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Abstract. The main object of this paper is to introduce a geweralized extended Wright

function, for the new generalized extended Wriglnction properties such as integral
representations, Euler's beta, Mellin, inverse Mellacobi, Gegenbaur, and Legendre
transforms are proposed and investigated. More@aene derivative formulas, classical

and extended Riemann-Liouville fractional derivatand integral are also proposed.
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1. Introduction
In this research papeN, Z, Z~"Z*, R,R™, R* denotes the sets of natural numbers, integers,
negative integers, positive integers, real numbhergative real numbers and positive real
numbers, respectively. Als?, = {0}UN,Z; ={0}UZ ,R; = {0}UR and R} =
{0} U R*.

The classical Wright function was first introducadd investigated by English
mathematician E.M. Wright (see, [231]-[27]) andl&fined as

= Z° 1
w )=y ———M—, >-1LA,00), 1
(=X e ay WD) 1)
whereW, 4, (2) is also called the generalized Bessel or Besséldvid function with
order(1 + p)~! and it has two auxiliary functions given as
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F ()=, (-)=3 2L (0< <),

st (-ug)

the auxiliary function in equation (2) is called idardi function (refer to, [11], [15]).
Sharma and Devi [17] presented the new extendeght/generalized hypergeometric
function as follow:

L), ) o 3 r(sa +a)
m+1 n+1|:(aI )' (y ) ]_ Z ”

)|(Z?D) = - B (y+scy),

(.a), (@) TENEE ey )

]=

(Re(D)> 0;Rdc) > Réy)> P

HereBg,(T};fs}) is the extended beta function introduced by Chaudhal., [7] defined

by
8, (5.0, :it@l‘l(l— )" ex;{—t(lm—_t)J dt

(Re(D)> o,mif R¢EL) REL)} > ))

El-Shahed and Salem [8] established the extendiatassical Wright function in (1) as
follow:

e )

(a.8,u.A,00;4>-1,8%0~1-2,. zOO andd< Lwithuz J

They also [8] established relationships with somewin special functions such as Fox-
Wright, H-Fox, Fox-Wright, hypergeometric, Meijer-,GMittag-Leffler, incomplete
gamma and error functions.

With generalized auxiliary functions for ordéd < u < 1) and all complex
number except # 0 [3]:

wp(@)=wt, (3= OL kg

ST (1-ps-u) (B),

And

ez (1) ()
F a.B V\/_G7 B Z_ ( s (5)
Khan et al., [12] proposed generalized Wright fiorcusing the generalized beta function
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28 (arsna) 1 (A)

Wa,ﬂ,/\l,/\m,/l )= =
) G B ) TlasAd) (B),

(u>-1B20-1-2,.. w Ay @ B A, N, 00 with 0 andzj< )1
With the following two Wright type auxiliary fundns:
Mcvdv/\l/\zﬁ/‘(z-D) anﬁ/\l/\zﬂ/l( ZD)
‘[1 )

:i(_“l} 20, la).

= s (B), r-us-p)(N),

And
RO (20) 2 W (- 20)

:Z«):(_j‘)S z (/\2)3 (a)s
s=0 S! ( ) ( ,US) (/\1)
whereBXZ’l(?’sz,@) is extended beta function defined by [14]

B! (@1 B ) J't@l *(1- t) l(/];A;—t(lm—_t)]dt,
(Re(D)>O,mir{ RECL) REL) LRa) Re)> )

anlel(;) is the well-known classical Kumar confluent hypengetric function.

The Jacobi transform of a given functiféz) is defined as (see, [6])
1

{20 =] 1+ P (- ¥ P (k d (6)

-1

r

2
B(A, - a)£5inza_l‘9 co$" ™ F (7 A =0 coecd séto)

x W2 (zsin® @) dt
(1,750, 8.7, A, 00 ,ReA,)> Réa) ,Reu)> 0y, 00, A,00 0)

WaﬂAlAZﬂ/](ZD;f,Z):

Mg

2. Integral transforms of the new generalized extended Wright function
This sectionintegral transforms: Mellin, inverse Mellin, JacoBiegenbaur and Legendre
transforms of the new generalized extended Wrighttion are discussed

Theorem 4. The Euler’s beta transform holds
B{We L/ (203,01 g, Q) =T (Q,) V" ( K:50.0).

Proof: Taking Euler’s beta transform (see, [19]) and ugiggation (10), we obtain
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1
B{We oA (X200, ) : Ay, Q) = [ 27 (1= ¥ WP ( xedie ) e
On simplifying, we have 0
- © %’7,4%,()(014. S’/\l_a)
< B(A-a.0)

S

B{\Aﬁl,\i,/\l,/\zyy,/l ( xZ":0] ;g’() ;/\3,92} :‘l[ 23—1(1— ?Q
0

N

X X ( 2)s Z,usdz
sl T (usth,) (B).

Swapping the order of integration and summatiogldgi

o BUM (A +sA, @) X (A,)
B WH,EJ\lJ\zw,A #0- ‘AL 0= BD 1 IV 2)s
{ Hlks (X ’ ’E’Z) ¥ 2} Zo B(A,—a,a) st T (us+A,) (B),

1
X jz"’*”’“ (1- 2% dz
0
Using classical beta function [15], gives
= BV (arsA-a) (M),
s=0 B(/\l_a’a) s! r(/j5+/\3) (IB)S

B{W:)\/?Av"zm ( xZ';0 ;E,() 3/\3an} =

x B(Q,, A, + Us).
On applying equation (10) and algebraic simplifimas, we obtain
B{WZL 74 xi0;0,8) Ay Q) =T (Q,) W22 (5030.€).

N3tQ,

Coroallary 5. The Euler’s beta transform holds

B{\Aﬁ}\i,/\l/\zw ( ><1— 2)/‘ ] ;f,() :Ql,l'} ZF(Ql) )\iﬁ\é'l/\zw( y AN ,Z) .

Corollary 6. The generalized Euler’s beta transform also holds

-2 (2= 47w (o 2 ¥ iming)=r@) (o Y

t

X\ &1 A2l (a)( x—1)";0 ;K,Z).

HN3+Qy

Theorem 7. The Mellin transform of the generalized extendeddhir function is as
follows:

r7 Qo)1 (A, —a+0Qy)T (B)T(A,)

MW7 (203000} =L I E A —a)r (A
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), (a+0Q,+7]);
/2 (w3).( o+ z|.(14)
(ﬂ,l) 1(/\3 l/'[) l(/\1+’€QO+ZQO1]) H
whereqp, (; ) is the generalized Wright function.
Proof: Applying Mellin transform (see, [5]) to equatiorDjlwe have

MW (200,80 )iQo) =[BT WL (2070.¢) @
0

On simplifying, gives

M{W:)C,/\l/\zw ( ZD;f,Z) ;Qo} :WID% l{J‘ t7—l /\1 a—ll E[U;A;_%J

t'(1-t)

x Ws(zt) d} .
On switching the order of integrations, we obtain

a . 1 1 B a-
M{Wﬂ‘}\i,/\l,/\znﬁ (zD ;E,Z);QO} :mj' f’ 1(1_ t)A 1 ,/Z\f( Z)
! 0

< _ [l
x{ [O% F|lmA,——— |dJ b dt
{l “[” tﬁ(l—t)fJ }

1

o) =g taa | €W (3 o
{Jwﬂ" (74, @) dw}

Using the extended gamma function in [14], we have

g dfa) =gt e dea)

Puttingg = wt?(1 — t)¢, yields

o 2

B(A-a,
Rewritten this equation, gives
. M(Q) + e 01 (A)
M{WELAAT (200,10, 0) s Qo =2 [ 77 (1= = d
R i v I Y- 1 1

On exchanging the order integration and summatifls

Aoy r('M) . z i a+s+Q,-1 +{ Qa1
Mo i) =g oS e e

considering classical Euler beta function in [1&¢, have
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M{\/\ﬁ)@/\”\m(zm 00); Qo} ?:)(;%c)r) i((/;)): T ;;/\3) Ba+s+(Q,, pr{Qy—a).

On simplifying we get,

oo (77000} = (QIT(A) $-Z (Na), Tla+s+)r(p-a+eQ)
MW (202 0] =i B (1 Tl (= 2y

This can be rewritten as follows:

} _ M (Qy) T (A —a+£Q,)T (B)F(A,)

M{WEA A (206,439, r(a)r (A -a)T (A,)

(N,0), (a+0Q,.,9) ;
><2[ﬂ3
(B ,(r.1) (A +0Q,+{ Q, ])
Lemma 8. The extended gamma function given in [14] has topgrty
F04) (1 :I'()I)I'(n—l). 15
W o .

SettingQ, = 1, in equation (14) and using (15), The followingr@tary can be obtained.

Coroallary 9. The Mellin transform also hold
a NN : AT (7-)r(A-a+r(B)r(A,)
R e S PO i
§ t/{ (A, (a+0,]); }
P (8.) (Mg ) (N +1+¢

Coroallary 10. The following inverse Mellin transforms holds:
Wi (200,4,8) = 1.Hfr(ﬂ'A)(Qo)r(/\l‘m”) (B)T (M)
#s 271 C(a)T (A —a)T(A,)

_im

(N,.0), (a+0Q,+1);

"2‘”{(@( Astt) (A 19,4890 } 7

Theorem 11. The following Jacobi transform hold:

qu/]{v\/:/,\ﬂs,/\l,/\zy],/l ( xz[] ;f;Z) ;D} — ZIMH(U;DJ E(,7+1,/1 + ])i:HS
s=0
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N +1: -0O,n+u+0+1 1-p-s; s
ro1| 7 n+u 1Y 51’2 X_, (16)
n+A+2, n+l, ---; sl

X F1:1:O

(14 <1000 o;min{ Re(7) ,RéA)} >~ o011 )
where the coefficientd, are given by
B avsna) (n)
Hs = Z s ’
5 B(N-aa)  ST(useA)(B)

under the assumptions that the Jacobi transforibGnexists.
Proof: Using equation (6), we have

WM (a0, 0} = j 211+ ¥ (- ¥ P )z (s )

Applying equation (10), gives

pofwnon (aie 2)ich = | 2 ;z*(l—)fsw(){iow(ﬁ)s}

Commuting the order of integration and summaticheiﬁys

w{wggn e (amin )} = SRS £ ¥ (0 P (e e
Considering equation (7), we find that N

37 WA (xg; 0,0 )50} = i"'sx??z”m(”;mj Hy+14+9
s=0 -

cpan] 145 ~0, mrpr0 L p=sy o]
B n+A+2, n+l, —--;
Rewritten this equation, yields

qu/]{v\/:/,\ﬂs,/\l,/\zy],/l ( xz[] ;f;Z) ;D} - ZIMH(U;DJ E(,7+1,/1 + ])i:HS
s=0

+1, -0, n+pu+0+1 1-p-s,; s

xFl” ks Py 01X
n+A+2, n+l —---; s!

Using equations (8) and (9), the following corabéarfollows:

Corollary 12. The following Gegenbauer transform holds:

v a,B.M\ N, 7, . . A 0+0-1 1 1\
(g paoin ) =22 oG
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U+l;—D,2U+D;1—p—S; e

xpizl 2 . 125
0+1; vrZi T '

Corollary 13. The following Legendre transform holds:
. © L5 0,0+11-p-s; s
L{Wj,‘é"‘l"‘Z””(xz;D K,Z);D} =2> H, Ifl'i;{ S p 12})(—I

s=0 ; , - -, S!

3. Derivative formulae for the new extended Wright function
Derivative formulae for the new generalized extehd&ight function are discussed in this
part.

Theorem 14. The following derivative formula hold true.

d (A2)(@) |t prinsins
WaBMNNA (5] —\"%2 LA+ 1N +1+ 17 4 .
dz{ 1A : ’K’Z)} (A)(B) S (4:6.4), (17)
(Re(u)> 00 00 ,Réa)> R¢B)> 0100 Ny)
Proof: Differentiating equation (10) with respect to zearan received

d CR ag’/v“'() (a'+ YA —0’) 1 (/\2)

WL (2050,0)) = l S
dz{ s (Z Z)} ;(s—l)! d/\l_a’a) r('LIS'-AE') (ﬂ)s
Settings - s + 1, we have

Swegnnn (zming) =

s B arsin-a) 1 (A,
so 3 d/\1_a1a) r(,us+,u+r) (ﬁ)sﬂ

Rewritten this equation, we get

d . B(’?/l/( (0’+S+1./\1 a,) 1 (/\2+1)
— WA (20 4, — .
dz{ ZT Z} Z BA-aa+l)  T(usu+h) (B+)
Applying equation (10), ylelds

d a,B.,\ N, . _/\2 a +LA+1IN 1IN+ 1 .

Continuing differentiating equation (17¥ — 1) times with respect to z, the following
Corollary can be obtained.

Corollary 15. The following formula holds:
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ds a,BN N 1A . — (/\2)5 (0’) s +s,B+s/A\+ SN+ 97,4 .
g A" (2 Q= g T (#3504),

(Re(,u)> oo DDB,RG(,B)> Réa)> 0 00 Bl;)

Theorem 16. The following formula holds.
(dizj [Z/\g—lv\élcf}\;i,/\l,/\zn,/l (a)Z’;D ;5,5)] = $snl ’}C,_/\;,/\zw,a (w 4] %Z), (18)
(Re(A;,-s)>0,s00)
Proof: Settingz —» wz* in equation (10), we obtain
W e (wz”;D ;E,Z) v B (a+s N -a) ! (Na), i
e < ! B(A,-a,a) F(ustA;) (B),

Multiplying both sides by*s~1, yield

Z/\3— V\ﬁ,ﬁ,/\l,Az;r//i (a)fo Z): . g%”vﬂ;é,()(a+ S/\l_a) 1 (/\2)5 2/15+/\3—1.
s T &g B(A-a,a)  T(usth,) (B),

Differentiatingn — time with respect to z, we received

s o ALl a+ -q s
(d%j Ess ,)@’W”"(wz‘;m;f,()};ﬁ i 3/(\1—;23 ) r(;zlsr) ((Z)i (ﬂdl 7o,

On simplifying, we obtain

) o (o) gl4<) a+ -a 2

On using equation (10), we get

(dizjsl:zm_lv\ﬁ)\i,/\l,/\zy]ﬁ (OJZI,D a&()] = 1l ’)\,83,_/\51,/\277,/1 (OJ %0 ;5,().

4. Fractional derivativeand integral
The classical and generalized Riemann-Liouvillectfomal integral and derivative are
studied and investigated here

Lemma 17. The Riemann-Liouville fractional integra}, and derivativeD2, are given in
([20], [16]) as follows:

1

(lzﬁf)(z):m

fO(z-19"" dt (19)

O =y N

and
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(D§+f)(z)=(dizjr(|;;“f)(z), (20)

(ADD,ReA)> 0 =[ R¢A) |+ 1
Theorem 18. Leto € R*,A,w € C,Re() > 0,Re(A;) > Re(a) > 0, then

[12{t-0 e (a0 0,08 (= -0 v of w0 0.0
Proof: By virtue of equations (10) and (19), we obtain

(|é\+{(t _O)Aa—lwlj}é,/\l./\zﬂﬂ ((L)(t—O)y;D,ﬁ,Z)})( ) z_ B]M ;(f\?+;2) a)
/\2 v us+Az-1
(y;/\ )((ﬂ)) (I {(t—o) })(Z)-

Applying equation (19) and algebraic simplificasogives

o B (q+g N —a
efi-ar v oy o= o 5 e

(@fz=0r) (),
SIT (us+wA;) (B),
Owing to equation (10), we obtain

(15t wer e aft-of' 0.0 (=0 wger (o o £.0.).

Theorem 19. Leto € R*, A, w € C,Re() > 0,Re(A;) > Re(a) > 0, then
(m[(t_o)/\s—lv\ﬁ)i/\l,/\z}’]/l (a(t—O)ﬂ,D,E,Z)] ( j :( Z_O)/\s—o—l [;/\1/\2”/] ([4,( t—O) I:l ﬁ Z)
Proof: In view equations (10), (18), (19) and (20), weédav

(o2 {(t-0) gz (af =) 0,00} ) (2
(d%}s IS‘ (t- 0A3 W”"”‘l"”M (w(t—o)”;D,f,Z)})(z)

(dEZJ /\3+$/\1\/\/;7/\15331_//\\2”/‘(qt_O)ﬂ;Dyng)}
:( )/\3/\1 Aﬁf\/l\/\lm(w( t—a)”;D,E,Z).
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Lemma 20. The extended Riemann-Liouville fractional derivatiis defined in [3] as

follows:

- ¢ —/\ 1 0z*

AD 7,4 f FnAl—-———|d 21

R A ,\l 11[/7 tf(z_t)(J t@
0,R¢A)> O,RE1)> O,RA)< )C

Theorem 21. The following extended Riemann-Liouville fractiord@rivative holds:

A —a DA N2 B 1= _1r(/\1) BN N1 A 5] -
Retr{wiil (3 27} = 2 a W (2id). @)

(Re(n)

Proof: Using (10) and (21), we obtain

R {wil (3 27 =2 r(A cr)I SR FEW _t‘D(zz ) J ke

Settingt = wz, we obtain

. _ £t : A
afin.A 28 o Y 1- a-/\1 Y
) )=t g et
Applying equation (13), we have
-adnA 2, 1 — 1 FAYAYY - as
R WA (3 }_W{ BA ) W (2500
On simplifying, we get
Ré\lamm{wf\zﬁ(z) $0- }: (/\1) ’;\zi/\mzn/I( ﬂ;f,i) a1

(@)

5. Conclusion
In this article, we investigated new generalizetbeded Wright function and its integral
representations, Euler's beta, Mellin, inverse Mellacobi, Gegenbaur and Legendre
transforms. Furthermore, some derivative formutdassical and generalized Riemann-
Liouville fractional derivative and integral aresalpresented.

The new generalized extended Wright function caredecing to the well-known
classical and extended Wright functions as illusttdellow:
For =& =1,A; =A,,a = andgp = 0, then

W, (2= Wiz (70,19,

If£=¢=1,A; = A, andgp = 0, then

W (2= W (7018,
SettingA, = A,, then
Wik (205 0.) = WL (40.0).
Substitutingf = & = 1, then
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mﬂﬁmAmJ(zm)z V£MAMA(j]jJ)

A

This generalized extended Wright function can bedut study generalized special
functions (refer to, [1], [2], [4] and [13]]) andafctional integral and differential calculus
such as Riemann-Liouville and Caputo fractionaivddive and integral (see for example,
[18]).

1.

2.

10.

11.

12.

13.

14.

15.

REFERENCES

U.M. Abubakar, New generalized beta function asged with the Fox-Wright
function,Journal of Fractional Calculus and Applicatiorn? (2) (2021) 202-227.
U.M. Abubakar, (2021b, February), A study of exteditbeta and associated functions
connected to Fox-Wright function, 1Symposium of the Fractional Calculus and
Applications Group, tinternational (ONLINE) Conference in MathematiSaiences
and Fractional Calculus, (pp. 1-23).

P. Agarwal, J. Choi and R.B Paris, Extended Rieraouville fractional derivative
operator and its applicationdournal of Nonlinear Science Applicatio,(5)(2015)
451-466.

E. Ata and 1.0 Kiymaz, A study on certain propestid generalized special functions
defined by Fox-Wright functionApplied Mathematics, and Nonlinear Sciences,
(1)(2020) 147-162.

P.L. Butzer and J S. Jansche, A direct approac¢hetdviellin transformJournal of
Fourier Analysis3 (1997) 325-376.

L. Debnath and D. Bhatta, Integral transforms dsir tapplications "8 ed, Chapman
and Hall\ CRC press, Talor and Francis Group: Lonaled New York (2014).

M.A. Chaudhry, A. Qadir, M. Rafiq and Zubair, S,MExtension of Euler's beta
function,Journal of Computational and Applied Mathematig8,(1997) 19-32.

M. El-Shahed and A.Salem, Extension of Wright fiorcand its propertiedournal

of MathematicsArticle ID 950728, Vol. 2015 (2015) 1-11.

P. Karlsson and H.M. Srivastavdultiple gaussian hypergeometric series, In Ellis
Horwood Series: Mathematics and its ApplicatioHslsted Press, Wiley New York
91985).

A.A. Kilbas, H. M Srivastava and J.J. Trujillbheory and applications of fractional
differential equationsNorth-Holland Mathematical Studies, vol. 204 e&&igr (North-
Holland) Science Publishers, Amsterdam (2006).

V. Kiruakova, Some special functions related teticnal calculus and fractional (non-
integer) order control systems and equatidregto University Series: Automatic
Control and Robotics? (1)(2008) 79-98.

N.U. Khan, T. Usman and A. Aman ,Some propertiesceming the analysis of
generalized Wright functiodournal of Computational and Applied Mathemat®s6
(2020) 1-7.

M.A.H. Kulip, F.F. Mohsen and S.S. Barahmah, Furtséended gamma and beta
functions in term of generalized Wright functidglectronic Journal of University of
Aden for Basic and Applied Scienckg?2) (2020) 78-83.

E. Ozergin, M.A. Ozarslan and A.Altin, Extensiorgaimma, beta and hypergeometric
functions,Journal of Computational and Applied Mathemati235 (2011) 4601-4610.

I. Podlubny Fractional differential equationgdcademic Press, New York, NY, USA
(1999).

134



16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

On the Generalized Extended Wright Function

S.G.Samko, A.AKilbas and O.l.Mariche¥ractional integrals and derivatives:
Theory and applicationssordon and Breach, Yverdon et al. (1993).

S.C.Sharma and M.Devi, Certain properties of exdndNright generalized
hypergeometric functiomnnals of Pure and Applied Mathemati€1) (2015) 45-
51.

M.Singhal and E.Mittal, Ona-generalized fractional derivative operator of Riem-
Liouville with some applicationdnternational Journal Applied and Computational
Mathematicsg (143) (2020) 1-16.

I.N. SneddonThe use of the integral transfornigta McGraw-Hill: New Delhi, India
(1979).

H.M. Srivastava, R. Agarwal and S. Jain, Integrahsform and fractional derivative
formulas involving the extended generalized hypengetric functions and probability
distributions,Mathematical Methods in the Applied Sciend&s(2017) 255-273.
H.M. Srivastava, P. Agarwal and S. Jain, Genggatimctions for the generalized
Gauss hypergeometric functiodgplied Mathematics and Computatic@#7 (2014)
348-352.

G. Szego, Orthogonal polynomials, American MathémahtSociety Colloquium
PublicationsAmerican Mathematical Society: Providence, Rhotits 23 (1975).
E.M. Wright, On the coefficient of power series imayv exponential singularity,
Journal of the London Mathematical Societ{;8 (1) (1933) 71-79.

E.M. Wright, The asymptotic expansion of the gelieed hypergeometric function,
Journal of the London Mathematical Societ, (1935) 286-293.

E.M. Wright, The asymptotic expansion of the gelieed hypergeometric function I,
Journal of the London Mathematical Societ8, (2) (1935) 384-408.

E.M. Wright, The generalized Bessel function ofasrdreater than on&uarterly
Journal of Mathematic® (1) (1940) 36-48.

E.M. Wright, The asymptotic expansion of integral functionsraefiby Taylor series,
Philosophy Transaction of Research Society Lon@88,(1940), 423-451.

135



