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Abgtract. Cubic graph can deal with the uncertainly assediatith the inconsistent and

indeterminate information of any real-world problewhere fuzzy graphs may fail to

reveal satisfactory results. Likewise, cubic graphs very useful tools for the study of
different domains of computer science such as m&ing, capturing the image, clustering,

and also other issues like bioscience, medicahseieand traffic plan. Operations are
conveniently used in many combinatorial applicatidherefore, in this paper, three new
operations on cubic graphs, namely, maximal prqdugection, residue product were
presented, and some results concerning their degree introduced. Different examples
are provided to evaluate the validity of the nevirdgons.

Keywords. Cubic set, cubic graph, maximal product, resichoelpc
AMS Mathematics Subject Classification (2010): 05C99, 03E72

1. Introduction

A graph basically holds a model of relations, arid used to depict the real-life problems
encompassing the relationships among objects. ffresent the objects and the relations
between objects, the graph vertices and edgesnapioged, respectively. Fuzzy graph
models are helpful mathematical tools in orderddrass the combinatorial problems in
various fields incorporating research, optimizataigebra, computing, and topology. Due
to the natural existence of vagueness and ambjduitgy graphical models are noticeably
better than graphical models. Originally, fuzzy thetory was required to deal with many
multifaceted issues, which are replete with incateinformation. In 1965 [41], fuzzy set
theory was first suggested by Zadeh. Fuzzy setryhsa highly powerful mathematical
tool for solving approximate reasoning related pEots. Jun et al. [9] introduced cubic
sets. Later on, Muhiuddin et al. [12, 13, 14] agglithe notion cubic sets on different
aspects. The first description of fuzzy graphs wamposed by Kafmann [10] in 1993,
taken from Zadeh's fuzzy relations [42, 43]. Howe\Rosenfeld [30] described another
detailed definition, including fuzzy vertex and fyzedges and various fuzzy analogs of
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graphical theoretical concepts, including paths|es; connectedness, etc. Akram et al. [1,
2] presented new definitions of fuzzy graphs. Rastiou et al. [17, 18, 19, 20, 21, 22]
investigated different concepts on cubic graphgueagraphs, and bipolar fuzzy graphs.
Samanta et al. [33, 34] introduced fuzzy competitgraphs and some properties of
irregular bipolar fuzzy graphs. Borzooei and Ragfima[3, 4, 5, 6] studied new concepts
on vague graphs. Gani and Radha [16] recommendgdarefuzzy graphs and totally
regular fuzzy graphs. Kumaravel and Radha [29]ritesd the concepts of the edge degree
and the total edge degree in regular fuzzy grdphthia and Gani [15] defined neighborly
irregular fuzzy graphs and highly irregular fuzaaghs. Sunutha et al. [34, 35] presented
new concepts for fuzzy graphs. Talebi et al. [3,3D, 40] represented several concepts
on interval-valued fuzzy graphs, intuitionistic iyzgraphs, and bipolar fuzzy graphs.
Shoaib et al. [36] given some results on pythagorkezy graphs. Operations are
conveniently used in many combinatorial applicagiddence, in this research, three new
operations on cubic graphs, namely, maximal produgection, residue product were
presented, and some results concerning their degveee introduced. Recently, some
research works have been done by the authors timoation of previous works related to
cubic graphs, vague graphs, bipolar fuzzy graptajrauitionistic fuzzy graphs which are
mentioned in [7, 8, 24, 25, 26, 27, 28, 31].

2. Preliminaries

A fuzzy graph is of the fron& = (¥, ¢p) which is a pair of mappingg:V — [0,1] and
¢:VxV —[01] as is defined agp(m,n) <yP(m) Ayp(n), vmn eV, and¢ is a
symmetric fuzzy relation oy andA denotes minimum.

Let X be a non-empty set. A functioft X — [I] is called an interval-valued
fuzzy set (shortly, IVF set) iX. Let [I]¥ stands for the set of all IVF setsih For every
A€ [I]* andx € X, A(x) = [A~(x),AT(x)] is called the degree of membership of an
elementx € A, whereA™: X - I andA*:X — I are fuzzy sets iX which are called a
lower fuzzy set and upper fuzzy set X respectively. For simplicity, we denote
A =[A",A%]. For everyA, B € [I]¥, we defined € B if and only if A(x) < B(x), for
all x € X.

Definition 2.1. [1] Let A = [A~,A"], and B = [B~, B*] be two interval valued fuzzy sets
in X. Then, we define
rmin{A(x), B(x)} = [min{A~(x), B~ (x)}, min{A* (x), BT (x)}],
rmax{A(x), B(x)} = [max{A~(x), B~ (x)}, max{A*(x), BT (x)}].

Definition 2.2. [9] Let x be a non-empty set. By a cubic seKinwe mean a structure
A = {{(x,A(x),A(x):x € X)} in which A4 is an interval-valued fuzzy setsXnand 1 is a
fuzzy set inX. A cubic setd = {(m, A(m), A(m): m € X)} is simply denoted byl =
(4, A). The collection of all cubic sets i is denoted byt P (X).

Definition 2.3. [11] A cubic graph is a triple{ = (G*,P,Q) whereG* = (V,E) is a

graph, P = (iip, Ap) is a cubic set of¥ and Q = (fig, 1) is a cubic set o¥ XV so
that jig (mn) < rmin{iiz(m), iip(n)} and Ay(mn) = max{Ap(m), Ap(n)}.
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3. Someresultsin cubic graphs
Definition 3.1. Let {; = (P1,0Q4) and {, = (P,, Q,) be two cubic graphs with underlying
crisp graphsG; = (V4,E;) and G, = (V,, E,), respectively.{; *{, = (P,Q) is called
maximal cubic graph with underlying crisp gragh= (V,E), whereV =V; xV, and
E = {(my,ny)(my,n2)| my = my,nyn, € E; or ny = ny,mym, € Ey}.

(15, * fir,) (m,n) = rmax{jiz, (m), fiz, (n)},
@ § (A, * Ap,)(m,m) = min{Zp, (M), Ap, (W)},

forall (imn) eV =V, xV,

(lIVQ1 * Fiaz)((ml'nl)(mmnz)) = Tmax(ﬁ;l (ml)rler(mnz)),
(i) (Aol * AQZ)((anl)(mz:"z)) = min(/lpl(ml),/le (n1n2)).

my; =m,,nin, € E,,

(lfal * IZVQZ)((anD(mz'nz)) = rmax(ﬁ;z (n1):ﬁ51(m1m2)),

(iid) (/1Q1 * AQZ)((mlrnl)(mZ'nZ)) = min(lpz (n1), Aq, (mlmZ))'
mym, € El,nl =n,.

Example 3.2. Consider the two cubic graphg and {, as shown in Figure 1. Their
maximal product{; * {, is shown in Figure 2.

m([0.1,0.2],0.3) 2([0.2,0.3],0.5)

(0.1,0.2],0.5)

n([0.203],04) ({01031 162 04]05) w([0.1,0.4],0.3)

C1 Co

Figure 1. Cubic graph¢; and{,.
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([0.2,0.3],0.3) ([0.1,0.4],0.3)
(m, 2) ([0.1,0.2],0.3) (m,w)
f/Q]
> “0.3) ([0.2,0.4],0.3)
= '0.5) ([0.2,0.3],0.4) R
s — (n,w)
3 ) : S
S rLQT‘-’\‘ G < o>
¥ ([0.2,0.3],0.4) E \QP‘\‘
= N
(X,Z) ([0.2,0.4], 0.5) (X,W)
([0.2,0.4],0.5) ([0.2,0.4],0.3)

Figure 2: Maximal product of¢; and{,.

For vertex(m, w), we find both membership value and non-membengilipe as follows:
(ﬂ;l * ;ZVPZ)(m, w) = rmax{fip, (m), fip, (W)} = rmax{[0.1,0.2],[0.1,0.4]} = [0.1,0.4],
(/1,31 * Apz)(m, w) = min{Ap (m), 1p,(w)} = min{0.3,0.3} = 0.3,
formeV, andw € V,.
For edge(m, z)(x, z) we have:
(;ZVQ1 * ,LZVQZ)((m, z)(x,z)) = rmax{fip, (2), fig,(mx)} = rmax{[0.2,0.3],[0.1,0.1]}
=[0.2,0.3],
(/1Q1 * AQZ)((m, z)(x,z)) = min{4p, (2), 4o, (mx)} = min{0.5,0.6} = 0.5.
Similarly, we can find both membership amoh-membership values for all
remaining vertices and edges.

Theorem 3.3. The maximal product of two cubic grapfis and ¢,, is a cubic graph, too.
Proof: Let ¢, =(P;,0,) and {,=(P,,Q,) be two cubic graphs and
((my,my)(ny,n,)) € E; X E,. Then, by Definition 2.3, we have two cases:
(Hmy=ny=m
(hg, * g, ) ((m,my) (m, 1)) = rmax((@p, (m), (i, (Many))
< rmax {;Z;Jl(m), rmin{ﬁ;z (mz),pi(‘z'z(nz)}}

rmin {rmax{ﬁ};’l (m), f1p, (mz)}, rmax{ﬁ}’l (m), p, (nz)}}

= rmin{(@, * f7,)(m,my), (@, * @7,)(m,m)},

(Aql * AQZ)((m' my)(m,nz)) = min{Ap, (M), Ap,(M;n;)}
> min {,1,,1 (m), max{Ap, (m,), 25, (nz)}}
= max {min{lpl (m), p, (M)}, min{Ap, (m), 2, (nz)}}
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= max{()lp1 * APZ)(m, my,), (Apl * /'lpz)(m, nz)}.
@ ifmy,=n,=2
(hg, * fig,) (my, 2)(ny, 2)) = rmax{fig, (myny), fip, (2)}
< rmax{rmin{ﬂ‘p’1 (my), f2p, (nl)},ﬁ‘p’z (z)}
= rmin {rmax{ﬂ;l (mq), ip, (Z)}, rmax{ﬂ;1 (ny), i1p, (z)}}
= rmin{(%, * ;) (1, 2), (5, * iF7,) (01, 2)),

(Aol * AQZ)((mLZ)(an)) = min{)‘Ql (mlnl)tAPz (2)}
> min{max{Ap, (M), Ap, (1)}, Ap, (2)}
= max {min{lpl (my), Ap, (2)}, min{Ap_(ny), 2p, (z)}}

= max{()lp1 * APZ)(ml,Z), (/1p1 * /'lpz)(nl, Z)}.
Hence,{; * {, is a cubic graph.

Definition 3.4. A Cubic graph¢ = (P, Q) is strong if:
o(mn) = pfip(m) A fip(n), Ag(mn) = Ap(m) V Ap(n), forall mn € E.

Theorem 3.5. The maximal product of two strong cubic graghsand {,, is a strong
cubic graph.

Proof: Let {; =(P;,Q,) and {, = (P,,Q,) be two strong cubic graphs. Then
Ao, (mymy) = rmin(ﬂ}’l (ml):lrpl(mz)) , Ao, (mymy) = max(/'lpl (mq), 4p, (mz)) , for
any mym, €E; and g (niny) = rmin(fip, (ny), 5, (n2)) . Ag,(yny) =
max(APl(nl), Ap, (nz)), for anyn,n, € E,. Then, proceeding according to the definition
of maximal product,

(@) if n; =n, andmym, € E,. Then,
(hq, * g, ) (1, M) (g, M) = rmax{ip, (n1), fig, (M1 m,)}
= rmax {;Z;Tl (ny), rmin{ﬂ}?z (my), ip, (mz)}}
= rmin {rmax{ﬁ}’l (n1), f2p, (ml)}, rmax{,ti;1 (ny), f1p, (mz)}}

= rmin{(@, * @7, ) (n1, my), (i, * i1, ) (1, m2)},

(/1(21 * AQZ)((nltml)(nme)) = min{Ap, (n,), 1g,(Mym;)}
= min {Ap, (1), max{Ap, (my), Ap, (m3)}}
= max {min{zpl (n1), Ap, (my)}, min{2Ap, (n,), 25, (mz)}}
= max{(lpl * APZ)(nl'ml)' (flpl * APZ)(nlth)}'

(ﬂ?z1 * ;Z“Qz)((nl,ml)(nz,mz)) = T‘maX{IIVQ1 (nlnz),ﬂ“pz(mz)}
= rmax{rmin{ﬂ}’1 (ny), fap, (nz)}, Ap, (mz)}

= rmin {rmax{ﬁ‘p’l (n1), fip, (mz)}, rmax{ﬂ};1 (n2), ftp, (mz)}}
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= rmin{(, * 7,)(na,mo), (T, * F7,) (nz,m2)},

(Aol * AQZ)((nllml)(nZ'mZ)) = min{y, (n1nz), Ap, (M)}
= min{max{Ap, (n1), Ap, (n2)}, Ap, (M)}
= max {min{lpl (n1), Ap, (m2)}, min{Ap, (ny), Ap, (mz)}}

= max{(/lpl * APZ)(nlrmZ)' (/1191 * /1p2)(n2,m2)}.
Therefore,{; * {, is a strong cubic graph.

Example 3.6. Consider the strong cubic graplg = (P;,Q,) and {, = (P,,Q,) as
Figure 3. It is easy to see thét = {, = (P, Q) is a strong cubic graph, too.

([0.2,0.4],0.2) ([0.3,0.5],0.5)
0.2,0.4],0.5

m([ 1,0.5) 2([0.2,0.3],0.2) :2) ([02.041,05)  Grw)

L [ ]
([0.1,0.3],0.5) ([0.2,0.3],0.6) ([0.2,0.3],0.2) ([0.3,0.5],0.5)

=] L]

n([0.1,0.3],0.4) w([0.3,0.5],0.6) (n,2) ([0.2,0.3,04)  (n,w)

([0.2,0.3],0.2) ([0.3,0.5],0.4)
G1 C2 G * G2

Figure 3: Strong cubic graphg;, {, and{; * {,.

Remark 3.7 If the maximal product of two cubic graplig = {;) is a strong, therf; and
¢, need not to be strong, in general.

Example 3.8 Consider the cubic graphg, ¢, and {; * {, as in Figure 4.

([0.2,0.3],0.5) ([0.1,0.2],0.6)
. ° . °

m([0.2,0.3],0.3) n([0.2,0.4],0.5) 2([0.2,0.3],0.4) w([0.3,0.4],0.6)

G G

o

Figure 4: Cubic graphg]; and{,.
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(m,2)([0.2,0.3],02)  ([0.2,0.3],0.3) (mw)([0.3,0.4],03)

([0.2,0.3],0.4) ([0.3,0.4],0.5)

(n,2)([0.2,0.4],04)  ([0.2,04],05)  (n,w)([0.3,0.4],0.5)

Figure5: Strong cubic graplf; * {,.

Hence,{; and {; *{, are strong, buf, is not strong. Sinceyg, (zw) =
[0.1,0.2] but rmin{fp, (2), P,(w)} = rmin{[0.2,0.3],[0.3,0.4]} = [0.2,0.3].
S0, fig, (zw) # rmin{fip, (2), fip, (W)}

Definition 3.9. A cubic graph( is called complete if:
fg(mn) = fip(m) A fip(n), Ao(mn) = Ap(m) V Ap(n), forall mn ev.

Remark 3.10. The maximal product of two complete cubic graphmisa complete cubic
graph, in general. Because we do not include tlee ¢an,,m,) € E; and (nq,n,) € E,
in the definition of the maximal product of two imugraphs.

Remark 3.11. The maximal product of two complete cubic graptsrisng cubic graph.

Example 3.12. Consider the complete cubic grapfisand ¢, as in Figure 4. A simple
calculation concludes thaj, = ¢, is a strong cubic graph.

Definition 3.13. The residue product; « {, of two cubic graphs; = (P;,Q;) and
{2 = (P,,Q2) is defined as:

(IZ;l ° IZFZ)((mpmz)) = rmax{ﬁ},’l (ml)'ﬁ;z(mz)}'
@ (/1131 * APZ)((m1:m2)) = min{4p, (m,), Ap, (M)},
forall (imy,my) €V, XV,
(lTQ-; * lIVQz)((mlth)(nl'nZ)) = %(mﬂl)'
(i) (Aql ° AQZ)((mllmZ)(nlth)) = AQl (myny),
for all myn, € E{,m, # n,.

Example 3.14. Consider the cubic graphg and ¢, as in Figure 6. The residue product
of {; and ¢, ({; » {;) shown in Figure 7.
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u([0.1,0.2],0.3) v([0.2,0.3],0.4) z([0.1,0.3],0.5)

([0.1,0.2],0.5)

([0.1,0.2],0.6) ([0.1,0.2],0.7)

> [ ]
x([0.2,0.4],0.5) w([0.2,0.4],0.6)
(:1 C‘J

Figure6: Cubic graphg; and(,.

([0.2,0.3],0.4) ([0.2,0.4],0.5)
v, 2) (x;:2)

([0.1,0.3],0.3)

(w,2)

([0.2,0.4],0.3) ([0.2,0.4],0.4) ([0.2,0.4],0.5)

(u,w) (v,w) (x,w)

Figure 7. Residue product of two cubic graphs.

Proposition 3.15. The residue product of two cubic grapfisand {, is a cubic graph.
Proof: Let ¢ =(P,Q;) and {,=(P,,0Q,) be two cubic graphs and
((my,my)(ny,ny)) € E; X E,. If myn; € E; andm, # n,, then we have:

(HQ1 o HQZ)((mLmz)(“l'nz)) = g, (Mmyny)
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< rmin{izy, (my), 7, (1)}

< rmax{rmin{ﬂ};’1 (my), fip, (n1) }, rmin{fip, (mz),,d;;z(nz)}}
= rmin{rmax{@, (my), @, (n)}, rmax{{iz, (m,), G5, (n)}}
= min((ﬂ}’l * Iz;;)(mbmz): (11;1 * .erz)(nlan)}'

()LQ1 * AQZ)((mp my)(ny,ny)) = AQ:[ (myny)
= max{4p, (my), Ap,(n1)}
= min{max{lpl (my), Apl (n1)}, max{/lpz (my), /1102 (nz)}}
= rmax{min{lpl (my), /1101 (n)}, min{/lpz (my), /1102 (nz)}}
= max( (/1131 * APZ ) (my,my), (/11)1 * APZ ) (ny,n2)}

Definition 3.16. The rejectiond; |{, of two cubic graphg; = (P;,04) and {, =
(P,, Q,) is defined as:
(&, it7,) (m, m) = rmin{zs, (m), 5, (M)}
(1 (Ap,12p,)(m, n) = max{Ap, (m), 1p,(n)},
forall (im,n) € V; XV,,

(Aol M-QZ ) ((m,my)(m,ny)) = max{/lpl (m), /1P2 (my), APZ (n2)}

(Fg, i, ) ((m, my) (m, n2)) = rmin{izp, (M), fip, (2), fip, (n2)}
(i0)
for allm € V; andmyn, € E,,

(20, 120,) (M1, m)(ny, m)) = max{Ap, (1), Ap, (1), Ap, (M)},

(ig, i, ) (g, m)(ng, m)) = rmin{iip, (my), fip, (1), fip, (M)}
(iid)
forallm eV, and myn, € E;,

(Aql MQZ)((ml' my)(ny,n2)) = max{lpl (my), Apl (n1), APZ (my), APZ (n2)},

(g, g, ) (g, m2) (14, m2)) = rmin{fip, (y), fip, (n1), fp, (M), i, (1)}
(iv)
for all min, € E; and myn, € E,.

Proposition 3.17. The rejection of two cubic graplis and {,, is a cubic graph.
Proof: Let ¢, =(P,Q:) and {,=(P,,Q,) be two cubic graphs and
((mq,my)(nq,ny)) € E; X E,. Then by Definition 3.16 we have:

(@) If my =ny andmyn, € E,,

(.LIE)J1 |@)((m11 my)(ny,ny)) = rmin{ﬁ‘p”l (my), Ap, (my), fp, (n2)}

rmin{rmin{@, (m,), &, (m,)}, rmin{@, (n), @, (1)}
= min{({Zp, |zp, ) (1, M), (A7, i, ) (n1, n2)},
()LQ1 M-QZ)((mlt my)(ny,ny)) = maX{AP1 (my), /1102 (my), APZ (n2)}
= max{max{lpl (my), Ap, (M)}, max{Ap, (n1), Ap, (nz)}}
= max{(/lpl MPZ)(ml' my), (Apl MPZ)(TH' ny)}
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(i) If my, =n, andmyn, € E;
(5, 11ig,) (M1, m5) (14, m2)) = rmin{i@s, (my), &5, (1), i, (M)}
rmin{rmin{/ip, (M1), fip, (M)}, rmin{jip (n1), fip, (n2)}}
= rmin{(ﬂ}l |ﬁ;2)(m1,m2), (11;1 |ﬂ}’2)(n1,n2)},
(/1Q1 MQZ ) ((my, my)(ny,ny)) = max{/’lpl (my), /1P1 (ny), /1P2 (my)}
= max{max{/’lpl (my), /1102 (my)}, max{/'lpl (ny), /1102 (nz)}}
= max{(lpl |/1P2)(m1: my), ()lpl |)1P2)(n1: nz)}.
(iii) If myn, € E; andmyn, ¢ E,
(g, |G, ) ((my, mp) (4, 12)) = rmin{fp, (my), iy, (), i, (2), fip, (n2)}
= rmin{rmin{fp (M,), fip, (Mz)}, rmin{fip, (n1), fip, (n2)}}
= rmin{(ﬂ}?1 I[iﬁz)(ml,mz), (ﬂ}; |ﬂ;2)("1: ny)},

()LQ1 MQZ ) ((my, my)(ny,nz)) = max{lpl (my), Apl (n1), APZ (my), APZ (n2)}
= max{max{/’lpl (m1), Ap,(Mmz)}, max{4p, (n4), Ap, (nz)}}
= max{(/lpl |4p, ) (my, my), ()lpl |4p, ) (ny,m2)}.

4. Conclusion

Cubic graphs have many applications in differerérsmes such as topology, natural
networks, and operation research. Irregularityhis practical interest in several areas.
Operations are conveniently used in many combiratapplications; hence; in this paper,
three new operations on cubic graphs, namely, maxproduct, rejection, and residue
product were presented, and some results concethigig degrees were introduced.
Different examples are provided to evaluate thalitglof the new definitions.

Acknowledgement. We would like to provide our cordial thanks to ti@norable
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paper.
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