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1. Introduction
In 1965, Zadeh [16] introduced the concept of fugeys . Subsequently many researchers have
been worked in this area and related areas whieh applications in different field based on this
concept. As a generalization of topological spachang [6] introduced the concept of fuzzy
topological space in 1968.-glosed sets were introduced and studied by Veerakiji4] for
general topology. Recently Parimelazhagan and $umia pillai introduced strongly glosed
sets in topological space [9].

In the present paper, we introduce fuzzy strorghglosed sets in fuzzy topological
space and investigate certain basic propertidseskt fuzzy sets.

2. Basic Concepts
A family 7 of fuzzy sets ofX is called a fuzzy topology oiX if 0 and 1 belong ta and 7 is
closed with respect to arbitrary union and finitéersection. [6]. The members of are called
fuzzy open sets and their complements are fuzaedosets.

Throughout the present pape(X,7)or simplyX mean fuzzy topological space
(abbreviated as fts) on which no separation axiarasassumed unless otherwise mentioned. We
denote and define the ~closure and interior for azzyu setA by

CI(A)=O{u:u= Al-p0Or}andint (A)= O{p: u < A, uOr} respectively.
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Definition 2.1. A fuzzy set A of (X,r) is called fuzzy semiopen (in short , fs-open) if
A< CI(Int(A)) and a fuzzy semi closed (in short ,fs—closedmf(CI (A)) < A[1].

Definition 2.2. A fuzzy setA of (X,7) is called fuzzy preopen (in short , fp-open) if
A< Int(CI(A)) and a fuzzy pre-closed (in short fp—closedo;h(lnt(A)) < A3].

Definition 2.3. A fuzzy set A of (X,r) is called fuzzya -open (in short , d -open )
if A< Int(CI(Int( A)))and a fuzzya -closed (in short ,dr -closed ) if

Cl(Int(CI(A)))< A[3]

Definition 2.4. A fuzzy set A of (X,7) is called fuzzy semi-preopen (in short , fsp-open
if A< Cl Int(CI(A)) and a fuzzy semi-preclosed(in short , fsp-closkd) i

Int(CI(Int(A))) < Al13].

Definition 2.5. A fuzzy set A of (X,7) is called fuzzy@ -open (in short , f@ -open )if
A=Int,(Aand a fuzzy & -closed (in short , f8 -closed ) if A=Cl,(A) where

Cl,(A) ={cl(u): A< g, 07} [71.

The semi closure [15] ( respectively pre closBfe[a -closure [13] and semi
preclosure[14] ) of a fuzzy seA of (X, 1) is the intersection of all fs-Closed (respectivigy

closed , fr -closed and fsp-closed) sets that contairand is denotedhsCI( A) (respectively
pCI(A),aCl(A)andspCI( A).

Definition 2.6. A fuzzy set A of (X, 7) is called fuzzy generalized closed (in short, lfgsed) if
CIA< H,wheneverA< H andH is fuzzy open set irX [4]

Definition 2.7. A fuzzy set A of (X, ) is called fuzzy generalized fuzzy semi closedsfiort ,

gfs-closed) if sCI(A)s H, wheneverA< H and H is fs-open set inX . This set is also
called generalized fuzzy weakly semi closed sét. [2

Definition 2.8. A fuzzy set A of (X,r) is called fuzzy generalized semi closed

(in short , fgs-closed) iBCI( A)s H wheneverA< H andH is fuzzy open set iX [13].
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Definition 2.9. A fuzzy set A of (X,r) is called fuzzy generalized pre closed
(in short , fgp-closed) iprI(A)s H wheneverA< H andH is fuzzy open set irX [8].

Definition 2.10. A fuzzy set A of (X,7) is called fuzzy a-generalized closed
(in short , for g — closed) if a Cl (A)s H wheneverA< H andH is fuzzy open set irX [11]

Definition 2.11. A fuzzy set A of (X,7) is called fuzzy Fg -closed if aCl(A)<H
wheneverH is fuzzy open set irK [12].

Definition 2.12. A fuzzy set A of (X,7) is called fuzzy generalized semi pre closed (in
short,fsp-closed) iSpCI( A) < H wheneverA< H andH is fuzzy open set irX [8]

Definition 2.13. A fuzzy set A of (X,T) is called fuzzy semi-pre-generalized closed (iorsh
fspg-closed) if spCI( A < H, wheneverA< H andH is fs-open inX [11]

Definition 2.14. A fuzzy set A of (X,T) is called fuzzy@-generalized closed (in shortd -
closed) if Cl,(A) < H, wheneverA< H and H is fuzzy open inX [7].

Definition 2.15. A fuzzy set A of (X,T) is called fuzzyg' - closed (in short, ¢ -closed) if
CI(A)<H, wheneverA< H andH is fg- open inX [5].

Definition 2.16. A fuzzy point x, Ll A is said to be quasi-coincident with the fuzzy et
denoted byx gA iff P+ A(X)>1. A fuzzy set A is quasi-coincident with a fuzzy s&
denoted byAgB iff there existsx 0 X such thatA(X)+ B( X >1. If A and B are not quasi-
coincident. Then we writégB. Note thatA< B = Ag(1- B). [10]

3. Fuzzy strongly g -closed setsin fuzzy topological spaces

Definition 3.1. Let (X,7)be a fuzzy topological space. A fuzzy set A(X,7) is called fuzzy
strongly g*-closed ifCl(Int(A)) < HwheneverA< H andH is fg —open in X.

Theorem 3.1. Every fuzzy closed set is fuzzy strongly g*- closet in a fuzzy topological
spacd X, 7).

Proof: Let A be fuzzy closed set in X. Ldl be a fg- open set in X such thatA< H .Since
A is fuzzy closedCI(A) = A.ThereforeCI(A) < H .Now Cl(Int(A)) <CI(A<H.
Hence A is fuzzy strongly g*-closed set iX .
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The conver se of the above theorem need not be truein general which can be seen from the
following example.

Example3.1. Let X ={a b ¢ . Fuzzy sets A and B are defined by

A(a) =0.7 , A(b)=0.3, A(c)=0; B(a)=0.2 , B(b)=0.1 , B(c) =C.

Let 7 ={0, A,1}.

Then B is a fuzzy strongly g* - closed set busibot a fuzzy closed setin  (X,7).

Theorem 3.2. Every fuzzy g - closed set is fuzzy strongly glesed sets in X.
Proof: Obvious

Conver se of the above theorem need not betrueit can be seen by the following example

Example 32. Let X ={al} and the fuzzy setsA and Bbe defined as follows
A(a) =0.3, A(b)=0.;B(@)=0.5 , B(b) =0.. Let7 ={0, B,1}. Then Ais fuzzy strongly
g -closed but it is not fg-closed, sin@i(B) £ B.

Theorem 3.3. Every fuzzy g* - closed set is a fuzzy stronghr glosed sets in X.

Proof: Suppose that A is fg* - closed in X. Lét be a fg-open set in X such thAt< H .Then
CI(A)<H, since A is fg * - closed. NowClI(Int(A))<CI(A) < H. Hence A is fuzzy
strongly g* - closed set in X.

However the converse of the above theorem need not betrue as seen from the following
example:

Example 3.3. Let X={a,b}, 7 ={0, A, B, D,1}and fuzzy sets A, B, D and H are defined
as follows.

A(a) = 0.2, A(b)=0.5B(a) = 0.6 , B(b)=0.;D(a)=0.4 , D(b)=0./ H(a)=0.4, H(b)=0..
Then H is fuzzy strongly g* -closed set but it fgt-closed in (X, 7), because CI(H) £ D
where asH < D andD is fg-open.

Theorem 3.4. A fuzzy set A of fuzzy topological spadeX,7) is fuzzy strongly g* -closed iff
A QB = ClI(Int(A))qBfor every fg -closed set B of X
Proof: Suppose that A is a fuzzy strongly g* - closedaset such thatA g B
Then A<1- B and1- B is a fuzzy g- open set X. which implies thaCl(Int(A)) <1- B,
since A is fuzzy strongly g* -closed. Hen€d(Int(A))qB.

Conversely, let E be a fuzzy g- open letin XltsthatA< E. Then AQl-E and
1-E is fg- closed set in X. By hypothesi€l(Int(A))q(1—- E) which impliesCI(Int(A)) < E.
Hence A is fuzzy strongly g*- closed in X.
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Theorem 3.5. Let A be fuzzy strongly g* - closed set (X, 7) and X, be a fuzzy point of
(X, 7) such thatx,qCI(Int(A) thenCl(Int(x,))gA
Proof: Let A be a fuzzy strongly g* - Closed sgX,7)and X, be a fuzzy point of (X,7)
such thatx, qCI( Int( A) . SupposeCl(Int(x,))gA, thenCI(Int(x,))cql— A and hence
A<1-ClI(Int(x,))

Now, 1-Cl(Int(x,)) is fuzzy open. Moreover, since A is fuzzy strongfclosed,
Cl(Int(A)) <1-Cl(Int(x,)) < 1- x,.Hencex,qCI(Int( A) , which is a contradiction.

Theorem 3.6. If A is a fuzzy strongly g* - closed set ifX,7) and A<B <CI(Int(A)), then
B is fuzzy strongly g *- closed i X, 7).
Proof: Let A be a fuzzy strongly g* - closed set (iX,7). Let B< H where H is a fuzzy g-
open se in X. ThenA<H. Since A is fuzzy strongly g* - closed set, itlfovs that
Cl(Int(A) < H.

NowB < CI(Int(A)) implies CI(Int(B)) < CI(Int(CI(Int(A))) = CI(Int( A)
We get,Cl(Int(B)) < H. Hence, B is fuzzy strongly g* - closed set(X, 7).

Definition 3.2. A fuzzy set A of (X, 1)is called fuzzy strongly g* - open set in X iff~ A is
fuzzy strongly g* - closed in X. In other words ,ig\fuzzy strongly g*-open ifH < CI(Int(A))
wheneverH < A of H is fg closed in X.

Theorem 3.7. Let A be a fuzzy strongly g* - open in X ardt(CI(A)) < B< A then B is fuzzy
strongly g * -open in X.

Proof: Suppose that A is fuzzy strongly g* - open in xdant(CI(A)) < B< A . Then 1-A is
fuzzy strongly g* - closed in X anti—- A<1- B< CI(Int(1- A)). Then by theorem 3.6,—B
is fuzzy strongly g* - closed, Hence B is fuzzy rosgly g*-open in X.

Theorem 3.8. Let (Y,7,) be a subspace of a fuzzy topological sffaca’) and A be a fuzzy
set of Y. If A'is fuzzy strongly g* - closed in Xhen A is a fuzzy strongly g* - closedinY.
Proof: Let Y be a subspace of X. Lé{ be a fg — open getin Y such that H

We have to prove thatl, (Int,(A)) < H .SinceH is fg-open in Y. We have H=Gn'Y
where G is fg- openin X. HencA< H =Gn Y Implies A< G and A is fuzzy strongly g*-
open in X. We geCl(Int(A)) < G. Therefore Cl(Int(A))nY< Gn Y= H.Thus

Cl(Int(A)) < H wheneverA< H andHis fuzzy g — open in Y. Hence A is fuzzypsgly
g —openinY.

Theorem 3.9. If afuzzy set A of a fuzzy topological spaceiXboth fuzzy open and fuzzy
strongly g * - closed then it is fuzzy closed.
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Proof: Suppose that a fuzzy set A of X is both fuzzy oged fuzzy strongly g*-closed. Now
A= Cl(Int(A)) = CI(A .That is A= CI(A) . Since A< CI(A). We getA=CI(A). Hence A
is fuzzy closed in X.

Theorem 3.10. If a fuzzy set A of a fuzzy topological spaceiXboth fuzzy  strongly g * -
closed and fuzzy semi-open then it is fg*-closed.

Proof: Suppose a fuzzy set A of X is both fuzzy strongly glosed and fuzzy semi-open in X.
Let H be a fg-open set such th#&< H. Since A is fuzzy strongly g*-closed, therefore
Cl(Int(A)) < H . Also since A is fs-openA< CI(Int(A)) .

We haveCl(A) < Cl(Int(A)) < H. Hence A is fg*-closed in X.

Theorem 3.11. Every f & — closed set is a fuzzy strongly g * - closed set.
Proof: Obvious

Thefollowing example showsthat the conver se of the above theorem isnot truein general.

Example 3.4. Let X={a,b}, 7 ={0, A,1} and fuzzy sets A & B are defined as follows.
A(a)=0.3, A(b)=0.7; B(a)=0.€, B(b)=0.5;
Then B is strongly g* - closed but it is no&t closed , becaus€l, (B) =1# B.

Observation: Every fp-closed, fsp-closed, gfs-closed, fg-closed and fspg- closed sets are
fuzzy strongly g* - closed. But the converse mayhb®true in general.

Example 3.5. Let X={a,b} and 7 ={0, A,1} and fuzzy sets A and B are in X defined by
A(a)=0.8,A(b)=0.% B(a)=0.9,B(b)=0.t.

Then B is a fuzzy strongly g*-closed i(X,7)but it is not fp-closed set if{X,7),
becauseCl(Int(B)) £ B.

Example 3.6. Let X={a,b}. Define fuzzy sets A and B are in X defined by
A(a)=0.2,A(b)=0.¢ B(a)=0.5,B(b)=0.".

Let 7 ={0, A,1}. Then B is a fuzzy strongly g*-closed (X, 7) but it is not fsp-closed
setin(X,7), sincelnt(Cl(Int(B))) £ B.

Example 3.7. Let.X={a,b,c}. Define fuzzy sets A,B & C in X as follows
A(a)=0.1,A(b)=0.2,A(c)=0."; B(a)=0.9,B(b)=0.1,B(c)=0.; D(a)=0.9,D(b)=0.2,D(c)=0.

Let 7 ={0, A,1} then B is strongly g*- closed set X, 7)but it not gfs- closed set in
(X,7).For, sCI(B) £ Dwhere B< Dand Dis fs-open in(X, 7).

Example 3.8. Let X={a,b,c}, 7 ={0, A,1} and fuzzy sets A and B are defined by
A(a)=0.8,A(b)=0.3,A(c)=0.; B(a)=0.8,B(b)=0.1,B(c)=0.
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Then B is strongly g*- closed set in(X,r)but it is neither fgs-closed, because

sCI(B) =1¢ Awhere as

B< Aand A is fuzzy open and nor dg-closed, since

aCl(B) =1 Awhere asB < Aand A is for -open in X.

Example 3.9. Let X={a,b}and 7 ={0, A,1} . Define fuzzy set A, B and D in X by
A(a)=0.3,A(b)=0.¢ B(a)=0.6,B(b)=0.t, D(a)=0.9,D(b)=0.!

Then B is fuzzy strongly g* - closed but it is regpg- closed becausspCl( B) £ Dwhere as

B< DandDis fs-open in X.

From the above discussions and known results we tievfollowing implications.

fO- closed fg* - closed |——>| fg- closed |——>| fag- closed
clo fuzzy strongly <—| fspg- closed |

fa-closed fga- closed

g™ closed

fgp - closed

gfs- closed

fs- closed

Figure3.1
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