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Abstract. The concept of fuzzy magic labeling is introducedZy magic labeling for
some graphs like path, cycle and star graph aieeatkflt is proved that, every fuzzy
magic graph is a fuzzy labeling graph, but the eose is not true. And we show that the
removal of a fuzzy bridge from a fuzzy magic gr&hsuch that G* is a cycle with odd
number of nodes is a fuzzy magic graph.And alscesproperties related to fuzzy bridge
and fuzzy cut node have been discussed.
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1. Introduction

Fuzzy is a newly emerging mathematical frame waorlexemplify the phenomenon of
uncertainty in real life tribulations. It was inthaced by Zadeh in 1965, and the concepts
were pioneered by various independent researclzeRasenfeld [10], Yeh and Bang
[18] during 1970’'s. Bhattacharya has establishesl ¢hnnectivity concepts between
fuzzy cut nodes and fuzzy bridges title8dme remarks on fuzzy graplps]. Several
fuzzy analogs of graph theoretic concepts suchastsspcycles and connectedness were
explored by them. There are many problems, whichlm solved with the help of the
fuzzy graphs.

Though it is very young, it has been growing fasd Aas numerous applications
in various fields. Further, research on fuzzy geaphs been witnessing an exponential
growth; both within mathematics and in its appli@as in science and Technology. A
fuzzy graph is the generalisation of the crisp grapherefore it is natural that many
properties are similar to crisp graph and alseiiates at many places.

In crisp graph, A bijection f: VE — N that assigns to each vertex and/or edge if
G= (V, E), a unigue natural number is called aliage The concept of magic labeling in
crisp graph was motivated by the notion of magigasgs in number theory. The notion
of magic graph was first introduced by J.SedladdgR [n 1964. He defined a graph to be
magic if it has an edge-labeling, within the ramfe@eal numbers, such that the sum of
the labels around any vertex equals some constalgpendent of the choice of vertex.
These labelingshave been studied by B.M.Stewartlj4Bwho called thelabeling assuper
magic if the labels are consecutive integers,iatafftom 1. Several others have studied
these labelings.
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Kotzig and Rosa [3] defined a magic labeling toabital labeling in which the
labels are the integers from 1/¥6G)| + |E(G)|. The sum of labels on an edge and its
two endpoints is constant. Recently HikoeEnomotcef2al., introduced the name super
edge magic for magic labeling in the sense of Kp&rid Rosa, with the added property
that thev vertices receive the smaller labels. Many otheeaechers have investigated
different forms of magic graphs. For example selve®e Avadayappan [12] et al.,
A.A.G.Ngurah [9] et al.Trenkler [16].

In this paper, section 1.1 contains basic definfi@nd in section 1.2 a new
concept of fuzzy magic labeling has been introduaned also fuzzystar graph is defined.
In section 2 fuzzy magic labeling for some grapke path, cycle and star are defined. In
section 3, some properties and results with fuzegge and fuzzy cut nodes are
discussed. The graphs which are considered ip#psr are finite and connected.

All basic definitions and symbols are followed ag4, 6, 7,15, 17].

1.1. Preliminaries

Let U and V be two sets. Theris said to be &uzzy relatiorfrom U into V if p is a fuzzy
set of UxV.Afuzzy graphG = (@, W) is a pair of functions: V — [0, 1] andu: VXV —
[0, 1], where for allu, ve V, we haveu (u, V) <o (u) A o (v).A pathP in a fuzzy graph is
a sequence of distinct nodes Vv, ....,.\ such thatu\, vi.1) >0; i <n; heren> 1 is
called thelength of the path. The consecutive pairs;,(\v.;) are called thedge of the
pathA path P is callea cycleif v;=v, anch > 3. The strengthof a path P is defined as
n

A 1 (i, vii).Let G :(o, p) be a fuzzy graph. Thaegreeof a vertexv is defined as

i=1
d\v) =Y ux 1 (v, u).Let G (o, p) be a fuzzy graph. Thstrong degreeof a nodev is

u€ey
defined as the sum of membership values of alhgtexlges incident &t It is denoted by
ds(v). Also if Ns (v) denote the set of all strong neighbours wfthen ¢(v) =
Yuensw) b (v, u).An edge is called tuzzy bridgeof G if its removal reduces the strength
of connectedness between some pair of nodes imGde is guzzy cut nodef G = (,
K) if removal of it reduces the strength of conadness between some other pair of
nodes.

1.2. Fuzzy labeling

Definition 1.2.1. [8] A graph G = §, J) is said to be a fuzzy labeling graphg:iv — [0,
1] andw: VxV — [0, 1] is bijective such that the membership valfiedges and vertices
are distinct angh (u, V) <o (u) A o (v) for all u, veV.

Example 1.

0.06 0.03 0.02

“0_09 008 010
Figurel: A fuzzy labeling graph

In Fig.1, o andu are bijective, such that no vertices and edgesref@ives the same

membership value.

KE
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Definition 1.2.2. A fuzzy labeling graph is said to be a fuzzy magiaph ifo (u) + p (u,
V) +o (V) has a same value for all v=V which is denoted asytG).

Example 2.
0.07 0.05 0.06 0.04
Vi V2 Vs V4
[ O 4 o
0.01 0.02 0.03
Figure 2: A fuzzy magic path graph.
my(P) = 0.13.

In Fig. 26(V1) +u(V1, Va) + (V) = 0.07+0.01+0.05 = 0.13, for alb\W.€ V.

Definitionl 2.3. A starin a fuzzy graph consist of two node setsV and th{¥|= 1 and
|U|> 1, such that (v, u) > 0 andu (u, U.1) =0, Ki<n. Itis denoted by 5.

Example3.

0.12
v

573

0.07 0.08

Figure 3. Afuzzy star graph

Definition 1.2.4. [8] The fuzzy labeling graph H=r,(p) is called a fuzzy labeling
subgraph of G=d, W) ift(u)=o(u) for all ke V anch(u, v) < u(u,v), for all u, veV.

2. Main Results

Proposition 2.1. EverypathP is a fuzzy magic graph.

Proof: Let P be a path with length> 1 andvy,Va,... & ViV, WV, ..., W1V, are the nodes
and edges of P.Let> (0, 1] such that one can choose z = 0.1df4hand z = 0.01 if &
5. if the length of the path P is odd, then thefuabeling is defined as follows.

o(Vai1) = (2n+2-) z, 1<i S"T“

o(va) =Min{o(v, )/1<i<"}i (@), 15i<™>
H(Vnis2, Vne1) = Max{o(v;) /1 <i <n+1}
-Min{o(v;) /1 <i <n+1}-(i-1)z 1<i<n
Case(i)iis even
Theni = 2x for any positive integer
For each edge, Vi1
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Mo(P)  =0(vi) 1 (Vi, M1) +0(Viea)
=0(Van) 1 (Vax Voxen) + 0(Vaxen)
= Min {o(vm) N<i< #}x (2 + Max{o(v) /1 <i<n+1}

-Min {o(v) /1 <i<nt+l}- (N-2X) z+ (2n-x+1) z

= Minfo(v, ) /1 <i <"} + Max{o(v) /1 <i<n+1}-Min{o(v) /1 <i<nt1}
+ni+l)z
Case (ii) i is odd
Theni = 2x+1for any positive integex
For each edge, V.1
My(P)=0(W) +Ht (U, Vor) +6(Vh1)
= o(Vaxrr)  + 1 (Voxets Voxe2) +6(Vaxe2)
= (@n-x+l)z+Max{o(v) /1 <i<n+1}- Min {o(v) /1 <i<n+1}- (N-2x-1)
n+1

wMinfo(v, ) /1 <i <"} (x+1)

= Min{c(vh_rl) N<i s%l} +Max{o(v) /I <i<n+1}- Min {o(v) /1 <i<n+1}
+rf+1)z.
If the length of the path P is even then it hasftilewing labeling.
o(Va) = @n+2-i) z 1<i Sg
o(vz) =Minfo(v,)/1<i< i (9, 12i<27
W(Vn-is2,Vnie1) = Max{o(v) /1 <i<n+1}
-Min {o(v) /1 <i<n+1}-(i-1)z 1<i<n
Case (iii) i is even
Theni = 2x for any positive integex
For each edge, V.1
mO(P):G(Vi) tu (Via V|+l) + G(Vi+1)
=0(Va) L (Vox Voxe1) +0(Vays1)
= (+2X)z+ Max{o(v) /1 <i<n+1}- Min{o(v) /1 <i<n+1}-
1-2%) z+Min{o(v,) /1 <i <2}-(x+1)z

= Mir{o(vzl) J1<i 55} +Max{o(v) /1 <i <n+1}-Min {o(v) / 1 <i<n+1}
+1f+1)z
Case(iv)iis odd
Theni = 2x+1 for any positive integex
For each edge, V.,
Me(P) =o(vi)  +u (Vi, Vig) +6(Vis1)
= 6(Vaxs1) L (Voxe, Voxs2) 76(Vays2)
= Min {a(vﬁ) N1<i< 3} (x+1)z-(n-2x-1) z

+Max {o(v) /1 <i<n+1}- Min {o(v) /1 <i<n+1} + (nx+1)z

= Min{o(v_,,) N<i< 3} +Max{o(v) /1 <i<n+1}
-Min{o(v)/1<i<n+1} + (n+1)z.
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Therefore in both the cases the magic valy@ris same and unique. Thus P is fuzzy
magic graph.

Proposition 2.2. Every graph G, such that G* is a cycle with odd baenof nodess a
fuzzy magic graph.

Proof: LetG* be a cycle with odd number of nodes angh\.. W& V1Va, VoVs, ...,V be
the nodes and edges of itz — (0, 1] such that one can choose z = 0.14f3and z =
0.01 if n> 4. The fuzzy labeling is defined as follows.

o(Vz) = (2n+14) z, 1<i < 71
o(var) = Min{o(v,) /1 <7< S ), 1si=
n(va, V) = sMax {o(v) /1 < i < n}

W(Vnie1, Vi) = (VW) -1 (2, 1<i<n-1
Case(i)iis even
Theni = 2xfor any positive integex
For each edge, V.1
My(Cr)=c(Vi) +p (Vi, Vi) + 6(Vira)
= 0(Va)  + 1 (VoxVoxs1) + 6(Voxs)

= (1) z+ %Max {o(v) /1 <i<n}- (n-2X9 z+ Min {c(vz‘) /1< 5%} (x+1)z

Max {o(v) /1 <i < n}+ Min {0(v_7,) N1<i< 7‘} +n (2)
Case (ii) i is odd

Theni = 2x+1 for any positive integex

For each edge, V.1

My(Cr)= (V) +u (Vi, Vir1) + 6(Vira)

o(Vaxs1)  HU (Vaxe, Voxwz) +0(Vays2)

Min {a(v_,,) /1<i 571} (x+1)z+ sMax {o(v) /1 < < n}- (n-2%1) 2+ (209 Z

Max {o(v) /1 <i < n}+ Min {0(v_7,) N1<i< 71} +n ()
Therefore from above cases G is a fuzzy magic gifaphas odd number of nodes.

Proposition 2.3. For any r> 2, star $,is a fuzzy magic graph.
Proof: Let S * be a star graph with wu,, ..., 4, as nodes and ywu,, ..., vy, as edges.
Letz— (0, 1] such that one can choose z = 0.1dfhand z = 0.01 if & 5. Such a
fuzzy labeling is defined as follows.
o(u) =[2(n+1) 4] z 1<i<n
o(v) =Min{o(u)/1<i<n}-z
w(v, i) = Max{o(u), c(v)/1< i< n}-Min {o(u), o(v)/1<i < n}
k@, 0<i<n-lL
Case(i)iis even
Theni = 2x for any positive integex
For each edge,u
Mo(Sy, ) =0(v) +p (V,u) +o(u)
o(V) +u (V.U +o(Uzy
Min{o(u) /1 <i<n}- (2) + Max{o(u), c(v)/1<i < n}
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- Min {o(u),6(v)/1< i< n}—(n-2x) z + [2(n+1) - X]z

= Min{o(u) /1 <i<n}+ Max{o(u), c(v)/1<i<n}
-Min {o(u), o(v)/1<i<n} + (n+1)z
Case (ii) i is odd
Theni = 2x+1for any positive integex
For each edge,u
Mo(Sy, ) =o(V) -+ (V,u) +o(u)
=o(v) +p(V, tys1) +o(Uze2)
= Min{o(u) /1 <i<n}-z+ Max{o(u), c(v)/1<i<n}
-Min {o(u), o(v)/1<i <n}- (n-2x-1)z + [2(n-X)] z

= Min{o(u) /1 <i<n}+ Max{o(u), c(v)/1<i<n}
-Mi{o(u),c(v)/1<i<n} + (n+1)z.

From the above cases one can easily verify thatallgraphs are fuzzy magic graphs.

Remark 1. One can observe the same labeling holds good dheese the value of z as
0.03, 0.05 etc for the proposition 2.3, 2.4 and 2.5

Remark 2.

® If G is a fuzzy magic graph, then dél(v) for any pair of nodes u and v.

(i) For any fuzzy magic graph,<0dy(v) < d(v).

(i) Sum of the degree of all nodes in a fuzzy magiplgia equal to twice the sum
of membership values of all edges.(ih), d (v;) =2 X, 1 (u, v).

(iv) Sum of strong degree of all nodes in a fuzzy mggaph is equal to twice the
sum of the membership values of all strong ards in

i-eZ?:1 ds(Vi) =2 ZUENS(V) IJ‘(V’ u)

3. Properties of fuzzy magic graphs

Proposition 3.1. Every fuzzy magic graph is a fuzzy labeling gralplt, the converse is
not true.

Proof: This is immediate from the definition 1.2.2.

Proposition 3.2. For every fuzzy magic graph G, there exists atleastfuzzy bridge.
Proof: Let Gbe a fuzzy magic graph, such that there ety one edge p(x,y) with
maximum value, since U is bijective. Now we clamattu(x,y) is a fuzzy bridge. If we
remove the edge (x,y) fromG, then in its subgragiver’'® (x, y) < 4 (X,y), which
implies (X, y) is a fuzzy bridge.

Proposition 3.3. Removal of a fuzzy cut node from a fuzzy magic grép such that G*

is a path is also a fuzzy magic graph.

Proof: Since G* is a path, there exist at least one odenNow if we remove thatcut
node from Gthen it either becomes a smaller patldisconnected path, anyway it
remains to be a path with odd or even length, lp@sition2.1, it is concluded that
removal of a fuzzy cut node from a fuzzy magic dragalso a fuzzy magic graph.
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Proposition 3.4. Removal of a fuzzy bridge from a fuzzy magic gr&hbsuch that G* is
a cycle with odd number of nodesis a fuzzy magiphr

Proof: Since G is a fuzzy magic graph with odd numbenades. We can choose any
path, say (u, v) then there must be at least oneyfbridge, whose removal from Gwill
result as a path of odd or even length. By profmosi2.1, the removal of a fuzzy bridge
from a fuzzy magic graph G is also a fuzzy magapbt

Remark 3.

® Removal of a fuzzy cut node from the fuzzy magiapir G such that G* is a
cycle with odd number of nodesis also a fuzzy magaph.

(i) For all fuzzy magic graph G, such that G*is a cyeith odd number of nodes,
there exist at least one pair of nodes u and v thattd(u)= dy(v).

4. Concluding remarks

In this paper, the concept of fuzzy labeling arzzfumagic labeling has been introduced.
As it is a new one, much more work could be doningb many fuzzy magic graphs and
also many properties could be derived. The remgimiork will be discussed in the
forthcoming papers.
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