) = 0.6+ 0.1 = 0.7, thusC; > C3, which is the
best choice to launch a water plant. We can seeajhplication of complex vague graph
with out any edges mentioned as shown below.

Now, for situation 2,we proceed as follows:

If a water plant is launched between pla€gsand Cs, it will represent the edge
C,C; of the vertexCy, Cs.

To find the model of C;C; , we use definition and find that
(C,C3:0.5e%37,0.2e%5™. Similarly, we find the other edges and we delieas
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(C1C,:0.2e1037 (. 5¢10-47)
(€,C,:0.321037,0.8¢0-57)
(C,Cs: 0.6€1037,0.5¢107T)
(C,C5:0.510-37 .2¢10457)
(C,C5:0.2e1027 0,6210-7T)
(C,C4:0.321037 (.41047)
(C,C5:0.3e037, 0.621047)
(C5C,4: 0.3210-27 (0,8 10-67)
(C5C5:0.2e10-57, 0.6210-8™)
(C4Cs5:0.2e1037 0,5¢10-7T)

If we consider the edgée; C3: 0.5¢%37,0.2¢%5™ we have, the amplitude term shows that
50% of the experts believe that there should be atbe®veen these two places abhdo
of the experts believe the opposite. The phasestshrow that30% of the experts believe
that in a certain time if a tower is fixed betwdlase two places it will produce maximum
profit, while 50% of the experts believe the opposite. Also the kibs@alues of the edges
are:

|C,Cy| = (0.2,0.5),|C;C4] = (0.3,0.8)

|C,Cs| = (0.6,0.5),|C;C3] = (0.5,0.2)

|C,Cs| = (0.2,0.6),|C,C,| = (0.3,0.8)

|C,C5] = (0.3,0.6), |C5C4| = (0.3,0.8)

|C3Cs| = (0.5,0.6), |C4Cs| = (0.3,0.8)
To get the optimal choice, we find the score fiorcof the absolute values of the edges.
Hence we get,

S(C,C,) =—-0.3,5(C;C,) =—05

S(C,C5) =0.1,5(C,C3) =0.3

S(CyCs5) = —0.4,5(C,C,) = —0.5

S(C,C3) = —0.3,5(C5C,) = —0.5

S(C3C5) = —0.1,5(C4Cs) = —0.5
We see thaf(C,C;) = 0.3 is the greater value and hence the suitable choitaunch
the water plant.

5. Conclusion and futurework

In this work we have defined the concepts of compbgue graphs and accomplished the
concepts of union, join, composition and cartegiauct of complex vague graphs. Also
we analysed an applicaton related to various pamsand since soft set is widely used
to handle more parameters in real time, in futueewill define the concepts of complex
vague soft graphs and its applications.
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