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Abstract. In this paper, a construction methodology of PHytiBalanced Incomplete
Block Design with two associate classes using Miytu@rthogonal Latin Squares
(MOLS) is discussed. The MOLS have been construgsinny the theory of Galois Field
(GF). The application of this method is explaineatigh an example.
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1. Introduction

Heterogeneity in the experimental material is offieth@ important problems to be
reckoned with the designing of scientific experitseiVhen the heterogeneity present in
the experimental material, we can employ the ppilecof local control, that is, dividing
the experimental materials into homogenous blocksiuch a way that the variation
within each block is minimum and the variation be¢w the blocks is maximum and then
allot the treatments at random within each blodke @lesigns involving the principles of
blocking are known as a block designs. These bttedigns may be broadly classified
into two types, namely, (i) Complete Block Desigmsl (ii) Incomplete Block Designs.
In complete block designs, all the treatments Hoeated in every block. This is possible
only when we have limited number of treatments. Ewsv, when the number of
treatments is sufficiently large it leads to ther@ase the block size, hence the
homogeneity within the block is in question, andideethe precision of the design gets
affected. To overcome this problem a special typdesigns are evolved in which the
block size is less than the number of treatmenish Slesigns are called ‘Incomplete
block’ designs. Since the block size 'k',(say) &4, in an incomplete block design at
least one treatment is not placed in each blocks€guently, the number of replication
'r'(say) of the each treatment may not be uniquadfined. To rectify this problem a
concept called 'Balancing’ is introduced. The taghe of adjusting of random allocation
of treatment in order to get equal number of reyian in the incomplete block designs
known as ‘Balancing the incomplete Block Designh lacomplete block design having
balanced is known as Balanced Incomplete Block dheéBIBD). But, BIBD’s are not
available for all number of treatments. To overcothis drawback to some extent
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Construction of PBIBD (2) Designs Using MOLS

Partially Balanced Incomplete Block Designs arehesa A set of ¥’ treatments

distributed in ’b’ blocks each containing 'k’ distit treatments (K ), is said to form a
PBIBD with 'm’ associate classes when
(). Every treatment occurs in 'r’ blocks.

(ii). Two treatments occur together ih;, A ,, A ,,...,4 , blocks.

(iii). Given a treatment® each of n treatments occurs witf® in A . blocks
(i=1,2,3,...m) so thaE nA, =9-1 andz n, A, =r(k-1).

(iv). For a given treatment! each of n treatments occurs witl® in A, blocks
(i=1,2,3,....m) satisfying the conditionz n,=(J-1) and Z n, A .=r(k-1). The
PBIBD with 2 associated classes is the simplest design foarhbysis, since a general
solution of the treatment effegt tan be obtained by solving only two equations.

1.1. Parameter relationship of PBIBD(2)
1. The relationp, = p| always holds because of symmetry, that is, froenfaict if (]

is an ith associate, theng¢ is an ith associate dfl .

2.3 =n ifi#j. =n-1i=j. 3. np, =np}

1.2. Construction of Mutually Orthogonal Latin Squares
LetJ =S,,S, Sy, Where § (i=1,2,...,p) is either a prime or a prime power. The

elements of GF( are used for forming combinations of elementshef 'p’ different

fields. Combine the elements from 'p’different fisltaking one from each field in all
possible ways. There is evidently’ such combinations. If 7’ is a prime or prime
power then p%z and each such combinations is just an elementsofiéld. Such
combinations of the 'p’ field element are used wslwls for writing the Latin squares.
Let '’ combinations be written in a row and again incddumn so as to obtain the
summation table of all possible sums, two by twiothe row column combinations by
using MOLS. This column will be called the prindigalumn and the row, the principal
row. By addition or multiplications of two combimat that is by addition or
multiplication of each pair of corresponding eleinén two combinations in the
respective field. It can be easily seen that tmersation table gives a Latin square. Next,

each combination in the principal column is muiéplsay, 3,a, ,...,a,, where,a # 01

(i=1,2,...,p) or the resultant column is the second principtdumn. Again another
summation table is formed by using this secondcjpal row. This table gives the
second Latin square which is orthogonal to the ohtined earlier. Again a third
principal column is obtained by multiplying the féifent elements by the first principal

column by another multiplier, say,(b, ,....b,) where, # 0 or 1 (i=1,2,...,p). That

is the multiplier is so chosen that no elementriy &eld is repeated in the different
multiplier. The third Latin square is obtained kgdang the third principal column and
first principal row. This square is orthogonal toeyious two and this process is
continued till suitable multipliers are availablds each time, a new element is
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introduced in each field in the multiplier combiioats, we can not get more thanl(s-
multipliers, where ’s’ is the minimum factor @ . Each of these multipliers contains a
different non zero element of the field of 's’ asm not more than (%) can be taken with
out repeating an element in the field. & is prime or prime power, each multiplier

combination consists of only one element. We careflore get § - 2) multipliers which
are the different non zero elements in its fielteothan unity.

2. Main Results

2.1. Construction of MOL S of order (3?)

The elements of GF3{) with primitive roots0, 1, 2, a, a?(a? = a+1), a+2,
2a,2a+1,2a+2.

2.2. Tableof first summation of the elements of G.F.(3%)

+ 0 1 2 a a+l |a+2 |2a pa+l |2a+2
0 0 1 2 a a+l | a+2 | 2a (2a+12a0+2
1 1 2 0 a+l| a+2 a |2a+1Ra+2| 2a
2 2 0 1 a+2| «a a+l 2a+2| 2a |2a+1
a a a+l | a+2| 2a |(2a+1j2a+2| O 1 2
a+1 a+l | a+2 a |2a+l2a+2| 2a 1 2 0
a+2 | a+2 a a+l (2a+2| 2a |2a+l] 2 0 1
2a 2a |2a+12a+2| O 1 2 a a+l |a+2
2a+l|2a+12a+2| 2a 1 2 0 a+l |a+2 a
2a+2|2a+2| 2a |(2a+1l] 2 0 1 a+2 a a+l

Substitutinga =3 and Reduce it to Mo&, we get first Latin square as,

ON|O|O~WINFRO
OO|N|W A O|IN|E-
N[OOI~ W OFL|OIN
N(R|O|0(N|O|O|A~ W
OIN|R|O|OIN|w O~
RIOIN|N[O|O|~w| ol
QR IWINFRIO|0o|N O
WA OINFRIO|ON
AWOIFROIN|N|O|

Next, construct the table of second summation. S¢e®nd summation Table 3.3 of the

element of G.F.3?) can be obtained by multiplying the principal aolu of the first
summation Tabl8.2 by @ .
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2.3. Table of second summation of the elements of G.F.(3?)

+ 0 ] 2 a a+l |a+2 | 2a 2a+1|12a+2
0 0 1 2 a a+l |a+2 2a |2a+12a+2
a a a+l |a+2 | 2a |2a+1l]2a+2 0 1 2
2a 2a |2a+1|2a+2] O 1 2 a a+l |a+2
a+l a+l |a+2 a 2a+12a+2| 2a 1 2 0
2a+l|2a+1Ra+2| 2a 1 2 0 a+l |a+2 a
1 1 2 0 a+l | a+2 a 2a+l2a+2| 2a
2a+2|2a+2| 2a |2a+1| 2 0 1 a+2 a a+l
2 2 0 1 a+2 a a+l |(2a+2| 2a |[2a+1
a+?2 a+2 a a+l 2a+2| 2a |2a+1 2 0 1
Substitutinga =3 and Reduce it to Mo@, we get the second Latin square as,

0|12, 3|4|5 6|7 8

314|5|6|7|8 0|12

6 | 7,8 01| 2 3|45

4 |51 3]7|8|6/1|2 0

7/8| 6|1 2|0 4|53

1 2| 0| 4| 5|3 7| 8 6

8 | 6|7 2|0|1|5]| 3 4

2,10(1|5|3|48|6 7

5134/ 8|6|7 2|01

Next, construct the table of third summation. Teeawd summation table3(3)of the

element of G.F3?) can be obtained by multiplying the principal colu the first
summation table3.2) by 2 a .

2.4. Table of third summation of the elements of G.F.(3?)

+ 0 1 2 a a+1 a+2 |2a 2a+1|2a+2
0 0 1 2 a a+l |a+2 | 2a |2a+1|2a+2
2a 2a |2a+12a+2 0 1 2 a a+l | a+2
a a a+l |a+2 2a |2a+1|2a+2 0 1 2
2a+2Ra+2| 2a [2a+1 2 0 1 a+?2 a a+l
a+2 |a+2 a a+l |2a+2| 2a |2a+1 2 0 1
2 2 0 1 a+2 a a+l 2a+2| 2a |2a+1
a+l a+l | a+2 a 2a+1Ra+2| 2a 1 2 0
1 1 2 0 a+l |(a+2 a 2a+l1R2a+2)| 2a
2a+12a+12a+2| 2a 1 2 0 a+l |(a+2 a

Substitutinga =3 and Reduce it to Mo@, we get sixth Latin square as,
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Similarly, we can multiply remaining five primigvelements in principal columns(3.2)
get all Latin squares. When Bs we have8 MOLS. A method of construction of
PBIBD(2) using MOLS is explained in the next seatio

3. Construction of PBIBD(2)

Let the Latin square design be of ordgrand to construct PBIBD with ordef =9
treatments with block size K3= We have8 MOLS of order9. These MOLS are merged
corresponding to the first row in which all theraknts are same. Omitting the first row
and notify the treatments id2 cell, each cell consists @ treatments in order. Taking

the first three treatments in all2 cells, we can form a PBIBLX), which is presented
below.

Blk| Treatment |Blk| Treatment Blk | Treatment |Blk | Treatment
1 1/3|/6 (19 3|4|837|5 1|2 |5 |7 2|1
2 24,7 |20/ 4/ 5| 6/38 |3 |2|0 |56 8 |0 |2
3 0/5/8 |21 5]3]7/39 |4 |[0/]1 |[57 |6 |1 |0
4 4/6| 0 |22 6| 7] 240 |8 |4|5 |58 |1 |5 |4
5 5/7|1 |23, 7, 8| 0/41 |6 |5|3 |59 |2 |3 |5
6 382 |24, 8, 6|1/42 |7 |34 |60 |0 (4 |3
7 7/0] 3 |25/ 0|1 ]5/43 |2 |78 |61 |4 |8 |7
8 8|14 /26/1] 2| 3/44 |0 |86 |62 |5 |6 |8
9 62| 5 |27 2|, 0| 445 |1 |6|7 |63 |3 |7 |6
10 |26 |3 |28 4| 7| 5/46 |6 |8 |4 |64 |8 |5 |7
11 |07 ,4 |29/ 5|8 3|47 |7 |6]|]5 |65 |6 |3 |8
12 11 /8|5 |30 3| 6| 448 |8 |[7]|3 |66 |7 |4 |6
13 |[5/0)6 |31, 7|1 )|8/49 |0 |[2]|7 |67 |2 |8 |1
14 |3|1 |7 |32/ 8] 2| 6/50]1 0|8 |[68 |0 |6 |2
15 |4/2|/8 |33/ 6| 0| 7/51 |2 1|6 |69 |1 |7 |O
16 |83 |0 |[34|1] 4| 2|52 |3 |[5]|1 |70 |5 |2 |4
17 |6]/4|1 |35/ 2|5|0/53 |4 [3|]2 |71 |3 |0 |5
18 |75 2 |36/ 0[3]1/54 |5 4|0 |72 |4 |1 |3
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Here, the number of treatmen$s=9, Number of Blocks size #2, Number of

replications r24 and Size of the Block k3. As k< J (3<9) and the above
arrangement is incomplete design.

3.1. Parametric Relations of PBIBD(2)
Let us check the parameters relations of PBIBD@)structed above,

J=k?, b=mk, r=m, k=k, n=m(k-1), n,=(k-1)(k+1-m) and
1= r(k—l)'
(#-1)
9 =3°=9 treatments, k=r8, r=m=3,n, =6,n, =2 ,n, +n, =8,
A =0.75 A, =1 andp; matrix is given below

4 2)(2 0O
2 0)0 1
As the relationships are satisfied the above asamegt is a PBIBDZ). Now, by taking

any three treatments of sequential order in thegetecells or MOLS, we can form2
PBIBD(2) arrangement which may have the following asseslap.

3.2. Associates of PBIBD (2)
Thus for treatment® = (0,1,...,8) the remaining § -1) treatments are grouped into

'm’ groups (m=2). The i™ group contains blocks (&,1). These n treatments can be

said asi™ associate class d.The parametric relations of PBIBR] and associates of
PBIBD (2) are satisfied.

@11 Association clas| Il Associatiol g || Association cladll Associatiol
class class
015,8,4,6,7,3 1,2 0/5,8,4,6,7,3 |1,2
1 /3,6,5,7,8,4 0,2 1/3,6,57,8,4 |0,2
2 14,7,3,8,6,5 0,1 214,7,3,8,6,5 |0,1
311,6,8,2,7,0 4,5 31(1,6,8,2,7,0 4,5
4 12,7,6,0,8,1 3,5 412,7,6,0,8,1 |3,5
510,8,7,1,6,2 3,4 5(0,8,7,1,6,2 3,4
6 1,3,4,0,2,5 7,8 611,3,4,0,2,5 7,8
712,4,510,3 6,8 712,4,5,1,0,3 6,8
8 10,53,2,1,4 6,7 81(0,5,3,2,1,4 6,7
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@ |1 Association clas| Il Associatiol @ | IAssociaton clas{ll Associatiol
class class

017,815,2,4 3,6 0/6,7,2,5,3,1 |4.,8

1 18,6,0,5,2,3 4.7 117,8,4,2,0,3 5,6

2 16,7,1,3,0,4 5,8 218,6,1,4,5,0 3,7

314,8,5,7,1,2 0,6 315,8,6,4,0,1 2,7

4 13,8,5,6,2,0 1,7 417,5,3,6,1,2 0,8

5 14,6,3,7,0,1 2,8 518,3,4,7,2,0 1,6

6 [4,5,7,2,8,1 0,3 6 13,4,8,2,0,7 1,5

7 15,3,6,2,8,0 1,4 714,5,1,8,6,0 2,3

8 [3,4,7,0,6,1 2,5 8 5,3,7,1,2,6 0,4

g1 Associatiol I Associatiof g || Associatiol Il Associatiof
class class class class

013,2,41,8,6|5,7 0(2,7,1,8,5,4| 3,6

1 15,2,4,0,6,7| 3,8 1/0,8,2,6,3,5|4,7

2 1513,0,7,8| 4,6 210,7,1,6,4,3|5,8

31/2,0,6,5,7,4/1,8 31(8,7,5,1,4,2| 0,6

4 10,1,8,5,7,3| 2,6 416,8,3,2,5,0/1,7

511,2,8,4,6,3|0,7 517,6,3,1,4,0| 2,8

6 53,0817 |2,4 61(8,4,7,5,2,1| 0,3

7 13,4,2,8,1,6 0,5 716,5,8,3,0,2|1,4

8 14,5,2,7,0,6/1,3 81(6,4,7,3,1,0| 2,5

G611 Associatiol Il Associatiof & || Associatiolll Asscciatiorn
class class class class

0 /8,2,6,1,4,3| 5,7 0 |6,2,1,7,3,5(4,8

1 7,2,6,0,5,4| 3,8 1 17,0,2,8,4,3|5,6

21718,0,3,5|4,6 2 |8,1,0,6,5,4 3,7

312,50,4,7,6/1,8 3 16,8,0,5,4,1|2,7

4 11,5,0,3,8,7 | 2,6 4 17,6,5,2,1,2/0,8

511,4,2,3,6,8| 0,7 5 18,7,2,4,3,0/1,6

6 (1,0,5,8,3,7 | 2,4 6 [3,8,7,4,0,2|1,5

7 12,1,4,8,3,6|0,5 7 18,5,4,6,1,0(2,3

8 10,2,4,7,5,6/1,3 8 [5,7,6,3,2,1/0,4

This analogy can be extended even when the blaekisimore than 3K9) .

4. Conclusion
In this paper, the construction of PBIBD(2) usin@OMS has been discussed with the

basis of Galois Field primitive elemeBt. It can be noted that a complete set of MOLS
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exists only when the number of treatments is impror prime power. This methodology
are can also be extended to the case of primitaments2?, 2°, 7%, 11>, 13, 17°,

19° and 23.
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