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Abstract. LetS be a semigroup. A mappiagS — D[0,1] is called an interval-valued
fuzzy subset of whereD|[0, 1] denotes the family of all closed sub intervalqg0ofl].
A semigroupS is called an intraregular semigroup if for eachnetnta € S there exist
x,y € S such thatt = xa?y. In this paper, intraregular semigroups are charaed by
means of interval-valued fuzzy left ideals (regghtrideals, bi-ideals, interior ideals).
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1. Introduction

L.A. Zadeh [11] made an extension of the concepd @fizzy set by an interval-valued
fuzzy set with an interval-valued membership fumttilnterval-valued fuzzy sets have
many applications in several areas. For exampldeZd11] constructed a method of
approximate inference using his interval-valuedzjuzet. Gorzalczany [3] studied the
interval-valued fuzzy sets for approximate reasgnitoy and Biswas [1] studied interval
-valued fuzzy relations and applied these in Sarigshapproach for medical diagnosis.
X.Y. Xie and J. Tang [10] studied regular and irggular semigroups in terms of fuzzy
sets. Y. Hang and X. Fang [4] characterized ietzalar semigroups by intuitionistic
fuzzy sets. In [8, 9] AL. Narayanan and T. Manikamintroduced the notions of interval-
valued fuzzy subsemigroup and various kinds of riievalued fuzzy ideals in
semigroups. Kuroki [6] characterized regular seougs, intraregular semigroups that
are semilattices of left (right) simple semigroupserms of fuzzy ideals, fuzzy bi-ideals
and fuzzy generalized bi-ideals. In this paper, olaracterized the regular and
intraregular semigroups in terms of interval-valfiezy left, right, interior and bi-ideals.
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2. Preliminaries
Let S be a semigroup.
A non-empty subset of S is called asubsemigroumf S if AA <A and is called deft
(resp.right) idealof S if SAc A (resp.AS c A).

By two sided ideabr simplyideal, we mean a non-empty subsetSofhich is
both a left and a right ideal 6f

A subsemigroup of S is called ai-ideal of S if ASA c A.

A non-empty subset of S is called anteriorideal of S if SAS cA.

Definition 2.1. A semigroupsS is calledregular if for each element € S there exists
x € § such thatt = axa. In other wordss is regular ifa € aSa Va € S.

Definition 2.2. A semigroups is calledintraregular if for each element € S there exist
x,y € S such thatt = xa?y. In other wordsS is intraregular itx € Sa?S Va € S.

We now review some fuzzy concepts.

A fuzzy subset of a non-empty séf is a mapping fronX to [0, 1].

LetS be a semigroup. A fuzzy subsketf S is called auzzy subsemigrougf S
if A(xy) = min{A(x),A(y)} Vx,y €S. A fuzzy subsefl of S is called afuzzy left
(resp. righ}) ideal of S if A(xy) = A(y)(resp.A(xy)zA(x)) Vx,y €8.

A fuzzy subsefl of S is called &uzzy two-sided idear simplyfuzzy ideabf S
if it is both a fuzzy left ideal and a fuzzy righeal ofs.

A fuzzy subsemigroupA of S is called a fuzzy bi-ideal of S if
A(xyz) > min{A(x),A(2)} Vx,y,z €8S.

An interval number o1i0,1], saya is a closed subinterval §0,1], that is
a=[a" ,a*] whered <a” <a* <1. LetD[0,1] denote the family of all closed
subintervals 0f0,1], 0 = [0,0] and1 = [1,1].

For any two elemen@ = [a~, a*] andb = [b~, b*]in D[0, 1], we define
(i) a<bifandonlyif a~ < b~ anda* < b*,

(i) a=>b ifandonlyifa” =b~ anda* = b™,

@iy  Min'{a, b} = [min{a~, b~}, min{a*, b*}],

(ivy Max'{a,b} = [max{a~,b"}, max{a*, b*}].

Similarly we can definénf? andSup® in case of family of elements in D[0, 1].

A mappingA: X — D[0,1] is called arinterval-valued fuzzy subsétriefly, an
i-v fuzzy subsgtof X, whered(x) = [A~(x),A*(x)] Vx X, A~ andA™ are fuzzy
subsets iX such thatA™(x) < A*(x) V'x € X.

Definition 2.3. Let 4, B be i-v fuzzy subsets &f. Then we have the following:
(i) A< BifandonlyifA(x) < B(x) Vx.
(i) A= B ifandonlyifd(x) = B(x) Vx.
(iii) (AU B)(x) = max‘{A(x), B(x)}
(iv) (A N B)(x) = min*{A(x), B(x)}.
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Definition 2.4. Let ‘.’ be a binary composition in a set S. TheductA4 o B of any two i-
v fuzzy subsetd, B of S is defined by

(Ao B)(x) = {x iusi. b {Mini{/f(a),é(b)}} if x is expressibleasx =a-b

_ 0 . ~ otherwise_ o
Since semigroup S is associative, the operatisrassociative. We denotg

instead ofx - y andAB for A o B.
Let B be a subset of a s€t Define a functioryz: X — D[0,1] by
1ifx€B

Ys(x) =3 Vx € X.
5 (%) {0 otherwise

Clearlyyz is an i-v fuzzy subset &f. Throughout this papéfs is denoted by
andS will denote a semigroup unless otherwise mentioned

An i-v fuzzy subsefl of S is called annterval—-valued fuzzy subsemigroup
(briefly, ani-v fuzzy subsemigroipf S if A(ab) > Min'{A(a),A(b)}Va,b € S.

An i-v fuzzy subse#l of S is called aninterval-valued fuzzy leftresp. right)
ideal ( briefly, ani-v fuzzy lef(resp. righ ideal) of S if A(ab) > A(b)(resp.A(ab) >
A(a)) for alla, b € S.

Every i-v fuzzy right (left, two sided) ideal §fis an i-v fuzzy subsemigroup of
S. However the converse is not true.

An i-v fuzzy subsef of S is called arinterval-valued fuzzy two-sided idead
simply i-v fuzzy ideabf S if it is both an i-v fuzzy left ideal and aiv ifuzzy right ideal
of S.

An i-v fuzzy subsemigroug of S is called ani-v fuzzy bi-ideabf S if A(xyz) >
Min'{A(x),A(2)}Vx,y,z € S.

An i-v fuzzy subsefl of S is called ari-v fuzzy interior ideabf S if A(xay) >
A(a).

3. Results

In this section, we obtained the structure of ueZy interior ideal of an intraregular
semigroup and obtained equivalent conditions faremigroup to be intraregular and
showed that in an intraregular semigroup the canoémn i-v fuzzy ideal and an i-v
fuzzy interior ideal are identical.

Theorem 3.1. LetS be an intraregular semigroup. Thér= SAS for every i-v fuzzy
interior ideald of S.
Proof: Let A be an i-v fuzzy interior ideal of an intraregusamigroup S.

§A5(@ = PP (Min{(5H00),50)))

sy
SR (COIE)

- S o)
- 2 2 o)
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Sup' fiawy)

~a=uvy
< ¥ ”517}1{{5 wy)}}
= Sup'{A(a)}
= A(a).
Therefore SAS < A. _
SAS(@) = 1P {Min'(S(p), (AS)()}}
> Min'{S(xa), (A5)(ay)}
= (45)(ay)
= ;"“:Puv {Min'{AQ), S}
> Mini{ﬁ(xaa),b:(yz)}
= A(xaa)
= A(a), sinced is an interior ideal.
ThusA = SAS.

Lemma 3.2. [5] For a semigrouf, the following conditions are equivalent:
® S is intraregular
(i) AN B S AB holds for every left ideal and every right ided of S.

Theorem 3.3. For a semigroup, the following conditions are equivalent
® S is intraregular
(ii) AN B C Ao B holds for every i-v fuzzy left ideal and every i-v fuzzy right
ideal B of S.
Proof: Assume thaf is intraregular. Therefor&a € S,3x,y € S such thatt = xa?y.

Then we have (4 o B)(a) = as’_m;v (Min‘A(w), A(v)})

> Min‘{A(xa), B(ay)}
> Min*{A(a), B(a)}
=(ANnB)(a) VaeSs
Hence by Definition 2.3(il e B > A N B.
Conversely assume thatn B € A o B for every left ideald and every right ided? of S.
Let R be aright ideal and be a left ideal of respectively.
Thenyy is an i-v fuzzy right ideal of andy; is an i-v fuzzy left ideal of.
By our assumptiory;, N ¥z S Xz © Xr-
Sincey; N Xz = Xinr, (lemma 2.3.12[2]) we havg,nr € XL © X&r-
Now, leta € L N R.
Thereforey, z(a) = 1 and by our assumptigey, © ¥z (a) = 1 that is
l . —
P (Min' 0w, Zm@)}) = 1.
Therefore3x € L and3y € R such thatt = xy which implies that: € LR.
ThereforeL N R < LR for every left ideal. and every right idedt of S.
By Lemma 3.2, we havgis intraregular.
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Theorem 3.4. A semigroups is intraregular if and only ifva € S) A(a) = A(a?) for
every i-v fuzzy ideald of S.

Proof: = LetA be an i-v fuzzy ideal &f. Anda € S.

Then by hypothesis, &sis intrareguladx, y € S such that = xa?y.
And A(a) = A(xa%y) = A(a?y) = A(a®) = A(aa) = A(a).

This implies thatd(a) = A(a?).

< I(a?) is an ideal of generated by?.

AndI(a?) = {a?} U {Sa?} U {a%S}.

Xia?) is an i-v fuzzy ideal of.

By our assumptiof;zz)(a®) = Xi(a2)(a).

We havey;gz(a) = 1.

Hencea € I(a?) = {a?} U {Sa?} U {a?S}.

Suppose € {a?}

Thena = a? = aa = a?a® = aa’a.

Thereforea € Sa?s.

If a € {Sa?}, thendx € S such thatt = xa? = xaa = x(xa?)a = x?a?a.
Thereforea € Sa?s.

If a € {a?S}, thendx € S such thatt = a?x = aax = a(a’x)x = aa®x?.
Thereforea € Sa?s.

Thus in all the cases, by Definition 22is intraregular.

This completes the proof.

Theorem 3.5. LetS be an intraregular semigroup. Then for any i-zfuleal4 of S,
we have, A(ab) = A(ba),Va,b €S
Proof: LetA be any i-v fuzzy ideal of anda,b € S.
Then bytheorem 3.4nd hypothesis, we have

A(ab) = A((ab)?) = A(a(ba)b) = A(ba) = A((ba)?) = A(b(ab)a) = A(ab)
Thus we havel(ab) = A(ba).

Lemma 3.6. A semigroups is regular and intraregular if and only if evenyideal of S is
idempotent, that i8 = B? for every bi-ideaB of S.
Proof: LetS be both regular and intraregular semigroup A a bi-ideal of.
SinceBis a bi-ideal, we havBSB < Band since S is both regular and intraregular, we
haveB € BSB andB < SB?S
ThusB € BSB

C BSBSB

C BS(SB?S)SB

C BS?B%S?B

C BSB?SB

€ BSB BSB

€ BB

= B2
That isB € B2.
On the other hand, sin@eis a bi-ideal o5 we haveB? c B.
Hence we hav8 = B2,
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Conversely, leB = B? for every bi-ideal of and leta € S.

But B(a) = {a U a? U aSa} is a biideal.

Sincea € B(a), by our assumptioB(a) = B?(a), a € B?(a) = {a? U a?Sa U aSa?}.
Therefore eithea = a? ora € a?Sa ora € aSa?.

In all the cases it can easily seen tha aSa anda € SasS.

This is true for any: € S.

ThereforeS is both regular and intraregular.

Theorem 3.7. LetS be an intraregular semigroup. Then the followirgequivalent.
(i) Ais ani-v fuzzy ideal of.
(i) Ais ani-v fuzzy interior ideal of.
Proof: (i) = (ii). By Lemma 2.4.9 [2] every i-v fuzzy ideal of a dgroupS$ is an i-v
fuzzy interior ideal of.
(ii) = (i). Assume thafl is an i-v fuzzy interior ideal of a intraregulansigroups.
Leta, b € S. Then since is intraregulad x,y,x,y’ € S such thatt = xa?y and
b = x'b?y".
ThusA(ab) = A(xa?yb) = A((xa)a(yb)) = A(a) and
A(ab) = A(ax'b?y) = A ((ax’)b(by’)) > A(b).
This implies tha#l is an i-v fuzzy ideal of.

Definition 3.8. An i-v fuzzy subsefl of a semigroup is called idempotent if
(AA)(x) = A(x) VxE€S.

Theorem 3.9. LetS be a semigroup. Then the following are equivalent.

() S is both regular and intraregular semigroup

(i) Every i-v fuzzy bi-ideal is idempotent.
Proof: LetA be an i-v fuzzy bi-ideal of an regular and intgarar semigrouys.
Sinced is an i-v fuzzy bi-ideall (xy) = Min*{A(x),A(y)} and
A(xyz) = Min'{A(x),A(z)} L D
First we will prove thatl o A € A
Leta € S. SinceS is reguladx € S such thatt = axa

Ao D@ = S (Min'(Aw), Aw)})
a=uv .
< SUP' {A@uv)} )
a=uv
= Sup'{A(a)}
= A(a)
ThatisAo A c A.
Now we will prove thal € A o A. SinceS is regulava € S,3x € S such thatt = axa.
And sincesS is intraregulara € S,3x’,y’ € S such thatt = x'a?y".
Thereforea = axa
= axaxa
= (ax)(x'a’y") (xa)
= (axx'a)(ay xa).
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Now (4 o 4)(a) = aS:IiU (Min‘(A(w), A(v)})
> Min'{A(axx'a), A(ay xa)}

> Min! {Mini{ﬁ(a),ﬁ(a)}, Mini{ﬁ(a),A(a)}} by (1)

= Min'{A(a),A(a)}
= A(a)
AocADA
Therefored is idempotent.
Conversely assume that any i-v fuzzy bi-idéalf S is idempotent. That i o 4 = A.
Now letB be any bi-ideal of. ThereforeB? € B andyj is an i-v fuzzy bi-ideal of.
By our assumptiolyz e ¥z = Xz-
Let a € B. Thereforeyz(a) = 1 which implies(¥z © ¥5)(a) = 1 and therefore
l . —
SUP AMini{Zz(w), Tr)}} = 1
a=uv
Thus there exish, c € B such thatt = bc. Thereforen € B2
HenceB € B? and henc® = B2,
Then by lemma 3.6 is both regular and intraregular.

Lemma 3.10. (Theorem 2.7.2 [2]) A semigroup is regular if amdy if for every i-v
fuzzy right ideald and every i-v fuzzy left ided of S, we haved o B = A n B.

Theorem 3.11. LetS be an ordered semigroup. Then the following arévedent.
(i) Sisregular and intraregular ~
(i) AnB < (A°B)n(Bo°A)foranyi-v fuzzy bi-idealgl andB of S

(i) AN B € (Ao B)n (B o A) for every i-v fuzzy bi-ideall and every i-v fuzzy left

ideal B of S.

(iv)AnB < (Ao B)n (B - A) for every i-v fuzzy right ideall and every i-v fuzzy

bi-ideal B of S.

(v) AnB < (A°B)n (B - A)for every i-v fuzzy right ideall and every i-v fuzzy

left ideal B of S.
Proof: (i) = (ii). letA andB are i-v fuzzy bi-ideals of. Anda € S.

Then sinces is both regular and intraregular, there existsS such thatt = axa =

axaxa
And there exisy, z € S such thatt = ya?z.
Thusa = axa = axaxa = ax(ya?z)xa = (axya)(azxa).
SinceA andB are i-v fuzzy bi-ideals of, we have
A(axya) = Min‘{A(a),A(a)} = A(a) and
B(azxa) = Min'{B(a), B(a)} = B(a).
Then(4 o B)(a) = SUP' {Min‘tA@u), B@)}}
a=uv _

> Min*{A(axya), B(azxa)}

> Min‘{A(a), B(a)}

= (AN B)(a)
which means ths#d N B € Ao B.
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In the same way we can show tlah B € B o A.

HenceAn B € (A>B)n (B A).

Since every i-v fuzzy left (right) ideal &fis a i-v fuzzy bi-ideal of, we have
(iD) = (i), (i) = (iv), (i) = (v), (iii) = (v) and(iv) = (v) are clear.
(v) = (i). LetA andB are i-v fuzzy right ideal and a i-v fuzzy left mleof S
respectively.

By hypothesisANB S (AoeB)N(BoA)SBoA

By Theorem 3.3 is intraregular.

On the otherhandi N B € (AoB)N(BoA) S AoB

ButAeBc AoScAandAoB S SoB S BimpliesAecB S ANB
ThusAeB=ANB

By Lemma 3.1 is regular.

ThussS is both regular and intraregular.

This completes the proof.
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