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1. Introduction

Linear system of equation has applications in nmamegs of science, engineering, finance
and economics. Fuzzy linear system whose coefficiatrix is crisp and right hand side
column is an arbitrary fuzzy number was first prega by Friedman et al [5]. Several
methods based on numerical algorithms and genedalizverse were used for solving
fuzzy linear systems have been introduced by mathoas [1,3,6,7,10].

A linear system is called a fully fuzzy linear syt (FFLS) if all coefficients in the
system are all fuzzy numbers. Nasseri [11] investid linear system of equations with
trapezoidal fuzzy numbers using embedding approactitkumar [2] solved FFLS with
trapezoidal fuzzy numbers using row reduced ech&am. In [8] and [9] FFLS with
trapezoidal fuzzy number matrices was solved byitjmaring them into sub matrices
using Schur complement and QR decomposition mathsgkctively.

In this paper ax nFFLS A [0 x =b where A is a fuzzy matrix x and b are fuzzy
vectors with trapezoidal fuzzy numbers is solvedibiyng Singular Value Decomposition
method (SVD). Most direct methods fail when dealiigh system of linear equations
that are singular because matrix inversion is rassible. SVD is very powerful and
efficient in dealing with such systems.

This paper is organized as follows. Some basimiliefns and results on fuzzy
sets and trapezoidal fuzzy numbers are given itiose2.In section 3, method to solve
FFLS with trapezoidal fuzzy numbers matrices by SWDgiven. lllustrations with
numerical examples are given in section 4. Sed&iends this paper with conclusion
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2. Preliminaries
1. A fuzzy subset A of R is defined by its membership function by its membership

function us: R — [0,1] which assigns a real numbegin the intervaI[O,]] to each
elementx [0 R where the value qfzshows grade membership of x in A.

2. A trapezoidal fuzzy number denoted by A=(m, n, a, f)has the membership function

0 x<a
X—a

S

uat=q L msxsn

\ 0 x=p

3. A fuzzy number A is called positive (negative) denoted by A>0 (A<0) if its
membership functiop;(x) satisfiesuz= 0 , Ox < 0(0x = 0)using its mean value, left
and right spreadsueh a fuzzy number A is symbolically written as A =(m,n, a,8) is
positive if and only ifn —a > 0andn — 8 = 0.

4. A Trapezoidal fuzzy number A = (m,n,a, ) is said to be zero trapezoidal fuzzy
number if and only if m= 0, n =@ =0, =0.

5. Two fuzzy numberd! = (m,n,a,)and N Xx,y,y,d)are equal if and only if
m=x,n=y,a=y,[=240.

6. For two fuzzy numbe® = (m,n, a,8)and N £x,y,y,6) the operations extended
addition, extended opposite and extended multifitinaare
(mn,aB)® (,yy,0)=m+x,n+y,a+y,B+95)
M =—-(mn,apB)=(—m—npB a)
If M>0,N>0 then(im,n, @, B) ® (x,y,v,6) = (mx,ny, my + xa,nd + yf3)

For scalar multiplication
_ Am, An, Aa, A A =0
A® (mn,af) = { Am, An, —Aa,—AB 1 < 0

7. A matrix A = (@;;) is called a fuzzy matrix if each elementdfs a fuzzy number. A
fuzzy matrix4 is positive denoted b§>0 if each element ot is positive. Fuzzy matrix
A= (d@;;) which is n x n matrix can be represented suchathat (aij,bij,mij,nij)
whered = (4,B, M, N) whereA = (a;;) B = (b;j) M = (m;;) N = (n;;)are n x ncrisp
matrices.

8. A square matri¥i = (@;;) is symmetric matrix ifa;; = a;; , Ui,
9. Consider n x n fuzzy linear system of equations
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(@11 %) b1, OK) D... ... .. 1, O%n) = by
((121@1)@(622 ®~x2)@ ......... @(dZn @n) = b2
(dnl @1) @(dnz @2) [ @(dnn @j{vn) = ETL

The matrix of the above equation is A [1 x = b where coefficient matrix A = (§)
where Ki, | < nisan x n fuzzy matrix and x;, b;(] F(R). This system is called
fully fuzzy linear system. (FFLS).

10. ForsolvingnxnFFLS A [0 x =b where A=(ABMN), x=(X, y,z,w) and
b=(b,g,h,k)

(A, B,M,N) ® (x,y,z,w) = (b,g,h, k)

(Ax,By,Az+ Mx,Bw + Ny) = (b, g,h, k)
Ax = b 2.1)
By=g (2.2)
Az + Mx = h(2.3)
Bw + Ny = k(2.4)

3. Solving FFLS using trapezoidal fuzzy number matrices by singular value
decomposition

Any realm x nmatrix A can be decomposed 4s= UDVTwhereU is m x morthogonal
matrix and its columns are eigenvectorsAdf , D is a diagonal matrix having the
positive square roots of eigenvaluesAdf4 or AAT as its main diagonal called the
singular values oA arranged in descending order awds n x northogonal matrix its
columns are eigenvectors AfA.

ATA = (vDUTY(UDVT) = VD?VT.

AAT = (UDVTY(VvDUT) = UD2UT.

The productUDVTis called the singular value decomposition (SVDMof

The SVD construction is based on the following kesu

Singular value decomposition Theorem:

For everym x nreal matrixA there exists an orthogonal x mmatrix U, an orthogonal
n x nmatrix V andam x ndiagonal matrixD such thad = UDVT.

Proof: Refer [12].

M oor e-Penr ose Generalized inverse
Moore-Penrose generalized inverse or pseudo invemsebe computed using SVD.
WhenAis singular takingd = UDVT in Ax = b the solution isx = AThwhereAt =
VD*UT.

The solution is not exact but is closest in theslesjuares sense. A is non
singular themt = 471

3.1. Solving FFL Sby singular value decomposition method

Consider the FFLA O x=b
Taking trapezoidal fuzzy number matridgs B, M,N) ® (x,y,z,w) = (b, g, h, k).
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Let A= U,D, V] andB = U,D, V}

(U1Dy VI, U, D, VI, M,N) ® (x,,2,w) = (b, g, h, k)

(UD, Vx,U,D, VIy, U D, VI z + Mx,U,D, VIw + Ny) = (b, g, h, k)

UD,VIx=b = x =V,Df UFb (3.1)
whereD; is the Moore—Penrose generalized invers®,ahd is obtained by taking the
reciprocal of each non-zero entry on the diagohdl,q leaving zeros in place.

U,D,Viy =g =y =V,DfU; g 3.2)
whereD; is the Moore—Penrose generalized invers®,ahd is obtained by taking the
reciprocal of each non-zero entry on the diagohal,q leaving zeros in place.
UiDiV{z+ Mx =h=z=V,Df UF (h — Mx) (3.3
U,D, VIw + Ny = k =w =V, DS UI (k — Ny) (3.4)

If AandB are square , symmetric and positive definite ttiea V.

3.2. Algorithm for solving FFL S by singular value decomposition method

1. For the crisp linear systemix = b find the eigenvalues odATandATA. The
eigenvectors alATmake up columns df, and eigenvectors &'A make up columns of
V,. Square roots of eigenvalues fratA” or A'A called singular values are the diagonal
entries ofD,in descending order. Compute= U, D, V.

2. Computec = V,D;UTh
3. For the crisp linear syste®y = g find the eigenvalues aBB” andBTB .The
eigenvectors oBB"make up columns df,and eigenvectors d&’ B make up columns

of V,_ Square roots of eigenvalues frad®” or BTB called singular values are the
diagonal entries b, in descending order. Compwe= U,D, V7.

4. Computey = V,Df Ul g
5. Compute z ¥, D UT (h — Mx)
6. Compute w #,D5 UI (k — Ny)

4. Numerical examples
In this section we apply the algorithm for solviRELS of fuzzy trapezoidal numbers.

Example4.1. Consider the FFLS
[(1,1,1,5) (8,59,1) [(xl,yl,Zl,wl)]_[(23,33,62,45)

(6,4,4,2) (2,2,2,6)11(x2, 2,25, wy)| 1(46,24,70,66)

a=( Do Du=( Po-C Y

b=(40)-9 = Ga) =) = (o)
A=U,D V.
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1 8\ _/—0.8643 —0.5030)/8.8206 0 —0.4401 —-0.8979
(6 5)1)_25;19.5030 0.8643)( 0 5.2151)(0.8979 —0.4401)
X =Vl "U;

Cosorg “oasor) (0™ 01918) Cososo osees ) (1e)2)
B1_ ISJZD_ZVEO.7777 —0.6287\ (6.1088 0 —0.5390 —0.8423

(4 5)1)_—1(59'6287 0.7777)( 0 2.9466)(0.8423 —0.5390)
Yy =Vl Uz g

=(Tomazs 08300 (0 03304 Conasr o077 ) G)(6)

s 24)7\6
z =V, D7 UT (h — Mx) = (4)

w=V,D7 U5 (k= Ny) = (3)

Hence the solution of the fully fuzzy linear system is x = .
(2,6,4,4)

. {(7,3,5,4)}

Exampled.2. Consider the symmetric positive definite FFLS

[(8,5,6,2) (3,1,2,1) [(xl,yl,zl,wl) _[(30,30,60,50)
(3,1,2,1) (85,62 1(x2,y2 22, w2)]71(25,30,46,46)

a=(3 9)8=( u=0G Jv=( 2)

b= (5509 = (507 = (36)- k= (Gg)
SinceA is symmetric and positive definitd, =V, .
(8 3) _ <—1/ﬁ —1/ﬁ>(11 0)(—1/\/7 —1/\/7>
3 8 -1/v2 1/N2 )0 S\-1/v2 142
x =V,D7*UTh
X:(—1/\/§ —1/\/§><1/11 o><—1N§ —1/ﬁ>(30)=(3)
-1/V2 142 0 1/5/\-1/v2 1/v2 ) 207 \2
SinceA is symmetric and positive definitg, =V,
B =U,D, V]
(5 1) :<1/\/E 1/\/7>(6 o)<1/ﬁ 1/\/§>
15 1N2 —1/N2)N\0 H\1N2 —1/42
y=V.D;'U; g
:(1/\/2 1/\/§><1/6 o>(1/\/§ 1/ﬁ>(30):(5)
1/N2 —1/42)\ 0 1/4/\1/v2 —1/42)\30/ \5
2 =V, D1 UT (h — Mx) =(‘2*)
w=V,07'UF (k = Ny) = (?)
. [(3,5,4,6)}

Hence the solution of the fully fuzzy linear system is x =
(2,5,2,5)
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Example 4.3.Consider the FFLS

[(1,1,1,1) (2,1,1,1) [(xl,yl,zl,wl) _[(10,10,16,20)
(2,2,2,2) (42221102, 72, 22, w2)171(20,20,32,40)

1= DE=G M= JN=(; 3)

b=(30):9 = (30) 2= (32)-k = (Go)
SinceA is singular matrix theA” = V, D UTwhereA" is the Moore—Penrose generalized
[ fA.
Z]\;e?fnfvf
1 2 —0.4472 —0.8944\ (5 0)\/—0.4472 —0.8944
(2 4) :(—0.8944 0.4472)(0 0)(—0.8944 0.4472)
x =V,D}UTh
—0.4472 -0.8944\ /0.2 0\ /0. —0.5 10N\_r2
= ( )5 o) Cososo nses ) (o))

—0.8944 0.4472 0 0/\-0.5030 0.8643 /\20/ \4
SinceB is singular matrix theB* = V,DF Ul whereB’ is the Moore—Penrose generalized

inverse ofB.
B =U,D, V¥
1 1 —0.4472 —-0.8944\ /3.1622 0\ /—0.7071 -0.7071
(3 2)=( )( )( )

2 2/ \-0.8944 0.4472 0 0/\-0.7071 0.7071

y=V,D;U] g
_(—0.7071 —0.7071\/0.3163 0\ /—0.4472 —0.8944\ (10\_(5
‘(—0.7071 0.7071 )( 0 0) (—0.8944 0.4472 )(20)‘(5)

2 =V, D} UT (h — Mx) = (i)
w=V,D3US Gk = Ny) = ()

. [(2,5,2,5)}

Hence the solution of the fully fuzzy linear system is x =
(4,5,4,5)

5. Conclusion

In this paper solution of FFLS A [I x = b is obtained by SVD by a new methodology in

the form of trapezoidal fuzzy number matrices. Bing orthogonal matrices throughout
SVD reduces the risk of numerical errors. The Mceefeenrose generalized inverse can
be easily obtained from SVD. Hence SVD is verycadht for the systend [0 x = b
whenaA is singular.
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