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Abstract . A labeled graph G which can be gracefully numbered is said to be graceful.
Labeling the nodes of G with distinct nonnegative integers and then labeling the e edges
of G with the absolute differences between node values, if the graph edge numbers run
from 1 to e, the graph G is gracefully numbered. In this paper, we have discussed the
gracefulness of some the graphs formed from theta graphs.
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1. Introduction

Labeled graphs form useful models for a wide range of applications such as coding
theory, X-ray crystallography, radar, astronomy, circuit design, communication network
addressing and database management.

An graceful labeling f of a graph G with ¢ edges is an injective function from the
set of vertices of G to the set {0,1,2,...,q} such that when each edge Xy is assigned the
label [f(x)-f(y)| , the resulting edge labels are distinct and nonzero. The concept above
was put forward by Rosa in 1967.

The Ringel-Kotzig conjecture that all trees are graceful, has been the focus of
many mathematicians. Among the trees known to be graceful are caterpillars, trees with
at most 4-end vertices, trees with diameter at most 5, trees with at most 35 vertices,
symmetrical trees, regular olive trees, lobsters, firecrackers, banana trees and bamboo
trees.

Graphs consisting of any number of pair wise disjoint paths with common end
vertices are called generalized theta graphs. Various labelings have been found for these
graphs.

In this paper, some new classes of graphs have been constructed by combining
some theta graphs with the star graphs St(n), (n > 1). Only finite simple undirected
graphs are considered here. Our notations and terminology are as in [1]. We refer to [2]
for some basic concepts.
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2. Some results on gracefulness of few theta related graphs

Definition 2.1. The theta graph 0 (o, B, y) consists of three edge disjoint paths of lengths
o, B, and y having the same end points. Let the theta graph 0 (2, 2, 3) have the paths
P1§V2,V1,V5;P2§V2,V6,V5 and P3ZV2,V3,V4,V5.

Definition 2.2. Let A be any graph. Let B and C be any tree graphs. A;j o (B,C) denotes
the new graph formed by attaching a center vertex of B to a vertex v; of A and a center
vertex of C to a vertex vj of A, where 1 and j are distinct.

Theorem 2.3. 644 (2,2,3) o (St(m),St(n)) is graceful, for m>1,n>1.

Proof. Consider the theta graph 6 (2,2,3) with 6 vertices vi,va,...,vs . Let St(m) be a star
graph with (m +1) vertices w,w,w»,...,w,, for m > 1,where w is the center vertex and
W1,W2,..., Wy, are pendant vertices.

Label the star graph St(n) on (n+1) vertices, by naming the vertices
U,Uup,Uy,...,u, ( n > 1). Here u is the center vertex and the other vertices are pendant
vertices.. To form the graph G = 045 (2,2,3) © (St(m),St(n)) attach the vertex w of St(m)
with a vertex v, (1 < a < 6) of 0 (2,2,3) and rename it as v, and attach the vertex u of
St(n) with a vertex v (1 < B< 6) of 0 (2,2,3) and rename it as vg , for distinct o and f.
G has m+n+ 6 vertices and m + n + 7 edges.

The vertex set V(G) = {vi, w, e /I=12,...,6 , j=12,...m, k=12,...n }.
The edge set E (G) ={vi vis1 /1=1,2,...,5} U {vi viys /1=1,2} U {viw;/i=lor 2 or 3 or 4 or
50r6 & j=1,2,...m} U{vjuc/j=lor2or3ord4or5or6 & k=1,2,...,n}.

Let f be the labeling on the set of vertices of G and g be the induced labeling on
the set of edges of G. The vertex label set of G can be written as AUBUC where
A={f(vy)/i1=1,2,...,6},B={f(w)) / j=1,2,...,m},C={ f(u) / k=1,2,...,n }.

The edge label set of G can be written as D W E U F U G where D = {g(v; vi+1) /
i=1,2,...,5}, E = { g(vi visg) / 1=1,2}, F = {g(viwj) /i=1 or 2 or 3 or 4 or 5 or 6 and
7=1,2,..m }, G = {g(vju) /j=lor2or3ord4or5or6 & k=1,2,...,n}. Consider all the
cases upto isomorphism.

Case 1. 0= 1, p=4.

Let the labeling f on the vertices of G be defined by f(v;) = i+1 fori=1; f(v))= m+n
+i+5 for i=2; f(v)= m+n+i+2fori=3;f(vi)y=1i-1 for i=4;f(v)= m+n+i
+1fori=5;f(viy=1-6 fori=6;f(wj))=j+4 for1<j< m; f(uy) = k + 3 for
k=1;f(y)= m+k+4for2<k< n.

The induced labeling g on the edges of G is defined by g (v; vis))=m +n + 5 for
1=1; g(vi vir1) = 2 for i = 2; g(v; virr) =m +n + 2 for i = 3; g(v; viy) =m + n + 3 for
i=4;g(vivi)=m+n+6fori=5; g(viviy) =m-+n+4fori=1;g(viviu)=m-+n+7
fori=2;g(viwj)=j+2fori=1,1<j< myg(viw)=1fori=4,k=1; g(viw)=m+k
+1fori=4,2<k< n.

The vertex labels of G can be arranged in the following order.

A={023 m+n+5 m+n+6,m+n+7},B ={567,..., m+ 4},
C={4, m+6,m+7,..,m+n+4} Theset of vertex labels of Gis AUBUC=

{0,2,3,....m+4,m+6,...,m+n+7}.
The edge labels of G can be arranged in the following order.
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D={2,m+n+2, m+n+3, m+n+5 m+n+6}, E ={m-+n+4,
m+n+7},F= {34 ... m+2},G= {1, m+3, m+4,... m+n+1}. The
set of edgelabelsof G isDUWEUFUG={1,2,3,..., m+n+7 }.

Therefore the set of vertex labels and edge labels are distinct . So f is a graceful
labeling. Hence G = 6014(2,2,3) o (St(m),St(n)), for m> 1, n> 1, is a graceful graph.

Case2.a=1,p=5.

Let the labeling f on the vertices of G be defined by f(vi)=ifori=1; f(vj)=m-+n+i
+5for 1i=2;f(vy)y=1i-1fori=3;f(vj)= m+n+i+2for i=4;f(vy)= i-2 for
1=51fvij=1-6fori=6;f(w)=j+4forl <j< m;flu)= k+3fork=1; flu) =
m+k+5for2<k<n.

The induced labeling g on the edges of G is defined by g(v; viy) = m—+n+6
fori=1; g(vivin)=m-+n+5fori=2; g(vivin)=m-+n+4fori=3; g(v;visy)=m+n
+3 fori=4; g(vi vir) =3 fori=25; g(v; vig) =2 for i = 1; g(v; viy) = m + n + 7 for
i=2; giviw))=j+3fori=1,1<j< m;g(viwy)=1for i=5k=1;g(vim)=m+k+
2 for i=5,2<k< n.

The vertex labels of G can be arranged in the following order.

A={0123 m+n+6,m+n+7}, B=1{567 .. m+4}, C={4 m+7,
m+8,..., m+n+ 5}. The set of vertex labels of GisA UBUC={0,1,2,3,..., m+4,
m+7,...,m+n+7}.

The edge labels of G can be arranged in the following order.

D=3 m+n+3,... m+n+6},,E =2, m+n+7},F={4,5,..., m+3},
G={l,m+4,m+5,...,m+n+2}. The set of edge labels of G is DUEUFUG = {1,2,3,

ee., m+n+7 3.
Therefore the set of vertex labels and edge labels are distinct. So f is a graceful
labeling. Hence G = 6,5(2,2,3) o (St(m),St(n)), for m>1,n>1, is a graceful graph.

Case3.0=1,p5=6.
Let the labeling f on the vertices of G be defined by f(v))=i1+1fori=1; f(v;)=m+n
+it+5for i=2;f(vi)=1-3fori=3,6;f(v))= m+n+i+2 for i=4;f(vy)y=m+n+i
fori=5;f(wj))=j+4forl <j<m;f(u)=kfork=1;flu)=m+k+4 for2<k< n.
The induced labeling g on the edges of G is defined by g(v; vix1)) = m+n+ 5 for
i=1;g(vVivi)=m+n+7 fori=2;g(viviy) =m+n+6fori=3; g(v;vi)=1fori=
4;e(vivi)=m-+n+2fori=5;gv;viy)=m+n+3fori=1;g(viviy)=m+n+4
fori=2;g(viw)=j+2fori=1,1<j<m;g(viw)=2fori=6,k=1;g(viu)=m+k
+1fori=6,2<k< n.
The vertex labels of G can be arranged in the following order.
A={023m+n+5 m+n+6,m+n+7},B ={56,7,...,m+4}, C={l,
m+6,m+7,..., m+n+4} Theset of vertex labels of Gis AUB U C={0,1, 2, 3,

5 ..,m+4 m+6,...m+n+7}.

The edge labels of G can be arranged in the following order.

D={ 1, m+n+2,m+n+5 m+n+6,m+n+7}, E = { m+n+3,
m+n+4},F= {34, ..., m+2},G= {2, m+3, m+4,...,m+n+1}. Theset

of edge labelsof GisDUEUFUG={1,2,3,..., m+n+7}.

80



Graceful Labeling of Some Theta Related Graphs

Therefore the set of vertex labels and edge labels are distinct. So fis a graceful
labeling. Hence G = 0,4(2,2,3) o (St(m),St(n)), for m>1,n>1, is a graceful graph.

Case 4. 0=2, p=4.

Let the labeling f on the vertices of G be defined by f(v;) =1+ 2 fori = 1; f(v;) =i for
i=2;f(vy)y= m+i+2fori=3;f(v)=1-3for i=4;f(vy)y= m+n+i+2 fori=35;
flvj)=1—-6for i=6;f(w)=j+4for1 <j< m;flu)= m+k+5forl <k< n-I;
flu)=m+ k+6 fork=n.

The induced labeling g on the edges of G is defined by g(v; viy) =1 fori=1;
gvivi)=m+3fori=2;g(vivi)= m+4 fori=3;g(vivi))= m+n+6 fori=4;
gvivii)=m+n+7fori=5; gviviy)=m+n+4 fori=1;g(v;vig) =2 fori=2;
glviw)=j+2fori=2, 1<j< myg(vim)=m+k+4 fori=4, I<k< n-1; g(viuy)
= m+k+5for i=4,k=n.

The vertex labels of G can be arranged in the following order.

A=1{0,123m+5 m+n+7}, B={56,7,...m+4}, C={m+ 6, m+7,...,
m+n+4, m+n+6}. The set of vertex labelsof Gis AVMBUC=1{0,1,2,3,5,...,

m+n+4, m+n+ 6,...,m+n+7}.
The edge labels of G can be arranged in the following order.
D={1, m+3,m+4 m+n+6,m+n+7}, E={2 m+n+4}, F={3,4,
.., m+2} G={m+5 mto6,....m +nt3, m + n+5}. The set of edge labels of G is
DUEUFUG={1,2,3,...,m+n+7 }.
Therefore the set of vertex labels and edge labels are distinct . So f is a graceful
labeling. Hence G = 04(2,2,3) o (St(m),St(n)), for m>1,n > 1, is a graceful graph.

Case5.0=2,p=5.
Let the labeling f on the vertices of G be defined by f(v;)=i1+2 fori=1; f(vj))= i—1 for
i=2,3;f(v)=m+i+t2fori=4;f(v)=i1i—5for i=5; f(vj)=m+n+i+1 fori=6;
flw)=j+4for1 <j< m;flu)= m+k+4for k=1;flu)=m+ k+5 for2<k< n.
The induced labeling g on the edges of G is defined by g(v; vix)) =2 fori=1;
gvivis)=1for 1=2;g(vivis)=m+4 fori=3; g(v;vi) =m+ 6 fori=4; g(v; Vit1)
=m+n+7 fori=>35;g(vivia)=3fori=1;g(viviu)= m+n+6 fori=2;g(v;wj)=
jt3fori=2,1<j<m;gviw)=m+k+4fori=5k=1;g(v;u)=m+k+5 for
i=5,2<k<n
The vertex labels of G can be arranged in the following order.
A={0,123m+6,m+n+7},B=1{567,..m+4},,C={m+5 m+7,...,
m+n+5}. The set of vertex labelsof Gis AUBUC={0,1,2,3,5,..., m+n+5,

m-+n+7}.

The edge labels of G can be arranged in the following order.

D={12m+4, m+6,m+n+7},E ={3m+n+6},F={4,5,..., m+ 3},
G={m+5 m+7,... m+n+5} Theset of edge labelsof G is DUEUFUG=
{1,2,3,....m +n+7}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful
labeling. Hence G = 0,5(2,2,3) o (St(m),St(n)), for m>1,n>1, is a graceful graph.
Case 6. 0=3,p=4.
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Let the labeling f on the vertices of G be defined by f(v;) =i+2 fori=1; f(vj)=m+n+
i+4 fori=2;f(vjy=i+1fori=3;f(v))=i1-2fori=4; f(v)=m+n+2+1i for
i=5f(vi=1i-6fori=6; f(w)=n-+j+5forl<j< m;f(u)= k for k=1; flu) =
k+3for2<k< n.

The induced labeling g on the edges of G is defined by g(v; vis;)) =m + n + 3 for
i=l;g(vivis) =m+n+2 fori=2; g(v; visy) =2 fori=3; g(vi vi,y) =m+n+ 5 fori=4;
gvivi)= m+n+7fori=5;g(Vivig) = m+n+4 fori=1;gViviy)= m+n+6
fori=2;g(viw)=n+j+1fori=3, 1<j< myg(viw)=kfori=4,k=1; gviw)=
k+1for i=42<k< n.

The vertex labels of G can be arranged in the following order.

A=1{0,2,3,4m+n+6, m+n+7} B ={n+6n+7,..., m+n+5}
C={1,5,...,n+3}. The set of vertex labelsof Gis AUBUC=/{0,1,2,3,4,5, ...,

n+3,n+6,n+7,..., m+n+7}.

The edge labels of G can be arranged in the following order.

D=2 m+n+2m+n+3 m+n+5 m+n+7}, E={m+n+4,
m+n+6},F={n+2,n+3, ..., m+ n+1},G= {1,3,4,5,....,n+1}. Theset of
edge labelsof GisDUVE UFUG={1,2,3,..., m+n+7}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful
labeling. Hence G = 034(2,2,3) o (St(m),St(n)), for m>1,n>1, is a graceful graph.

Case7.a=4,p=5.
Let the labeling f on the vertices of G be defined by f(vi) =n + 1+ 4 fori = 1; f(v;) =
i—-2fori=2;f(v)j=m+n+it+4fori=3;f(vj=i—-3fori=4,5; f(v()= n+ifor
1=6;f(w)=j+2forj=1;f(w)=n+j+6for2<j< m; f(u) =k +4 for ISk< n.
The induced labeling g on the edges of G is defined by g(v; vi+1) = n + 5 for
i=1;g(vivis) =m+n+7 fori=2;g(v; Vi) =m~+n+ 6 fori=3; g(v; viry) = 1for i = 4;
gvivis) =n+4 fori=5 gvivig) =n+3fori=1; gv;viu) =n+ 6 fori=2;
gviwj)= 2fori=4,j=1;g(viw))=n+ j+5 fori=4,2<j< m;g(viuwy = k+2for
i=51<k<n
The vertex labels of G can be arranged in the following order.
A=1{0,12,n+5 n+6,m+n+7},B ={5,6,...,n+4}, C ={3,n+8,
n+9,...,m+n+6}. Theset of vertex labelsof Gis AUBUC={0,1,2,3, 5, ...,

n+6, n+8, ..., m+n+7}.
The edge labels of G can be arranged in the following order.
D={l, n+4 n+5 m+n+6,m+n+7}, E = {n+3 n+ 6},

F= {3,4,...,n+2},G= {2n+7,..., m+n+5}. Theset of edge labels of G is
DUEUVFUG={1,2,3,..., m+n+7}.

Therefore the set of vertex labels and edge labels are distinct . So fis a graceful
labeling. Hence G = 045(2,2,3) o (St(m),St(n)), for m>1,n > 1, is a graceful graph.

Case 8. a=4, p=6.

Let the labeling f on the vertices of G be defined by f(v;)=i—1fori=1; f(vj)=m+n+
it4fori=2;f(vj)y=1—-2for i=3,6; f(vjj=i—1fori=4;f(v)=m+n+i+2 for
i=5; fiw)=j+1lforj=1;f(lwj)=j+4for2<j< m; fluy)=m+k+5forI<k< n.
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The induced labeling g on the edges of G is defined by g(v; vi+;)) =m+n+ 6 for
i=1; g(vivig)=m+n+5 fori=2; g(v; visy) =2 fori=3; g(v; viry) =m + n + 4 for
i=4; g(vivis)) =m+n + 3 for i =5; g(v; Visg) = m+n +7 for i = 1; g(v; Visg) = m+ n+2 for
i=2gviw)=1fori=4,j=1;gviw)=j+1fori=42<j< m;g(viu)=m+k+1
for i=6,1<k< n.

The vertex labels of G can be arranged in the following order.

A={0,1,3,4 m+n+6,m+n+7},,B ={2,6,.... m+4},C = {m+6,...,
m + n + 5}. The set of vertex labels of Gis A W B U C = {0,1,2,3,4, 6,....m + 4,

m+6,....m+n+7}.

The edge labels of G can be arranged in the following order.

D={2,m+n+3,.. . mtn+6},E={mn+2, m+n+7},F={1,3,4,...,
m+ 1}, G={m+ 2,...mtn+1}. The set of edge labels of G is DUEUFUG
={1,2,3,...,m+n +7}.

Therefore the set of vertex labels and edge labels are distinct . So f is a graceful
labeling. Hence G = 046(2,2,3) o (St(m),St(n)), for m> 1, n > 1, is a graceful graph.

Case 9. 0= 5, B =6.

Let the labeling f on the vertices of G be defined by f(vj)=i+3 fori=1; f(v))=m+tn+
i+5fori=2;f(v;))=1—3fori=3,6;f(v)=m+n+i+2fori=4;f(v)=i—4fori=75;
flw)=j+4for1 <j< m;flu)=k+1fork=1;flux)=m+k+5for2<k < n.

The induced labeling g on the edges of G is defined by g(v; vis)) = m+n+3
fori=1;g(viviq)= m+n+7fori=2;g(vivin)=m+n+6fori=3; g(v;viy)=m+n
+5fori=4; g(vivis)=2fori=>5; g(v; viig) =3 fori=1; g(viviu) =m+n+4 fori=2;
glviwj)=j+3fori=5,1<j<m; g(viw)=1for i=6,k=1;g(viuy)y= m+k+2for
i=6,2<k<n.

The vertex labels of G can be arranged in the following order.

A={0,13,4m+n+6,m+n+7}, B = {56,..., m+t4}, C ={2
m+7,..., m+n+5}. The set of vertex labelsof Gis AUBUC=1{0,1,2,34,6, ...,

m+4,m+7,...,m+n+7}.

The edge labels of G can be arranged in the following order.

D=2, m+n+3 m+n+5, ... m+n+7}, E= {3, m+n+4},F= {4,5,6,
..,m+3},G={1,m+4,..., m+n+2}.The set of edge labelsof G is D UE UFU
G={12,3,...,m+n+7}.

Therefore the set of vertex labels and edge labels are distinct . So f is a graceful
labeling. Hence G = 0s4(2,2,3) o (St(m),St(n)), for m>1,n > 1, is a graceful graph.
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