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Abgract . A labeled graph G which can be gracefully numbeseshid to be graceful.
Labeling the nodes of G with distinct nonnegativegers and then labeling the e edges
of G with the absolute differences between nodeeslif the graph edge numbers run
from 1 to e, the graph G is gracefully numberedthlis paper, we have discussed the
gracefulness of a few graphs formed from varioushioations of some bicyclic graphs.
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1. Introduction

We consider only finite, simple and undirectebeled graphs here. Labeled graphs
form useful models for a wide range of applicatisweh as coding theory, X-ray

crystallography, radar, astronomy, circuit desigmmmunication network addressing and
database management

An graceful labelingf of a graphG with g edges is an injective function from the
vertices ofG to the set {0,1,2,..g} such that when each edgg is assigned the label
[f(x)-f(y)| , the resulting edge labels are distinct andzaom The concept above was put
forward by Rosa in 1967.

All trees are graceful by the Ringel-Kotzig carjge. Among the trees known
to be graceful are caterpillars, trees with at ndbsnd vertices, trees with diameter at
most 5, trees with at most 35 vertices, symmetricggds, regular olive trees, lobsters,
firecrackers, banana trees and bamboo trees.

Graphs consisting of any number of pair wise digjgiaths with common end
vertices are called generalized theta graphs. Wariabelings have been found for these
graphs.

In this paper, some new classes of graphs have dmestructed by combining
sometheta graphs, path graphs with the star graphs St} ). Our notations and
terminology are as in [1]. Wieefer to [2] for some basic concepts.
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2. Someresultson the gracefulness of various bicyclic graphs

Definition 2.1. The theta graph (o, B, y) consists of three edge disjoint paths of lengths
a, B, andy having the same end points. Let the theta gfah, 2, 3) have the paths
P1:Vo, V1, Vs Poivo, Ve, Vs and RBiva,Va, Vs, Vs.

Definition 2.2. Let A be any graph. Let B and C be any tree ggaph@ (B,C) denotes

a new graph formed by attaching a center verteX tuf a vertex yof A by means of an
edge and a center vertex of C to a verteaf\A by means of an edge, where i and j are
distinct.

Definition 2.3. A graph with two cycles having p vertices and (ft)+edges is called a
bicyclic graph.

Theorem 2.4. 0,4 (2,2,3) @ (St(m),St(n))s graceful, for m = n and m,nl.

Proof. Consider the theta graph(2,2,3) with 6 verticesws,,...,vs . Let St(m) be a star
graph with (m +1) vertices wawv,,...,.W,, for m> 1,where w is the center vertex and
Wi1,Wy,...,Wy are pendant vertices.

Label the star graph St(n) on+() vertices, by naming the vertices
U,Uy,W,...,U, ( N> 1). Here u is the center vertex and the otherioestare pendant
vertices, To form the bicyclic graph G &, (2,2,3) @ (St(m),St(n)) attach the vertex w
of St(m) with a vertex (1< a < 6) of6 (2,2,3) by an edge wy and attach the vertex u
of St(n) with a vertexy(1 < p < 6) of 0 (2,2,3)by an edge wy for distincto. andp.

G has m +n + 8 vertices and m + n + 9 edgesmLanhd n be equal.

The vertex set V(G) = {u, w,wy, u/i=12,..6, j=12,...m,k=1.2,....n}.
The edge set E(G) ={Wi.1 /i=1,2,....5} U {vi Vi /1 = 1,2} U {ww; / j=12,...m}
Uf{uu/ k=1,2,...,nJu{viw, vy u/ i,j=1or 2 or 3 or4or5 or 6 anci}.

Let f be the labeling on the set of vertices ofr@ g be the induced labeling on
the set of edges of G. The vertex label set ofa@ lze written as WBUCUI where
A ={f(vy) /i=1,2,....6}, B = { f(w) / j=1,2,..., m}, C={flw / k=1,2,...n},
I'={f(u), f(w) }.

The edge label set of G can be written &8EDFUGUH where D={g(V Vi+1) /
i=1,2,...,5}, E={g(v Viig) / i=1,2},F={g(ww)) / j=1,2,....m}, G = {g(uu) / k=1,2,...,n},
H={g(viw), g(yu)/ i,j=1or2or3or4or5or6 angi}. Consider all the cases up
to isomorphism.

Casel. a=1,p=4.

Let the labeling f on the vertices of e defined by f(y = i+ 1 fori = 1,
fvi)y=m+ i+5for i=2;f=i—3fori=3;f()y = m+n+i+5fori=4
flvij = m+i+3fori=5 fy = i—21fori=6;f(y=j+5forl<j< m;

flu)= m+k+8for Kk< n;f(w)=m+6; f(u)=1.

The induced labeling g on the edges ofi$&sdefined by g(vwvi.1)) = m + 5 for
i=1; g(yVie) =m+7fori=2;g(VWi) =m+n+9fori=3; g(ws.)=m+ 1 for
i=4;g(MVi)) =m+3for i=5;g(Wisa) =m+6fori=1; g(Wia) =m+2fori=2;
gww) =m-—j+1forl<j< m;g(ug) =m+k+7foril<k< n;gwy) =m+4
fori=1;g(uy)=m+n+8forj=4.
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The vertex labels of G can be arranged in thevioiig order.

A={0,2,5m+7, m+8 m+n+9}, B ={§7.m+5,C={m+09,...,
m+n+8} 1 ={1 m+ 6 }LThe set of vertex bals of G is ABUCUI =
{0,1,2,5,...,m + n + 9}.

The edge labels of G can be arranged in the fofigwirder.

D=fm+1, m+3, m+5,m+7, m+n+9}L Em{+2 m+6}, F={1,2,...,
mL,G={m+8,...m+n+7}, H={m+4, m+n +8}. The set @dge labels of G
isDUEUVUFJUGUH={1,2,3,..,m+n+9}.

Therefore the set of vertex labels and edge ladrelglistinct . So f is a graceful
labeling. Hence G #9142,2,3) @ (St(m),St(n)), for g1, n>1, is a graceful graph.

Case2. o=1,p=5.

Let the labeling f on the vertices of k& defined by f(y=i+3fori=1;f(yy =m+n
+i+7 for i=2;f(y =i—3fori=3;f(y)=i—2for i=4;f() =m+n+i+3 for
i=5f(v)=i—5fori=6;f(y)=j+5for1l<j< m;f(u) =m+k+7forI<k< n;
f(w) =3;f(u)=5.

The induced labeling g on the edges ofsGlefined by g(wi.1) =m +n +5 for
i=1;,9(MVe)=m+n+9 fori=2; gWa.)=2fori=3;9(yVii) =m+n + 6 for
i=4;,9MVi)=m+n+7fori=5gWu)=m+n+4fori=1;gWs)=m+n+8
fori=2;g(ww) =j+2forl<j< m; g(uy) =m+k+2foril<k< n; g(wv) =1 for
i=1;9(uy) =m+n+3forj=5.

The vertex labels of G can be arranged in the followirngder.
A={0,12,4m+n+8m+n+9}, B={67..m53, C={m+8,...m+n+7}
| = {3,5}. The set of vertex labels of G isuBUCuUI ={0,1,2,...m+5, m+ 8,...,

m + n +9}.

The edge labels of G can be arranged in the fofigwirder.

D={2, m+tn+5,m+n+6,m+n+7, m+n+E={m+n+4, m+n+8},
F={34,..mt2},G={m+3,...m+n+2} H={1m n+ 3}. The set of edge
labelsof GisIUEUFUGUH={1,2,3,..., m+n+9}

Therefore the set of vertex labels and edge labeldistinct . So f is a graceful
labeling. Hence G 845(2,2,3) @ (St(m),St(n)), for m1, n>1, is a graceful graph.

Case3. a=1,p=6.
Let the labeling f on the vertices of Be defined by f(y =i +3 fori=1; f(y) =i for
i=2;f(v)=m+n+i+3fori=3;f(y=i—4for i=4; f() =m+n+i+4fori=5;
flvij=i—-5for i=6;f(y =j+4forl<j< m; flu)=m+k+5foril<k< n;
fw)=m+n+7;f(u)y=m+n +8.

The induced labeling g on the edges ofissdefined by g(wi.1) = 2 fori = 1;
g(Vi Vikr) =m +n +4 fori=2; g(wi1)) =m+n+6fori=3; glwi) =m+n+9for
i=4;gMvs) =m+n+8fori=5;, gW)=m+n+5fori=1; g(wis) =1 for
i=2;,9gww) =m+n—j+ 3for ¥j< m;guy) =n-k+ 3 forl<k< n
gwv)=m+n+3fori=1;g(yy=m+n+7forj=6.

The vertex labels of G can be arranged in thevioiig order.
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A ={0,1,2,4,m +n +6,m +n +9}, B = {5,6,7,....m + 4E = {m +6,...,m +n +5},
I={m+n+7, m+n + 8}. The set of vertexbks of G is AJBUCUI ={0,1,2/4,...,
m +4,m +6,...,m +n +9}.

The edge labels of G can be arranged in the fofigwirder.

D={2, m+n+4, m+n+6, m+n+8 m+n+%={1,m+n + 5}
F=n+3,..m+n+2},G={3,..m+n+2} ,H=fh+n+3, m+n+7} Theset
of edge labelsof GisDEVUFUGUH={1,2,3,..., m+n+9}.

Therefore the set of vertex labels and edge ladrelddistinct. So f is a graceful
labeling. Hence, G #9:42,2,3) @ (St(m),St(n)), for w1, n>1, is a graceful graph.

Cased. a=2,p=4.
Let the labeling f on the vertices of k& defined by f(y=i—1fori=1;f() =m+n+
6+ifor i=2;f(yy=i+1fori=3;f(yy=n+2+ifor i=4;f) =m+n+i+4 for
i=5f(v)=i—4for i=6,fW=n+j+6forl<j< m;f(u) =k+5forl<k< n;
f(w) =3;f(u) =5.

The induced labeling g on the edges ofsGlefined by g(wi.1)) = m + n + 8 for
i=1gMvi) =m+n+4fori=2;g(wi) =n+2fori=3;g(wi)=n+3fori=4;
g(Vi Vi) =m+n+7fori=5; gwis) =m+n+9fori=1; gwis) =m+n+ 6 for
i=2;gww)=n+j+3forl<j< m; g(uy) =kforl<k< n;g(wy)=m+n+5 for
i=2;9(uy)=n+1lforj=4.

The vertex labels of G can be arranged in thevioiig order.

A={024n+6m+n+8 m+n+9}, B={n#M+n+6}, C ={6,7,...,
n + 5}, | ={3,5}. The set of vertex labels of & AUBUCUI = {0, 2,...,m + n +6,
m+n+8 m+n+9}

The edge labels of G can be arranged in the fofigwirder.

D={n+2,n+3, m+n+4, m+n+7,m+ 84, E = {m+n+6,
m+n+9}LF={nh+4,..,. m+n+3},G={1,2,,n},H={n+1, m+n +5}.The set
of edge labelsof GisDEUFUGUH={1,2,3,..., m+n+9}.

Therefore the set of vertex labels and edge ladrelslistinct . So f is a graceful
labeling. Hence G #,4(2,2,3) @ (St(m),St(n)), for m1, n>1, is a graceful graph.

Cae 5. a=2,=5.
Let the labeling f on the vertices of & defined by f(y = i—1fori=1;f(M\)=m+n+
i+7 for i=2;fy)=n+i+3for i=3;fy=m+n+i+d4fori=4;fy=m+n+i
+2for i=5/f(yy=i—5fori=6;fly) =j+5forl<j< m;flu)=m+k+6
for 1<k < n;f(w) = 4; f(u) = 3.

The induced labeling g on the edges ofsGlefined by g(wi.1) =m+n+ 9 for
i=1, 90 Vi) =m + 3 fori=2; g(vviis) = m+ 2 fori=3; g(vviiy) = 1 for i = 4;
g(Vi Vier) =m +n + 6 fori =5; g(wis) = m +n +7 fori = 1; g(wig) = m +n +8 for
i=2;gww)=j+lforl<j< m; g(uy) =m+k +3 for I<k< n; gwy) =m+n+5
fori=2;guy)=m+n+4forj=5.

The vertex labels of G can be arranged in theioiig order.

A={0lL,n+6,m+n+7, m+n +8, m+n+9 B =1{6,7, ..., m + 5},
C={m+7,...m+n+6}, 1={3,4}.The set of vertex lasedf G is AJBUCUI = {0,
1,3/4,6,..., m+n+9}.
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The edge labels of G can be arranged in the fofigwirder.

D={1l,m+2,m+3, m+n+6, m+n+9}, Em+n+7 m+n+ 8},
F={23,..m+1}, G={m+4,...,. m+n+3} H=f+n+4, m+n+5}The set of
edge labelsof GisDEUFUGUH={1,2,3,..., m+n+9}.

Therefore the set of vertex labels and edge ladrelslistinct . So f is a graceful
labeling. Hence G #4,52,2,3) @ (St(m),St(n)), for g1, n>1, is a graceful graph.

Case6. 0.=3,p=4.

Let the labeling f on the vertices of k& defined by f(y=i—1fori=1;f() =m+n+
i+6for i=2;f(W)=n+i+4fori=3;f(y=ifori=4;f(M)=m+n+4+ifor i=5;
flvi) =i—4fori=6; fyy=m+j+7forl<j< m;flu) =k+5forl<k< n;
fw)=3;f(u)=n+6.

The induced labeling g on the edges ofsGlefined by g(wi.1) =m +n + 8 for
i=1;g(M Vi) =n+ 1fori=2; g(wi) =n+3fori=3;g(Wwii) =m+n+5fori=4,
g(Vi Vi) =m+n+7fori=5; gwWis) =m+n+9fori=1; gwis) =m+n+ 6 for
i=2;gww)=m+ j+4forl<j<m; glug) =n—-k+1forl<k< n;gwy)=n+4
fori=3; g(uy) =n+ 2 forj=4.

The vertex labels of G can be arranged in theioiig order.

A={024,n+7, m+n+8 m+n+9}, B={n8,..,.m+n+7}
C={6,7,....n+5} 1={3,n+6 }.The set ofevtex labels of Gis WBUCUI = {0,
2,3,4,6, ..., m+n+9}.

The edge labels of G can be arranged in the fofigwirder.

D={n+1,n+3 m+n+5 m+n+7 m+n+H8E={m+n+6,
m+n+9, F={n+5..., m+n+4},G={1,2,n},H={n+2,n+4} The set
of edge labelsof GisDEUFUGUH={1,2,3,..,m+n+9}.

Therefore the set of vertex labels and edge labeldistinct . So f is a graceful
labeling. Hence G #342,2,3) @ (St(m),St(n)), for m1, n>1, is a graceful graph.

Case7. =4, =5.

Let the labeling f on the vertices of Be defined by f(y =i fori=1;f(M)=m+n+
i+7fori=2;f(y)=i—3fori=3;f(yy=i—2fori=4,6; fy =m+n+i+ 3for
i=5;f(w)=j+5for1<j< m; flu)=m+k+7forkxk< n;f(w)=3; f(u)=5.

The induced labeling g on the edges ofsGlefined by g(wi.1) = m + n + 8 for
i=1;,9(MVe)=m+n+9 fori=2; gWa.)=2fori=3;9(yVii) =m+n + 6 for
i=4;9MVvi)=m+n+4fori=5gWs)=m+n+7fori=1;gwWs) =m+n+5
fori=2;gww)=j+2forl<j<m; g(uy) =m+k+ 2 for I< k<n; g(wv) = 1 for
i=4;9(uy)=m+n+3 forj=5.

The vertex labels of G can be arranged in thevioiig order.

A={0,124m+n+8 m+n+9},B={6,... m3}, C={m+8,...m+n
+7}, I={ 3, 5}. The set of vertex labels of & AuBuUCUI ={0,1,... , m + 5,
m + 8,...,m +n +9}.

The edge labels of G can be arranged in the fofigwirder.

D={2, m+n+4m+n+6, m+n+8, m+n +9}, E=f{+n +5 m +n +7},
F={34,..m+2},G={m+3,....m+n+2}, H& m+n+ 3}. The set of edge
labelsof GisDUEUFUGUH={1,2,3,..., m+n+9}.
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Therefore the set of vertex labels and edge ladelglistinct. So f is a graceful
labeling. Hence G #4,52,2,3) @ (St(m),St(n)), for g1, n>1, is a graceful graph.

Cae8. 0=4,p=6.

Let the labeling f on the vertices of & defined by f(y=i—1fori=1,6;f() =m+
n+i+7fori=2; f(y=i—2for i=3,5 fY=m+n+i+4fori=4; f(y=j+5for
1<j<m; f(u) =m+k+7for ¥k< n; fl(w)=2;f(u)=4.

The induced labeling g on the edges ofsGlefined by g(wi.1) =m +n + 9 for
i=1;,9MVk) =m+n+8 fori=2;g(Ws)=m+n+7 fori=3; g(W)=m+n+
5fori=4; g(yVii) =2fori=5; g(yvis) =3fori=1;g(yVias) =m+n+4fori=2;
gww) =j+3forl<j< m;gug) =m+k+3foril<k< n; gwy) =m+n +6 for
i =4;g(uy) =1forj=6.

The vertex labels of G can be arranged in theioiig order.

A={0,1,35 m+n+8 m+n+9}B={67,... m3#E C={m+8,...m+n+
7}, 1 ={2, 4}. The set of vertex labelsof GAUBuUCuUI={01,.., m+5,

m + 8,...,m +n +9}.

The edge labels of G can be arranged in the fofigwirder.

D={2m+n+5 m+n+7, m+n+8 m+n+49E ={3m+n + 4},
F={45,...mt3}, G={m+4,... m+n+3},HE m+n+6}. The set of edge
labelsof GisIUEUFUGUH={1,2,3,....m+n +9}.

Therefore the set of vertex labels and edge lareldistinct. So f is a graceful
labeling. Hence G #442,2,3) @ (St(m),St(n)), for m1, n>1, is a graceful graph.

Cae9. =5, =6.

Let the labeling f on the vertices of k& defined by f(y=i—1fori=1;f() =m+n+
i+7fori=2;f(y)=i+1for i=3;f(yy=i—3for i=4; f)y=m+n+i+3for i=5;
f(vij=m+n+i+lfori=6; f(y=j+5forl<j< m; flu)=m+k+6forl<k< n;
f(w) =2;f(u) =3.

The induced labeling g on the edges oigxdefined by g(wi1)) =m+n+9
fori=1;,9(fVik) =m+n+5fori=2; g{wiy)=3fori=3; g(yvi) =m+n+ 7 for
i=4; gyvis) =1fori=5;9(vVig) =m+n+8fori=1; glwia) =2 fori=2;
gww) =j+3for 1<j< m; gluy) = m+k +3 for I<k< n; g(wy) =m + n + 6 for
i=5; gluy) =m+n+4forj=6.

The vertex labels of G can be arranged in thevioiig order.

A={014 m+n+7, m+n+8m+n+9} B =6{,.., m+ 5}
C={m+7,...,m+n+6}, 1={2, 3} The sedf vertex labels of G is¥BUCUI
={0,1,2,3,4,6,..., m+5 m+7,...,m+n+9}

The edge labels of G can be arranged in the fofigwirder.

D={1,3 m+n+5 m+n+7, m+n+9}LE2{m+n+8} F={4,5,...,
m+3},G={m+4,.m+n+3},,H={m+n+4,mn+ 6}. The set of edge labels
of GiSsDUEUFUGUH={1,2,3,..., m+n+9}.

Therefore the set of vertex labels and edge lareldistinct. So f is a graceful
labeling. Hence G #9542,2,3)@ (St(m),St(n)), for n» 1, n>1, is a graceful graph.
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Definition 2.5. Let | > 1, m> 1, n> 0, be integers. Consider a path on I( odd) vestic
Ug,Wp,...,u. Let d=(1+1)/2 .Join the vertices,w, U to a vertex t by means of the edges
ust,ust and ut, to form a bicyclic graph. Attach a pendant veng of a path y,v,,...,vn

to t and rename it as t. Let St(n) be a star gnaiph center w and pendant vertices
W1,Ws,...,Wy. Fix the center w of St(n) with t and rename it.aBhe new graph formed is
called F(I,m,n) and it has (I+m+n) vertices and-nj+n+1) edges.

Theorem 2.6. F(I,m,n) is graceful, for 1= 3, m1and rn>0.
Proof. Consider the grap® = F(I,m ,n) with 1=3, m>1,n>0. G has (m+n + 3)
vertices and (m + n + 4) edges.

The vertex set V(G) = {iuv;, w, t/1=1,2,....1, j=1,2,...m-1 , k=1,2,....n }.
The edge set E(G) ={fui=1,d,I} U {tv g VU {twy / k=1,2,....,n}WU{ u; us1 / i=1,2,...,
F1}u {vjvia/ j=1,2,...,m-2}

Let f be the labeling on the set of vertices ofr@ g be the induced labeling on
the set of edges of G. The vertex label set of & lm written as ABUCUD where
A ={f(u) /i=1,2,...1}, B = { f(vj) / ]=1,2,..., m-1}, C = { f(w) / k=1,2,....n },
D = {f(t)}.

The edge label set of G can be written agGRHUIUI where F={g(ty) /
i=1,d,l}, G={g(tvm1 )}, H={g(twx ) /T k=1,2,...n} }, 1 ={g (U U« ) / i=1,2,...,I-1},
J={g(vvj+1)/ j=1,2,...,.m-2}.

Let the labeling f on the vertices of Be defined by fy=m+n+i+ 2 for
i=1;flw= i-2 fori=2;f)=m+n+i+21fori=3;fw=k forl<k< n;
f(t)=m+n+2.

If mis odd, f(y) = f(Vons)) =(2h +m +2n +5)/2 for h = 0,1,...,(m — 3 )/2;
f(vj) = f(van) =(-2h +m +2n +1)/2 forh=1,2,...,(m—-1)/2;

If mis even, f()) = f(vone) =(-2h +m +2n )/2  for h = 0,1,...,(m — 2 )/2;
f(v;) = f(von) =(2h +m +2n +4)/2 forh=1,2,...,(m-2)/2;

The induced labeling g on the edges ofiscdefined by g(th= i fori = 1;
gitu) =m+n+i for i=2;gth=i-1 fori=3; g(ty)=j+2forj=m-1;g(tw
=m+n -k+2 for Kk< n;gUus«) =m+n+3 fori=1; g{w) = m+n+4 for
i=2;0(4 Vi) =j+2forl<j< m-2;

The vertex labels of G can be arranged in thevioiig order.

A={00m+n+3 , m+n+4} Ifmisodd, BfEn+1,.,2n + m - 1)/2,
22n+m+5)2,.m+n+1},C={12,..,n} thiseven, B={n+ 1,..,(2n + m)/2,
@2n+m+6)2,.m+n+1}, C={12,....,n}, B{m+n+ 2 }.The set of vertex
labels of Gis ABUCUD ={0, 1,2, 3, ..., 2n+m-1)/2, 2n + m +)&,...,
m + n +3} if mis odd. The set of vertex labefsGis AJBUCUD ={0, 1,2, 3, ...,
2n+m)/2,(2n+m+6)/2,...,m + n +3} if méven.

The edge labels of G can be arranged in the fofigwirder.

F={12, m+n+2}, G={m+1}, H={m+2,,m+ n+1}, I={m+n+3,
m+n+4}, J={34,..m}. The set of eddabelsof G is FGUHUIUJ
={1,2,3,..., m+tn+4}

Therefore the set of vertex labels and edge ladrelslistinct . So f is a graceful
labeling. Hence, G #(I,m ,n) with 1=3, n> 1, n>0, is a graceful graph.
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