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Abgtract. In this paper, we introduce and study the equivadenf i-v fuzzy subsets of a
finite set X. In order to study on equivalence -ffuzzy subsets of X we introduce the
notion of i- pinned flag on X. First we establishetcondition for the one to one
correspondence between equivalence classes afazy subsets of X and i-pinned flags
on X.
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1. Introduction

Zadeh [7] made an extension of the concept of ayfset by an interval—valued fuzzy set
with an interval-valued membership function. Intdrvalued fuzzy sets have many
applications in several areas. For example, Zadgh cpnstructed a method of

approximate inference using his interval — valuezi§ set. Gorzalczany [1] studied the
interval-valued fuzzy sets for approximate reaspniRoy and Biswas [4] studied

interval-valued fuzzy relations and applied theseSanxhez’'s approach for medical
diagnosis. Murali and Makamba [2, 3] studied andngoted the number of fuzzy

subsets, up to a naturally defined equivalencehenset of all fuzzy subsets. Singaram
and Kandasamy [5] studied the interval valued fuilgals of regular and intraregular
semigroups. In this paper, we introduced the nabtfoaquivalent interval — valued fuzzy

sets that is two interval — valued fuzzy sets ayeivalent if they maintain the same

relative degrees of membership between any paiavhents ( refer definition 3.2). In

general equivalence identifies objects similar asheother in some sense. Equality of
interval — valued fuzzy set is too strong to bean§ in the enumeration process. The
equivalence that we consider here is weaker tharedfuality of interval — valued fuzzy

set, but reduces to equality of crisp set whenttwit values {0,1} are used.
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The theme of this paper is equivalent interval-gdlfuzzy sets and their
associated i- pinned flags. We study here these telated ideas: One is the
representation of interval — valued fuzzy set gkaX by an increasing chain of subsets
of X, with degrees of membership in the descendirder. We call such an object an
i-pinned flag. The other is the Equivalence of im&k — valued fuzzy subsets. In section
2, we gather all the preliminaries of interval Jueal fuzzy sets and fix notations. In
section 3, we introduce the notion of i-keychaiml a&tudy the condition for the one to
one correspondence between equivalence classes fokky subsets of X and i-pinned
flags on X.

2. Preliminaries

Throughout the paper we use notations as in [2].

Let] = [0,1] be the real unit interval as a chain with the Usudering in whichA stands
for infimum andv stands for supremum. Throughout this paper we Xatkkebe a non -
empty finite set witm elements labeled 43, x5, ... x,},n = 2.

A fuzzy subset of a sétis a mappingu: X — I. We denote the set of all fuzzy subset of
X byI%. Further we denote a fuzzy set by Greek leftevsn, etc., by am-cut ofu for a
real noa in I, we mean a crisp subget = {x € X/u(x) = a} of X. We remark that for
0<a<p<1,we haveuf c u®. Generally thel-cut of any fuzzy subset of any
given set may or may not be empty @adut will be the full setX.

Definition 2.1. [3] Let u andy be fuzzy sets of a set X.is said to be equivalent o
denotedag ~ y ifandonlyifvx,y € X

) ux)y=1ifandonlyify(x) =1

(i) u(x) = u(y) ifand only if y(x) = y(v)

(iii) u(x) = 0 if and only if y(x) = 0.

Definition 2.2. [3]
() A flag € on a setX is a maximal chairC of subsets off of the form
XocX;cX,c-Cc X, =X,
(i) Ann-chain is an(n + 1)- tuple of distinct real numbefs € I always including
1, and not necessarily including 0 of the farrs Ag > 1, > 1, > - > 4,,.
(i) A keychainl of ann-chain is a set of real numbetse I of the form
1=22A4 24,221, 20.
TheA;'s are called pins. We write a keychaiasl = 1,44, 1,, ..., 5.
In terms of labeled elements, can be taken to Hey, x,, ..., x;}. EachX; is called the
component of the flag.

Definition 2.3. [3] By a pinned flag oX, we mean a pailC,[) of a flagC onX and a
keychainl from I written suggestively as follows:

(C,l):Xo1 c X1’11 c XZ’12 c-C Xn’ln.
Theorem 2.4. [3] A pinned flag(C, ): X,* c X;** c X,* c --- c X, onX represents

a fuzzy subset onX defined asi(x) = {1; : x € X;\X;_,}. Conversely Supposeis a
fuzzy subset ok then we can decompogénto a pinned flagC, [).
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Proposition 2.5. [2] Letu,y € I*. If for eacht > 0 there exists as > 0 such that
ut =yS thenu ~yon X.

Proposition 2.6. [3] Let the pinned flags corresponding to two fuzzys geandy be
given by
(Cwlﬂ):Xo1 c Xl/11 c Xz’—12 c.C an" and
(Cy, l],): Yo' c Ylﬁ1 c YZBZ c.-C YnB"
Thenu ~ y onX if and only if
) n=m
i) X;=Y,fori=0,1,..,n; provided thel,,'s are distinct an@, 's are distinct
i) A; > 4; if and only ifg; > p;for 1 <i,j <n andi, = 0 if and only ifg, =0
for somek between 1 and.

3. Equivalence on i-v fuzzy sets
In this section we shall extend the concept of wlance relation on fuzzy sets to
interval valued fuzzy sets. We shall follow theid#ion of £ —cuts and comparability of
interval numbers as in [6].

Let D[0,1]be the family of all closed subintervals [6§1] with 0 = [0,0] and
1=[11].
Any elementz € D[0,1] is called an interval number.

Definition 3.1. Any two element& = [a~,a*] andb = [b~,b*], inD[0,1] are said to
be comparable if either < b ora > b wherea < b if and only ifa~ < b~ anda* < b*
anda = b ifand only ifa~ = b~ anda™ = b*.

An interval - valued fuzzy set (briefly, an i-v iz set) ofX is a mapping
A:X - D[0,1], whered(x) = [A~(x),AT(x)] Vx € X,A” andA* are fuzzy sets iX
such thatd~(x) < A™(x) Vx € X.

Let A be an i-v fuzzy set of andt = [t;,t,] € D[0,1]. Then the sed; = {x €
X:A(x) > t}is called a level sub set Af

Note that iff = [t;,t,], thenAz = Ay ., =A;, NAf , whered; ={x¢€
X:A"(x) 2 t,} and Af, = {x € X: A" (x) = t,}.

Definition 3.2. Let A andB be i-v fuzzy sets of. ThenA is said to be equivalent B
onX if and only if for allx,y € X,

()  AQ) =TifandonlyifB(x) =1

(ii) A(x) =0ifand only ifB(x) =0

(i) A(x) = A(y) ifand only if B(x) = B(y).

Note. The conditiodd(x) = 0 if and only ifB(x) = 0 simply says that the support &f
andB are equal whereby support of an i-v fuzzy set veama crisp satuppA = { x €
X:A(x) > 0}. The above condition can be made redundant sirisean essential part of
the equivalence relation. The following examplesttates the point.
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Example 3.3. Let X={a,b,c,d,e}. Define i-v fuzzy set4 andB in X as follows:

B 1 ifx=a ~ 1 ifx=a
A(x) =1 [04,0.7] if x=b,c and B(x)=14 [0.3,0.8] if x=b,c
[0.1,0.5] otherwise. 0 otherwise.

It is clear thatA(x) >A(y) if and only if B(x) >B(y) for all x,y €X .
But suppA # suppB. HereA + B.

Proposition 3.4. Supposel andB are two i-v fuzzy subsets & which assumes only
comparable interval numbers such ta¢B then|Im(4)| = |Im(B)|.
Proof. Assume tha#l andB are equivalent i-v fuzzy sets of a etvhich assumes only
comparable interval numbers. Define a funcfforim(4) — Im(B) byf(A(x)) = B(x).
Then it is easy to check thaf is well defined, one to one and onto.
Hence|lIm(4)| = |Im(B)|.

The converse is not true, Viz.,|fn(4)| = |Im(B)| or evenim(A) = Im(B)
and suppA = suppB, it is not necessary to have~B. This is illustrated in the
following example.

Example3.5. LetX ={a, b, c,d, e}.
Define i-v fuzzy setgl andB are as follows:

1 if x=a, 1 if x=a,
A(x) =4[0.4,08]if x = b,c, and B(x) =4 [0.4,08]if x =d,e,
[0.2,0.6] otherwise, _[0.2,0.6] otherwise.

We can easily verify thdtn(4) = Im(B) andsuppA = suppB. Howeverd(b) > A(d)
but B(b) # B(d).
Therefored + B.

Proposition 3.6. LetA = [A~,A*] andB = [B~, B*] be any i-v two fuzzy sets of a et
such thad=~B~ and A*~B* thenA~B.
Proof. Let us assumg™~B~ and A*~B* then,
AX) =1 A (x) =1andA*(x) = 1,
< B7(x) =1andB*(x) =1, sinceA"~B~ and A*~B™
& B(x) =1,
A(x) =0 A (x) = 0 andA*(x) = 0,
& B7(x) =0andB*(x) =0, sinceA"~B~ and A*~B*
& B(x) =0,
andA(x) = A(y) & [A~(0), A*(0)] = [A~ (), A* ()],
& A7 (x) = A (y) andA* (x) = A* (),
& B~ (x) = B~ (y) andB*(x) = B*(y),
& [B~(x), B* ()] = [B~ (), B* )],
< B(x) =2 B(y).
HenceA~B .

Remark: We observe that the converse of Proposition 3n@tsrue. This is illustrated
in the following:
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Example3.7. Let X = {a, b, c,d}. Define i-v fuzzy setd andB in X by

A(a) =0,A(b) =1, A(c) = [0.2,0.8], A(d) = [0.4,0.6],

B(a) =0, B(b) =1, B(c) = [0.5,0.7], andB(d) = [0.3,0.8].

Since A(b) =1 = B(b) andA(a) = 0 = B(a) (i) and (ii) of Definition 3.2 hold.
Now A(c) andA(d) are not comparable and similady(c) andB(d) are also not
comparable. Therefore (iii) of Definition 3.2 holdlizially. HenceA~B
Now A*(¢c) =0.8> 0.6 = A"(d) and B*(c¢) = 0.7 £ 0.8 = B*(d), we have
AT (x) 2 A" (y) & BT (x) = B*(y).
Therefored* + B*.
SimilarlyA=(d) = 0.4 > 0.2 = A~ (¢) andB~(d) = 0.3 £ 0.5 = B~ (¢), we have
A" (x) =2 A (y) & B~ (x) = B~ (y).
Therefored™ + B™.
This shows thatA~B # A=~B~ or A*~B*.

Definition 3.8.
i) An i- n-chain is am- tuple of comparable and distinct interval numbers
Ax € D[0,1] always includingl not necessarily including of the form
1= 2, > 1; > 1, > - > 1, written in the decending order of magnitude.
i) An i- keychainl of an i-n-chain is a set of interval numbexg € D[0,1] of the
foom1= 21,=> 2, =1, = = 1, = 0. thel, s are called i-pins.
iii) Ani-pinned flag orX is a pair(C,T) of a flagC onX and an i- keychaihfrom

D[0,1] written as(C,T) : X, ' c X, € X,* c - € X, ™m.

Theorem 3.9. We can associate an i-v fuzzy dewith a given i-pinned fIa@C,T).
Proof. Letl = {1 = Ay, 41, 43, ..., 4,} be the comparable and distinct interval numbers
then we got two key chairds andl* as follows:
IT={1=2 A A, Ay Jand It ={1=2,",4,% 2,7, ..., 0, ).
For the two key chains we have two pinned fle@d™) and(C, [*) such that
€, 1) X,tex,M cx,™ c-cx,™ and
(€ 1): Xt e XM Xt o XM
We can associate two fuzzy sets with the abovespifilags respectively
(1, x € X, (1L x€eX,
AT, x € X, \Xo LAY, xeX)\X
e, A" (x) = { A, x€X,\X; and A*(x) = 4 LY xeX,\X,

B tAn_: X € Xp\Xn-1 )Ln+, x € Xp\Xn_1
Now A(x) = [A~(x), AT (x)] is an i-v fuzzy set associated with the givennifgd flag

(c,1).

Theorem 3.10. Supposed be an i-v fuzzy set of which assumes only comparable
interval numbers then we can decompéseto an i- pinned flag

(C‘,T):XOT c Xll_l c le_z c--C an".
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Proof. SinceX is finite, A(X) < D[0,1].
Let A(X) = { A9, A1, 5, .-, A } Where the sequence is decreasing (strictly).
LetY,, = A%*m be thet —cut corresponding o= 1,, form = 1,2, ..., k.
Then as thd,,’s are comparable three facts are well known:
i) EveryY,, is a subset oX.
i) A, > A, implies that’,, c Y, for1 <m,n < k.
iii) The chainC;: Y, c Y, c .- cY, can be refined to yield a fla@: X, c X; c
X,c-cX, =X
As we refineC; to C we may have to repeat some of the i-gipscorrespondingly. Once
this process carried out, we arrive at a i-pinneg X, * c X;* c X,% c ... c x,,*
which representa.
Note that if4 is an i-v fuzzy set ok which assumes some non comparable
interval numbers then we cannot decompbseto an i- pinned flag which represedts
We will see this by an example.

Example3.11. LetX = {a, b, ¢, d}. Define an i-v fuzzy set onX by

A(a) = 0,A(b) =1, A(c) = [0.2,0.8], andA(d) = [0.4,0.6]

Since A(c) and A(d) are not comparable, the fact (i) in the TheorerO3fails.
Therefore we cannot decompaosénto an i- pinned flag which represeuts

Proposition 3.12. Let A andB be two i-v fuzzy subsets af. If for eacht = [t t*] >
0, there exists = [s~,s*] > 0 such tha#it = BS thenA~B on X. )
Assume for each = [t~,t*] > 0, there exists = [s~,s*] > 0 such thad’ = BS .

That is for eacht™ > 0 there exists as~ > 0 such thatd=t = B~° and for each

tT > 0 there exists as* > 0 such thaAf’t_+ = B**" Therefore by Proposition 2.5 ,
A~~B~ and A*~B*and by Proposition 3.6|~B.

Proposition 3.13. Let the i-pinned flags corresponding to two i-vAusetsA andB be
given by(Cz I1): Xo' € X;™ c X,*2 - c X,* and
(Cg,fg): Y01 c Ylﬁl c Yzﬁz c:C YnB"
ThenA~B onX if and only if

) n=m

(i) X; =Y, fori=0,1,..,n; provided thel,’s are distinct an@,'s are distinct

(iii) 2, > 4, if and only if3, > B,for 1 < i,j <n anda, =0 if and only ifg, =0

for somek between 1 and.
Proof. 4 is an i-v fuzzy set o and(Cz,Iz) = Xo' © X;* c X,*2 c .- c X" is the
corresponding i-pinned flag.
Therefore we have two fuzzy sets andA* and two pinned flags
Co- L) =Xt c XM c X, c-ocx,M and
+ + +

(Cot i) =Xt cXyM c X, coocx, M.
Similarly for B, we have
(Cs-,lz-) =Yy  cv,Pr cv,f c...cv,fr and
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(Cpolp) =Yl 1P c 1P’ cocy P,
Then by our assumption and Proposition 276~B~ and A*~B*.
Therefore by Proposition 3.8~B.
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