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Abstract. The purpose of this paper is to give some new notions of intuitionistic fuzzy 
regular spaces and investigate the relationship among them. Also the relations between our 
notions and other given notion of intuitionistic fuzzy regular spaces have been investigated. 
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Finally it is shown that under some conditions image and preimage preserve intuitionistic 
fuzzy regular spaces. 
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1. Introduction 
Fuzzy topology is an important research field in fuzzy mathematics which has been 
established by Chang [1]  in 1968 based on Zadeh's  [2] concept of fuzzy sets. Later,  the 
notion  of  an  intuitionistic  fuzzy  set  was  introduced by Atanassov [3] in 1986 which 
take into account both the degrees of membership and nonmembership subject to the 
condition that their sum does not exceed 1. Coker and coworker  [5,6,7,] introduced  the  
basic concepts of the theory of intuitionistic fuzzy topological spaces. Since then, Coker et 
al. [8],  Singh et al. [9], Lee et al. [10], Saadati et al. [11],  Ahmed et al. [12,13,14,15,16] , 
Mahabub et al. [18,19,20] and Saiful et al. [23,24,25] subsequently initiated a study of 
intuitionistic fuzzy topological spaces by using intuitionistic fuzzy sets. Various 
researchers work particularly on intuitionistic fuzzy regular spaces [17]. Currently Alamgir 
[21] and Islam [23] are working in the field fuzzy logic. In this paper, we investigate some 
properties and features of intuitionistic fuzzy regular Space. 
 
2. Notations and preliminaries  
In this section we recall some basic definitions and known results of fuzzy sets, 
intuitionistic sets, intuitionistic fuzzy sets, topology and their mappings. 
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Through this paper, � is a nonempty set, r and � are constants in (0,1). 	 is a 
topology, t is a fuzzy topology, 
 is an intuitionistic topology and � is an intuitionistic 
fuzzy topology. �  and � are fuzzy sets,  � = ( ��, ��) is  intuitionistic fuzzy set. By 0 and 1, we denote constant fuzzy sets taking values 0 and 1 respectively.  
 
Definition 2.1. [1]. Let � be a non empty set. A family � of fuzzy sets in � is called a fuzzy 
topology (FT, in short) on � if the following conditions hold. 

(1) 0 , 1 ∈ �, 
(2) � ∩ � ∈ �, for all �, � ∈ �, 
(3) ∪ �" ∈ �, for any arbitrary family {�"  ∈ � , $ ∈  %}. 

The above definition is in the sense of C. L. Chang. The pair (�, �) is called a fuzzy 
topological space (FTS, in short), members of � are called fuzzy open sets (FOS, in short) 
in � and their complements are called fuzzy closed sets (FCS, in short) in �. 
 
Definition 2.2. [17]. Suppose � is a non empty set. An intuitionistic set � on � is an object 
having the form � = (�, �(, �)) where �(and �) are subsets of � satisfying �( ∩ �) = *. 
The set �( is called the set of member of � while �) is called the set of non-member of �. 
In this paper, we use the simpler notation � = (�(, �)) instead of � = (�, �(, �)) for an 
intuitionistic set.  
 
Remark 2.1. [17]. Every subset �  of a nonempty set � may obviously be regarded as an 
intuitionistic set having the form � = (�, �+) where �+ = � − �. 
 
Definition 2.3. [17]. Let the intuitionistic sets � and - in � be of the forms � = (�(, �)) 
and - = (-(, -)) respectively. Furthermore, let {�", $ ∈ %}  be an arbitrary family of 

intuitionistic sets in �, where �" = .�"((), �"())/. Then 

(a) � ⊆ - if and only if �( ⊆ -( and �) ⊇ -), 
(b) � = - if and only if � ⊆ - and - ⊆ �, 
(c) �̅ = (�), �(), denotes the complement of �, 

(d) ∩ �" = (∩ �"((),∪ �"())), 

(e) ∪ �" = (∪ �"((),  ∩ �"())), 
(f) *~ = (*, �) and  �~ = (�, *). 

 
Definition 2.4. [15]. Let � be a non empty set. A family 
 of intuitionistic sets in � is 
called an intuitionistic topology (IT, in short) on � if the following conditions hold. 

(1) *~ , �~ ∈ 
, 
(2) � ∩ - ∈ 
 for all �, - ∈ 
, 
(3) ∪ �" ∈ 
 for any arbitrary family {�"  ∈ 
, $ ∈  %}. 

The pair (�, 
) is called an intuitionistic topological space (ITS, in short), members of 
 
are called intuitionistic open sets (IOS, in short) in � and their complements are called 
intuitionistic closed sets (ICS, in short) in �. 
 
Definition 2.5. [3]. Let � be a non empty set. An intuitionistic fuzzy set � (IFS, in short) 
in � is an object having the form � = 456, ��(6), ��(6)7: 6 ∈ �9, where �� and  �� are 
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fuzzy sets in � denote the degree of membership and the degree of non- membership  
respectively with  ��(6) + ��(6) ≤ 1. 
          Throughout this paper, we use the simpler notation � = ( ��, ��) instead of 
 � = 456, ��(6), ��(6)7: 6 ∈ �9 for intuitionistic fuzzy sets. 
 
Remark 2.2. Obviously every fuzzy set � in � is an intuitionistic fuzzy set of the form (�, 1 − �) = (�, �+) and every intuitionistic set � = (�(, �)) in � is an intuitionistic fuzzy 
set of the form 51�< , 1�=7. 
 
Definition 2.6. [3]. Let � be a nonempty set and �, - are intuitionistic fuzzy sets on � be 
given by (��, ��) and (�> , �>) respectively, then 

(a) � ⊆ - if ��(6)  ≤  �>(6) and ��(6)  ≥  �>(6) for all 6 ∈ �, (b) � = - if � ⊆ - and - ⊆ �, (c) �̅  =  (��, ��), (d) � ∩ - =  (�� ∩ �> , �� ∪ �>), (e) � ∪ - =  (�� ∪ �> , �� ∩ �>). 
 

Definition 2.7. [5]. Let {�" = .��B , ��B/ , $ ∈  %} be an arbitrary family of IFSs in �. Then 

(a) ∩ �" = (∩ ��" , ∪ ��" ), 

(b) ∪ �" = (∪ ��B , ∩ ��"  ), 

(c) 0∼ = (0, 1), 1∼ = (1, 0). 
 
Definition 2.8. [5]. An intuitionistic fuzzy topology (IFT, in short) on a nonempty set � is 
a family � of IFSs in �, satisfying the following axioms: 

(1) 0∼, 1∼ ∈ τ, 
(2) � ∩ - ∈  �, for all �, - ∈  �, 
(3) ∪ �" ∈  � for any arbitrary family {�"  ∈  �, $ ∈  %}. 

The pair (�, �) is called an intuitionistic fuzzy topological space (IFTS, in short), members 
of � are called intuitionistic fuzzy open sets (IFOS, in short) in �, and their complements 
are called intuitionistic fuzzy closed sets (IFCS, in short) in �. 
 
Remark 2.3. [16]. Let � be a non empty set and � ⊆ �, then the set � may be regarded as 
a fuzzy set in � by its characteristic function 1�: � → {0,1} ⊂ [0,1] which is defined by  

1�(6) = I1                           JK 6 ∈ �  0 JK 6 ∉ �, J. M. , JK 6 ∈ �+ 

Again, we know that a fuzzy set � in � may be regarded as an intuitionistic fuzzy set by (�, 1 − �) = (�, �+). So every sub set � of � may be regarded as intuitionistic fuzzy set by (1�, 1 − 1�) = (1�, 1�N). 
 
Theorem 2.1. Let (�, 	) be a topological space. Then (�, � ) is an IFTS where  � =
O(1�B , 1�"+), $ ∈ % ∶ �" ∈ 	Q. 
Proof: The proof is obvious. 
 
Note 2.1. Above � is the corresponding intuitionistic fuzzy topology of 	. 



Md. Saiful Islam, Md. Sahadat Hossain and Md. Aman Mahbub 

152 
 

 
Theorem 2.2. Let (�, �) be a fuzzy topological space. Then (�, � ) is an IFTS where � ={(�, �+): � ∈ �}. 
Proof: The proof is obvious. 
 
Note 2.2. Above � is the corresponding intuitionistic fuzzy topology of t. 
 
Theorem 2.3. Let (�, 
) be an intuitionistic topological space. Then (�, �) is an 
intuitionistic fuzzy topological space where 

� = O.1�B< , 1�B=/ , $ ∈ % ∶  �" = 5�"(, �")7 ∈ 
Q. 

Proof: The proof is obvious. 
 
Note 2.3. Above � is the corresponding intuitionistic fuzzy topology of 
.  
 
Definition 2.9. [3] Let � and R be two nonempty sets and K: � → R be a function. If � ={(6, ��(6), ��(6)): 6 ∈ �}  and  - = {(S, �>(S), �>(S)): S ∈ R}  are IFSs in � and R 
respectively, then the pre image of - under K, denoted by KT((-) is the IFS in � defined 
by  
KT((-) = 456, (KT((�>))(6), (KT((�>))(6)7: 6 ∈ �9={(6, �>(K(6)), �>(K(6))): 6 ∈ �} 
and the image of � under K, denoted by K(�) is the IFS in R defined by 
K(�)= 45S, (K(��))(S), (K(��))(S)7: S ∈ R9, where for each S ∈ R 

(K(��))(S) = U  ��(6)    JK  KT((S) ≠ *W∈XY<(Z)
[\]       
0                          ^�ℎM`aJ�M  

(K(��))(S) = U  ��(6)    JK  KT((S) ≠ *W∈XY<(Z)bcd       
1                          ^�ℎM`aJ�M  

 
Definition 2.10. [5] Let (�, �) and (R, e) be IFTSs. A function K: � → R is called 
continuous if KT((-) ∈ � for all - ∈ e and K is called open if K(�) ∈ e for all � ∈ �. 
 
Definition 2.11. [20]. A fuzzy topological space (�, �) is called fuzzy regular if  for  any  
fuzzy  point  6f ∈ � and closed set � in � with 6f ∉  �   there exists    g, h ∈ � such that 6f ∈ g,   � ⊂ h and g ∩ h = 0. 
 
Definition 2.12. [8]. Let � = (��, ��) be a IFS in � and i be a non empty subset of �. The 
restriction of � to i is a IFS in i, denoted by �|i and defined by �|i = (��|i, ��|i). 
 
Definition 2.13. Let  (�, �) be an intuitionistic fuzzy topological space and i is a non 
empty sub set of  � then  �k = {�|i: � ∈ �} is an intuitionistic fuzzy topology on i and (i, �k) is called sub space of (�, �). 
 
Definition 2.14. [8] Let l, m ∈ [0,1] and +m ≤ 1 . An intuitionistic fuzzy point (IFP in 
short) 6 (f,n) of � is an intuitionistic fuzzy set in � define by 

6 (f,n)(S) = I(l, m)   JK S = 6(0.1)  JK S ≠ 6  
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An IFP 6 (f,n) is said to belong to an IFS � = (��, ��) if l < ��(6) and m > ��(6). 
 
Definition 2.15. [17] An intuitionistic fuzzy topological space (�, �) is called IF-Regular 
if for all intuitionistic fuzzy point 6 (f,n) and all intuitionistic fuzzy closed set q = (�r, �r) 
with 6 (f,n) ∉ q there exists intuitionistic fuzzy  sets � = (��, ��), - = (�> , �>) ∈ � such 
that 6 (f,n) ∈ �, q ⊂ - and � ∩ - = 0∼. 
 
3. Intuitionistic fuzzy regular spaces 
In this section, we introduce four new notions of intuitionistic fuzzy regular spaces and 
form an implication among them. Also, we discuss the various features and properties of 
these concepts. 
 
Definition 3.1. Let ̀ ∈ (0,1). An intuitionistic fuzzy topological space (�, �) is called. 

(1) IF-Regular(r-i) if for all 6 ∈ �  and closed set q = (�r , �r) with �r(6) < �r(6), 
there exists � = (��, ��), - = (�> , �>) ∈ � such that ��(6) > `, ��(6) < ` and q ⊂ - with  (�� ∩ �>) ⊂ (�� ∪ �>).  

(2) IF-Regular(r-ii) if for all 6 ∈ �  and closed set q = (�r , �r) with �r(6) < �r(6), 
there exists � = (��, ��), - = (�> , �>) ∈ � such that ��(6) > `, ��(6) = 0 and q ⊂ - with  (�� ∩ �>) ⊂ (�� ∪ �>).  

(3) IF-Regular(r-iii) if for all 6 ∈ �  and closed set q = (�r, �r) with �r(6) < �r(6), 
there exists � = (��, ��), - = (�> , �>) ∈ � such that ��(6) > `, ��(6) < ` and q ⊂ - with  (�� ∩ �>) = 0  and (�� ∪ �>)(S) > 0 for all S ∈ �. 

(4) IF-Regular(r-iv) if for all 6 ∈ �  and closed set q = (�r, �r) with �r(6) < �r(6), 
there exists � = (��, ��), - = (�> , �>) ∈ � such that ��(6) > `, ��(6) = 0 and q ⊂ - with  (�� ∩ �>) = 0  and (�� ∪ �>)(S) > 0 for all S ∈ �. 

 
Theorem 3.1. Let (�, 	) be a topological space and (�, �) be its corresponding IFTS where                          

� = O(1�B , 1�"+), $ ∈ % ∶ �" ∈ 	Q . Then (�, 	) is Regular ⇔ (�, �) is IF-Regular(r-k) for 

any t ∈ {J, JJ, JJJ, Jh}.  
Proof: Suppose (�, 	) is regular space. Let 6 ∈ �  and (1r , 1rN) is closed in (�, �) with 1r(6) < 1rN(6).  Now clearly 1r(6) = 0  and 1rN(6) = 1. So 6 ∉ q. Again since (1r, 1rN) is closed in (�, �), then q is closed in (�, 	). 
Since  (�, 	) is regular, then there exists �, - ∈ 	 such that 6 ∈ �,  q ⊂ -  and � ∩ - =∅.  
By the definition of �, we get  (1�, 1�N), (1> , 1>N) ∈ � as �, - ∈ 	. 
Clearly 1�(6) = 1, 1�N(6) = 0 and (1r , 1rN) ⊂ (1> , 1>N).  
Now for any S ∈ � we get (1� ∩ 1>)(S) = 1�∩>(S) = 1v(S) = 0. 
and (1�N ∪ 1>N)(S) = 1�N∪>N(S) = 1(�∩>)N(S) = 1vN(S) = 1w(S) = 1. i.e., (1� ∩
1>) ⊂ (1�N ∪ 1>N) 
Therefore for any ̀ ∈ (0,1), we get 1�(6) > `, 1�N(6) < `  and (1r , 1rN) ⊂ (1> , 1>N) 
with  (1� ∩ 1>) ⊂ (1�N ∪ 1>N). So (�, �) is IF-Regular(r-i). 
Conversly, suppose (�, �) is IF-Regular(r-i). Let 6 ∈ � , q is closed in (�, 	) with 6 ∉ q. 
Clearly (1r , 1rN) is closed in (�, �). Since 6 ∉ q, 1r(6) = 0 and 1rN(6) = 1. i.e., 1r(6) < 1rN(6). Since (�, �) is IF-Regular(r-i), then there exists (1�, 1�N), (1> , 1>N) ∈ �  
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such that 1�(6) > `, 1�N(6) < `; �>(6) < `, �>(6) > `  and (1r , 1rN) ⊂ (1> , 1>N) with  (1� ∩ 1>) ⊂ (1�N ∪ 1>N).  
By the definition of �, it is clear that �, - ∈ 	 
Now 1�(6) > `, 1�N(6) < ` 1�(6) = 1, 1�N(6) = 0 ⇒ 6 ∈ � 
Again (1r , 1rN) ⊂ (1>, 1>N) ⇒ 1r ⊂ 1> ⇒ q ⊂ -. 
Now for any S ∈ �, (1� ∩ 1>)(S) < (1�N ∪  1>N)(S) ⇒  (1� ∩ 1>)(S) = 0 and (1�N ∪ 1>N)(S) = 1 
Now (1� ∩ 1>)(S) = 0 ⇒ (1�∩>)(S) = 0 ⇒ S ∉ � ∩ - ⇒ � ∩ - = *. 
Therefore for any 6 ∈ � , q is closed in (�, 	) with 6 ∉ q there exists  �, - ∈ 	, 6 ∈ �, q ⊂ - and � ∩ - = *. 
So (�, 	) is regular. 
Similarly we can prove this theorem for t = JJ, JJJ, Jh. 
 
Theorem 3.2. Let (�, �) be a fuzzy topological space and (�, �) be its corresponding IFTS 
where � = {(�, �+) ∶ � ∈ �}. Then  (�, �) is fuzzy regular ⇒ (�, �) is IF-Regular(r-k) for 
any t ∈ {J, JJ, JJJ, Jh}. where ̀ ∈ (0,1). 
Proof: Suppose (�, �) is fuzzy regular. Let 6 ∈ � and (�, �+) is closed in  (�, �) with �(6) < �+(6). 
Consider fuzzy point 6( in �. Since �(6) < �+(6), then �(6) ≠ 1. So 6( ∉  � and clearly  � is closed in (�, �) as (�, �+) is closed  (�, �). 
Now since (�, �) is fuzzy regular, then there exists  g, h ∈ � such that 6( ∈ g,   � ⊂ h and g ∩ h = 0. 
By the definition of �, it is clear that (g, g+), (h, h+) ∈ �. 
Now 6( ∈ g implies g(6) = 1, g+(6) = 0. Therefore g(6) > `, g+(6) < `. 
Again � ⊂ h implies (�, �+) ⊂ (h, h+). 
And finally g ∩ h = 0  implies (g ∩ h) ⊂ (g+ ∪ h+). 
Therefore (�, �) is IF-Regular(r-i). 
Similarly we can prove this theorem for t = JJ, JJJ, Jh. 
 
Theorem 3.3. Let (�, �) be a IFTS. Then we have the following implications 

 
Proof: Suppose (�, �) is IF-Regular (r-iv). Let 6 ∈ �  and closed set q = (�r , �r) with �r(6) < �r(6), Since (�, �) is IF-Regular (r-iv), then there exists � = (��, ��), - =(�>, �>) ∈ � such that ��(6) > `, ��(6) = 0 and q ⊂ - with  (�� ∩ �>) = 0  and (�� ∪ �>)(S) > 0 for allS ∈ �. 
Now  ��(6) = 0 ⇒ ��(6) < `, so (�, �) is IF-Regular (r-iii). i.e., IF-Regular r-(iv) ⇒ IF-
Regular r-(iii). 
Again  (�� ∩ �>) = 0  and (�� ∪ �>)(S) > 0 for all S ∈ � ⇒  (�� ∩ �>) ⊂ (�� ∪ �>). so (�, �) is IF-Regular (r-i). i.e., IF-Regular (r-iii) ⇒ IF-Regular (r-i). 
Similarly we can show that IF-Regular (r-iv) ⇒ IF-Regular (r-ii) ⇒ IF-Regular (r-i). 
 

IF-Regular (r-i) 

 

IF-Regular r-(iv) 

IF-Regular (r-ii)  

 

IF-Regular (r-iii) 
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The reverse implications are not true in general which can be seen as the following 
examples: 
 
Example 3.1. Let � = {6, S} and � be an intuitionistic fuzzy topology on � generated by � = {(6, 0.6, 0.1), (S, 0.3, 0.4)}, - = {(6, 0.2, 0.3), (S, 0.5, 0.2)}. Consider the closed set q = �+ = {(6, 0.1, 0.6), (S, 0.4, 0.3)}, If ` = 0.5, then clearly  (�, �) is IF-Regular(r-i) but 
not IF-Regular(r-ii) and IF-Regular(r-iii). 
Example 3.2. Let � = {6, S} and � be an intuitionistic fuzzy topology on � generated by � = {(6, 0.6, 0.0), (S, 0.3, 0.4)}, - = {(6, 0.2, 0.3), (S, 0.5, 0.2)}. Consider the closed set q = �+ = {(6, 0.0, 0.6), (S, 0.4, 0.3)}, If ` = 0.5, then clearly  (�, �) is IF-Regular(r-ii) but 
not IF-Regular(r-iv). 
 
Example 3.3. Let � = {6, S} and � be an intuitionistic fuzzy topology on � generated by � = {(6, 0.6, 0.0), (S, 0.3, 0.4)}, - = {(6, 0.2, 0.3), (S, 0.5, 0.2)}, and ~ ={(6, 0.6, 0.0), (S, 0.3, 0.4)}.  Consider the closed set q = ~+ = {(6, 0.0, 0.6), (S, 0.4, 0.3)}, 
If ` = 0.5, then clearly  (�, �) is IF-Regular(r-iii) but not IF-Regular(r-iv). 
 
Theorem 3.4. Let (�, �) be a IFTS and ̀, � ∈ (0,1) with ` < �,  then  (�, �) is IF-
Regular(s-ii) ⇒ (�, �) is  IF-Regular(r-ii) and (�, �) is IF-Regular(s-iv) ⇒ (�, �) is  IF-
Regular(r-iv). 
Proof: Let 6 ∈ �, q = (�r, �r) is closed in (�, �)  with �r(6) < �r(6). Since (�, �) is 
IF-Regular(s-ii), there exists � = (��, ��), - = (�> , �>) ∈ � such that ��(6) > �, ��(6) =0 and q ⊂ - with  (�� ∩ �>) ⊂ (�� ∪ �>). Since ̀ < �, we can write ��(S) > `, ��(S) =0. Therefore (�, �) is  IF-Regular(r-ii). 
Similarly we can show that IF-Regular(s-iv) ⇒ IF-Regular(r-iv). 
The reverse implications are not true in general which can be seen as the following 
examples: 
 
Example 3.4. Let � = {6, S} and � be an intuitionistic fuzzy topology on � generated by � = {(6, 0.6, 0.0), (S, 0.3, 0.4)}, - = {(6, 0.2, 0.3), (S, 0.5, 0.2)}. Consider the closet set q = �+ = {(6, 0.0, 0.6), (S, 0.4, 0.3)}. If ` = 0.5 and � = 0.7 then clearly  (�, �) is IF-
Regular(r-ii) but not IF-Regular(s-ii). 
 
Example 3.5. Let � = {6, S} and � be an intuitionistic fuzzy topology on � generated by � = {(6, 0.4, 0.0), (S, 0.0, 0.3)}, - = {(6, 0.0, 0.3), (S, 0.5, 0.2)}. Consider the closet set q = �+ = {(6, 0.0, 0.4), (S, 0.3, 0.0)}. If ` = 0.3 and � = 0.5 then clearly  (�, �) is IF-
Regular(r-ivi) but not IF-Regular(s-iv). 
 
Theorem 3.5. Let  (�, �) be an intuitionistic fuzzy topological space and i is a non empty 
sub set of  �. Then (�, �) is IF-Regular(r-k)⇒ (i, �k) is IF-Regular(r-k) for t ∈{J, JJ, JJJ, Jh}. 
Proof: Suppose (�, �)  is IF-Regular(r-i).  
Let 6 ∈ i, q|i = (�r|i, �r|i) is closed in (i, �k) with (�r|i)(6) < (�r|i)(6).  
Clearly 6 ∈ �, q = (�r , �r) is closed in (�, �)  with �r(6) < �r(6) as (i, �k) is sub space 
of (�, �). 
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Since (�, �) is IF-Regular(r-i), then there exists � = (��, ��), - = (�> , �>) ∈ � such that ��(6) > `, ��(6) < `,  q ⊂ - with  (�� ∩ �>) ⊂ (�� ∪ �>).  
Since (i, �k) is sub space of (�, �), then clearly �|i = (��|i, ��|i) ∈ �k, -|i =(�>|i, �>|i) ∈ �k such that (��|i)(6) > `, (��|i)(6) < `,  (q|i) ⊂ (-|i) with  ((��|i) ∩ (�>|i)) ⊂ ((��|i) ∪ (�>|i)).  
Therefore (i, �k) is IF-Regular(r-i).  
Similarly we can prove this theorem for t = JJ, JJJ, Jh. 
Hence the properties IF-Regular(r-k), t = J, JJ, JJJ, Jh are hereditary. 
 
Theorem 3.6 . Let (�, �) be an IFTS, then we have the following inplications where  ̀ ∈(0,1). 
 
 
 
 
 
 
 
 
Proof: Suppose (�, �) be IF-Regular. Let 6 ∈ �  and IFCS q = (�r , �r) with �r(6) <�r(6). Consider the IFP 6 (�,�). Since �r(6) < �r(6), it is clear that ̀ < �r(6) and ̀ >
�r(6) is impossible.  So 6 (�,�) ∉ q = (�r, �r). Since (�, �) is IF-Regular, there exists � =(��, ��), - = (�> , �>) ∈ � such that 6 (�,�) ∈ �, q ⊂ - and � ∩ - = 0∼. 
Now 6 (�,�) ∈ � ⇒  ` < ��(6) and ̀ > ��(6). i.e., ��(6) > `, ��(6) < `. 
Again since � ∩ - = 0∼, then �� ∩ �> = 0  and �� ∪ �> = 1. i.e., (�� ∩ �>) ⊂ (�� ∪�>).  
Hence (�, �) is IF-Regular(r-i). 
Again suppose (�, �) be IF-Regular. Let 6 ∈ �  and IFCS q = (�r , �r) with �r(6) <�r(6). Consider the IFP 6 (�,�). Since �r(6) < �r(6), it is clear that ̀ < �r(6) and ̀ >
�r(6) is impossible.  So 6 (�,�) ∉ q = (�r, �r). Since (�, �) is IF-Regular, there exists � =
(��, ��),  - = (�> , �>) ∈ � such that 6 (�,�) ∈ �, q ⊂ - and � ∩ - = 0∼.  
Now 6 (�,�) ∈ � ⇒  ` < ��(6) and ̀ > ��(6). i.e., ��(6) > `, ��(6) < `. 
Again since � ∩ - = 0∼, then �� ∩ �> = 0  and �� ∪ �> = 1.  
Now science �� ∪ �> = 1, so for all S ∈ �,  (�� ∪ �>)(S) = 1 i.e., (�� ∪ �>)(S) > 0 
Hence (�, �) is IF-Regular(r-iii). 
The remaining implication may be proved as Theorem 3.3. 
 
Theorem 3.7. Let (�, �) and (R, e) be IFTSs and  K: � → R   is one-one, open and 
continuous. Then (R, e) is IF-Regular(r-k)⇒  (�, �) is IF- Regular (r-k) for t ∈{J, JJ, JJJ, Jh}. 
Proof: Suppose (R, e) is IF- Regular(r-i). Let 6 ∈ �, q = (�r, �r) is closed in (�, �)  with �r(6) < �r(6). Now K(6) = S ∈ R  and K(q) = (K(�r), K(�r) is closed in (R, e) as K is 
open. Since K is one-one thenKT((S) = {6} 
Now K(�r)(S) =  �r(�) =  �r(6)�∈XY<(Z)

[\]        And  (�r)(S) = �r(�) = �r(6)�∈XY<(Z)��X  

IF-Regular 

IF-Regular(r-i) 

IF-Regular(r-iii)  
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Therefore K(�r)(S) < K(�r)(S) as �r(6) < �r(6), 
Since  (R, e) is IF- Regular(r-i). there exists � = (��, ��), - = (�>, �>) ∈ e such that ��(S) > `, ��(S) < ` and K(q) ⊂ - with  (�� ∩ �>) ⊂ (�� ∪ �>). 
Since f is continuous, then KT((�)=( KT((��), KT((��)) ∈ � and  KT((-)=( KT((�>), KT((�>)) ∈ � 
Now we have  KT((��)(6) = ��5K(6)7 = ��(S) > `, KT((��)(6) = ��(K(6)) =��(S) < `. 
And K(q) ⊂ - ⇒ KT((K(q)) ⊂ KT((-). But q ⊂ KT((K(q)) [5]. 
So q ⊂ KT((-). 
Finally for any � ∈ � we get 
 5KT((��) ∩ KT((�>)7(�) = �J�5KT((��)(�), KT((�>)(�)7 =
�J�5��(K(�)), �>(K(�)7 = (�� ∩ �>)K(�) and  
5KT((��) ∪ KT((�>)7(�) = ��65KT((��)(�), KT((�>)(�)7 = ��65��(K(�)), �>(K(�)7

= (�� ∪ �>)K(�) 
But (�� ∩ �>) ⊂ (�� ∪ �>), therefore (�� ∩ �>)K(�) < (�� ∪ �>)K(�) 
So 5KT((��) ∩ KT((�>)7(�) < 5KT((��) ∪ KT((�>)7(�) 
i.e., 5KT((��) ∩ KT((�>)7 ⊂ 5KT((��) ∪ KT((�>)7. 
Therefore (�, �) is IF- Regular (r-i). 
Similarly we can prove this theorem for t = JJ, JJJ, Jh. 
 
Theorem 3.8. Let (�, �) and (R, e) be IFTSs and  K: � → R   is one-one, onto, continuous 
and open. Then (�, �) is IF-Regular(r-k) ⇒  (R, e)  is IF-Regular(r-k) for t ∈ {J, JJ, JJJ, Jh}. 
Proof: Suppose (�, �) is IF- Regular(r-i). Let S ∈ R  and q = (�r , �r) is closed in (R, e) 
with  �r(S) < �r(S). 
Since K is one-one and onto, then there exists a unique 6 ∈ � such that K(6) = S. i.e., KT((S) = {6}. 
Clearly KT((q) = (KT((�r), KT((�r)) is closed in (�, �) as K is continuous. 
Now KT((�r)(6) = �r5K(6)7 = �r(S) < �r(S) = �r(K(6)) = KT((�r)(6) , 
 i.e., KT((�r)(6) < KT((�r)(6). 
Since (�, �) is IF- Regular(r-i), then there exists s � = (��, ��), - = (�> , �>) ∈ � such 
that ��(6) > `, ��(6) < ` and KT((q) ⊂ - with  (�� ∩ �>) ⊂ (�� ∪ �>). 
Clearly K(�) = (K(��), K( ��)) ∈ e, K(-) = ( K(�>), K( �>)) ∈ e as K is open. 
Now K(��)(S) =  ��(�) =  ��(6)�∈XY<(Z)

[\]       > ` and   

(��)(S) = ��(�) = ��(6)�∈XY<(Z)��X < `. 

And KT((q) ⊂ - ⇒ K(KT((q)) ⊂ K(-). But K(KT((q)) = q as K is onto [5]. 
so  q ⊂ K(-). 
Finally, for any � ∈ R, there exists a unique a ∈ � such that K(a) = �. i.e., KT((�) = {a}, 
Now 5K(��) ∩ K(�>)7(�)=�J�(K(��)(�), K(�>)(�)) 

          = �J� .  ��(�)�∈XY<(�)
[\]       , �>(�)�∈XY<(�)��� / = �J�5 ��(a), �>(a)7=( �� ∩ �>)(a) 

And 5K(��) ∪ K(�>)7(�) = ��6(K(��)(�), K(�>)(�)) =
��6 .  ��(�)�∈XY<(�)��X , �>(�)�∈XY<(�)��X /= ��65 ��(a), �>(a)7 = ( �� ∪ �>)(a) 
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But (�� ∩ �>) ⊂ (�� ∪ �>) ⇒ (�� ∩ �>(a) < (�� ∪ �>)(a) ⇒ 5K(��) ∩ K(�>)7(�) <
5K(��) ∪ K(�>)7(�) 
i.e., 5K(��) ∩ K(�>)7 ⊂ 5K(��) ∪ K(�>)7 
Therefore (R, e)  is IF-Regular(r-i). 
Similarly we can prove this theorem for t = JJ, JJJ, Jh. 
 
Corollary 3.1. If (�, �) and (R, e) are IFTSs and  K: � → R   is a homeomorphism then (�, �) is IF-Regular(r-k) if and only if (R, e)  is IF-Regular(r-k) for t ∈ {J, JJ, JJJ, Jh}. 
 
Remark 3.1. IF-Regular(r-k) for t ∈ {J, JJ, JJJ, Jh} are topological property. 
 
4. Conclusion 
In this article, we have given four new ideas of intuitionistic fuzzy regular space and 
established some relationships among them. We have observed from theorem 3.1 and 
theorem 3.2 that our notions  are well defined. Also from theorem 3.5 we say that the 
notions are hereditary. We observed from theorem 3.3 and theorem 3.6 that our notion IF-
Regular(r-i) is most general among all given notions of intuitionistic fuzzy regular 
topological spaces. Finally, we have observed that our notions convey topological property 
in the sense of intuitionistic fuzzy regular space. 
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