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Abstract. A fuzzy graph can be obtained from two given fugzgphs using union and
join. In this paper, we find the degree of an edgduzzy graphs formed by these
operations in terms of the degree of edges in iendguzzy graphs in some particular
cases.
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1. Introduction
Fuzzy graph theory was introduced by Azriel Roslehfie 1975 [4]. Though it is very
young, it has been growing fast and has numeropkicagions in various fields. During
the same time Yeh and Bang have also introducadusaconcepts in connectedness in
fuzzy graphs [9]. Mordeson and Peng introduced diwecept of operations on fuzzy
graphs. Sunitha and Vijayakumar discussed aboupleanentary of the operations of
union, join, Cartesian product and compositionwa fuzzy graphs [8]. The degree of a
vertex in fuzzy graphs which are obtained from tgieen fuzzy graphs using these
operations were discussed by Nagoor Gani and R§8haRadha and Kumaravel
introduced the concept of degree of an edge amatldegree of an edge in fuzzy graphs
[5]. We study about the degree of an edge in fgraphs which are obtained from two
given fuzzy graphs using the operations of uniod j@m. In general, the degree of an
edge in union and join of two fuzzy graphsdBd G cannot be expressed in terms of
these in Gand G. In this paper, we find the degree of an edgenioruand join of two
fuzzy graphs Gand G in terms of the degree of edges qf@hd G in some particular
cases.

First we go through some basic concepts.

Definition 1.1. [3] A fuzzy subset of a set ¥ a mapping from V to [0, 1]. A fuzzy
graph G is a pair of functions Go,(i) whereo is a fuzzy subset of a non-empty set V
andu is a symmetric fuzzy relation an (i.e.) u(x, y) < o(x) O o(y) for all x, yO V. The
underlying crisp graph of Go( ) is denoted by G*: (V, E) where E VxV.
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The degree of an edge in union and join of two yugraphs

Throughout this paper,&(o1, 11) and G: (02, 12) denote two fuzzy graphs with
underlying crisp graphs & (Vi, E) and G (V,, E») with Vil = p, i = 1, 2. Also
d. (u) denotes the degree qfin G .

Definition 1.2. [3] Let G: (o, W) be a fuzzy graph on 6(V, E). The degree of a vertex u
is do(u) = D p(uV) = Y p(uv).

uzv uMlE
The minimum degree of G &G) ={d¢(v) : vO V}.
The maximum degree of GAXG) =Xdg(v) : vV}

Definition 1.3. [3] The total degree of a verteXllV is defined by
tds(u) = D p(uV) + o(u) = ch(u) +0(u).

uzv

Definition 1.4. [1] Let G: (V, E) be a graph and let e = uv be an edge’inTGen the
degree of an edge e =[\E is defined by g(uv) = ds«(u) + ds=(v) — 2.

Definition 1.5. [3] Let G;: (01, Wy) and G: (0, W) be two fuzzy graphs with underlying
graphs G: (Vi, ) and G': (V,, E) and let G= G0 G, = (V.10 V,, E [ ) be the
union of G and G . Then the union of two fuzzy graphs &1d G is a fuzzy graph G =
G100 Gy (01005, i) defined by
o, (u),ifullv, -V,
(0.00,)(u) =4 7, (u),ifullVv, -V,
o,(u)ytdo,(u),ifullv, nV,

M (uv),ifuvDE, - E,
(WO (uv) =4 4, (uv),ifuvOE, - E _
M, (uv) O, (uv),ifuvDE, n E,

Definition 1.6. [3] Let G;: (01, W) and G: (02, U2) be two fuzzy graphs with underlying
graphs G: (Vy, E)) and G: (Va, Ey) with Vin Vo=g@and let G= G, + G, = (V; 0 V,,
E; O Ex00 E) be the join of G and G, where E is the set of all edges joining the
vertices of \{ and \.. Then the join(sum) of two fuzzy graphs &d G is a fuzzy graph
G =G + G, (01 + 0y, Yy + o) defined by

(01 + 02)(u) = (0100 (u),dul V.0 V, and

( + )(UV) _ (/'11 D/JZ)(UV),if uvl El 0 E2
S | o,(u) Do, (v),ifuvdE’

Definition 1.7. [2] The order of a fuzzy graph G is defined by OéGZU(u).
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Definition 1.8. [2] The size of a fuzzy graph G is defined by S(GE,U(UV) :

wE

Definition 1.9. [5] Let G: (0, 1) be a fuzzy graph on' &V, E). The degree of an edge uv
is de(uUv) = ah(u) + ch(v) = Auuv) = 3 p(uw) + > ().
wWE

uwE
WV wZU

The minimum degree of G &(G) = Xdg(uv) : uMl E}.
The maximum degree of GA&(G) =ds(uv) : uMd E}.

Definition 1.10. [5] Let G: (o, ) be a fuzzy graph on'&(V, E). The total degree of an
edge ull E is defined by tgluv) = ds(uv) + p(uv) = ds(u) + ds(v) —p(uv).

Example 1.11.
u(0.2) 0.2 v(0.4)

w(0.7) 06 x(06)
Figure1.1. Fuzzy graph G:q, W)

de(u) =p(uv) +p(uw) = 0.2 +0.2=0.4,

tds(u) = ds(u) +o(u) = 0.4+ 0.2 =0.6.

0(G) ={dg(v), O vV} = [0.4, 0.5, 1.1, 0.6} = 0.4 =4{u).
A(G) =dg(v), O vOV} = [{0.4, 0.5, 1.1, 0.6} = 1.1 =«fw).
do(uv) = D" p(uw) + D" u(wv) =0.2+0.3=0.5.

uwE
W2V WU

tds(uv) = ds(uv) +(uv) =0.5+0.2=0.7.
0e(G) =[{d(uv), OuvE} = [X0.5, 1.1, 1.0, 0.5} = 0.5 =gfuv) = ds(wx).
Ag(G) =Xdg(uv), DuvOE} = [X0.5, 1.1, 1.0, 0.5} = 1.1 =guw).

2. Degree of an edgein union

ForanyvlE, O E,, fix ulV, 0V, . We have three cases to consider.
Casel: Vin Vo= Q.

Let uvO E; O E, be any edge.

Hence En E=@.

Thereforeuvl] E; or uvLJE,, but not both.
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M (uv),ifuvOE, - E,

U (uv),ifuvOE, - E;

By definition, dGlDGZ (uv) = Z (44, O p,)(uw) + Z(ful O 44,)(wWv) .

uwJE,OE, wzv wWVE,OE, ,w#u

So () (uv) ={

If uv By, dg e, (UV) = z,ul(uw) + z,Ul(WV)-

UWIE, , WAV WVOE; WU
0 dg e, (UV) = dg (UV) .
Similarly, if uvO B, dg 6, (UV) = dg (UV).

Example 2.1.
u(0.5) x(0.4)
w(O0. 4) 0.4 v(0.6) 2(0.6) 0.5 y(0.7)
° u(0.5) x(0.4) =
A4 0.3

w(0.4) 0.4 v(p.6z(0.6) 0.5 y(0.7)
G, 0G;
Figure2.l:

Here uvO E;. Thendg ¢ (Uv) = dg (uv) =0.3+0.4=0.7.
Cae2:V,nV,#2¢, EEnE,=¢.
ThenuvUE, or uvUJE,. ChooseuvU E,. ThenuvUE,.
Also, if bothu,vUV, nV,, then it is of case 1.
So, consider eithen IV, NV, or vUIV, n'V, or bothu,vIV, nV,.
Subcase 1: ulV, nV, or vV, nV,.
WhenulV, nV,,
By definition, dg 6 (UV) = dg g, (U) +dg 6, (V) —2(24 U 14,)(uv) .
[el, (U) + dg, ()] + dg, (V) =244 (uV) .
Fdg, (U) +dg, (V) = 244 (V)] + dg, (U).
0 dg e, (UV) =dg (Uv) +dg (u),ifudVin Vo
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Similarly,dg 6, (UV) = dg (UV) +dg (V),ifvOVin Va.
dg, (uv) +dg (u), if ubV;nV,
dg (UV) +dg (v), if vOV, NV, .
dg, (V) +dg (u), if UDV; NV,
dg, (V) +dg (v), if VOV, NV, .

Thus,  dg g, (UV) ={

In a similar way, ifuvU E, , thendg ¢ (UV) ={

Example 2.2.
u(0.5) u(0.4)
0, 0.4
w(0.4) 0.4 v(0.6) x(0.6) 0.%(0.7)
Gl GZ
u(0.5)

A 03

w(0.4) 0.4(0.6) x(0.6) 0.5 y(0.7)
G.0G;
Figure2.2:

HereuvLE, andullV, nV,. Thendg ¢, (Uv) = dg (uv) +dg (u)
=0.7+0.3=1.0.

Subcase 2: u,vlV, nV,, uvllE,.

SinceE, n E, =@, no edge incidentatu orvisig n E,.

Since the edges incident at u & v@ and also inG, appear with the same membership

values inG, 0 G, .

By definition, dg 6 (UV) = dg 6, (U) +dg e (V) =204 O 14,)(UV) .
&, (U) +dg, (u) +dg (V) +dg, (V) =24 (uv).
Fdg, (U) +dg (V) — 244 (U] +dg, (U) +dg, (V).

0 dg 6, (UV) = dg (uv) +dg (U) +dg (V).
In a similar way, ifuvJ E,, thendg ¢ (Uv) = dg (uv) +dg (u) +dg (V).

Example 2.3.
12
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u(0.5) u(0.4) u(0.5)

0. 0.4 3 0 4 0.3

w(0.4) 0.4 v(0.6) x(0.6) 05 v(p. w(0.4) 04 v(0.7) 05 P
Gl GZ GlDGZ
Figure2.3:

HereuvE, andu,vOV, nV,. Thendg ;¢ (Uv) = dg (Uv) +dg (u) +dg (V)
=0.7+0.3+0.5=15.

Cae3:V,nV,#¢, EEnE,#9¢.

ThenuvUE, n E,. ThereforeuvlE, anduvlE,.

So, consider either no edge incident at u & v othan uv is inE, n E, or some of the

edges incident at u & v other than uv arebpn E, .

Subcase 1. No edge incident at u and v other than uv i&jmn E, .
Then the edge incident at u or v is in eitheoEin E, those edges appear with the same
membership value i, N G, .

By definition,
dGlDGZ (uv) = Z (14 O ) (uw) + Z(/Ul 0 1,) (W) .
UWTE; T E, WV WE, T E,, w#u
= Z H(uw) + Z My (Uw) + Z (W) + quz (Wv) .
uwWiE -E, ,w#v UWiE, -E; ,w#v WVIE, -E, w2u WVIE, -E; ,w£u
= Z H(uw) + Z G Z Hr(Un) + Z Hy (WY) .
UWTE, ~E, W2V WWIE,~E, w#u UWTE, — E; WV WVIE,~E;,w#u

0 dgpe, (UV) = dg (Uv) + dg (uv).

Example 2.4.
u(0.5) (0w) u(0.5)

0. 0.4 / 0 0.4

w(0.4) 0.4 v(0.6) v(0.6) 05 y®.7 w(0.4) 0.4 v(0.6) 0.5 Oye()
G; G, G.0G,
Figure2.4:
Here uvd E; n E..
Thendg g, (UV) = dg (UV) + dg (Uv) =0.7+0.5=1.2.
Subcase 2: Some of the edges incident at u & v other thanrevraE, n E,.
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2 (D) uw) + > (e O ) (wy).

By definition, dg 6, (UV) =
undE, 0 E, wev WOE, D E,, w#u

= 2w+ W)+ >y D n(wy) +
uwWiE -E, wzv uwlE, -E; ,w£v WVIE, -E, ,w2u wWVE, -E; ,w£u
> ) Oy () + 3 2, (wv) Dty (W)
UWIE n E,p WV WVIE; N Ep,w#uU
2 (W) +

= 2w+ > aw) Y ) + 2

B uwWiE —E, ,wzv WVIE, -E, wZu UWiE, -E; ,wzv
D UW O W) + D (W) O (W) + > (uw) Opp(uw) +
uwdE N E; w2v WVIE, n E, ,w#u UWiE N Ey w2V
DLW O, (W) = > (W) O (uw) = D 4 (wy) O, (W)
WVIE, n E, ,w#u uWiE N Ey w2V WVIE, n E, ,w#u
= z,ul(uw) + Z:ul(WV) + Z,UZ(UW) + Z,UZ(WV) -
UWCE, W2V WVIE, ,w#u UWIE, ,w#v WVIE, , w£u
S W 0w - 3 (W) O, (W)
UWTE; 0 E, WV WE, n Ep, WU
0 dGlDGZ (uv) = dGl (uv) + dG2 (uv) - Z/ul(uw) O (uwn) —
UWTE, N Ep WV
> 4, (wV) D, (W)
WVE, n E,, WU
Example 2.5.
u(0.5) 0.4 x(0.6) u(0.49.3 x(0.5) u(0.5 0.4 Xp
0.3 0.4 0 0.4
L J
w(0.4) 0.4 v(0.6) v(0.6) 0.5 WD. w(0.4) 0.4 v(0.6) 0.%0.7)
G G, G, 0G,
Figure2.5:
Here uvd E; n E..
Thendg o, (W) = do (W) + do @) = D (W) Dpy(uw) -
UWIE; 0 E, WV
D e (wv) Ot (W) .
WE, n Ep, WU
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0 dgpg,(UY) =1.1+0.8-03-0=16.

3. Degree of an edgeinjoin

Here in V, =@ Hence En E; = @.
M (uv),ifuvOE;

(L + po)(uv) = 1, (uv),if uvO E,
o,(u) Oo,(v),ifuvOE’

By definition,
oue, (W) = D uw) + 3 p(wy).
UWOE, 0 E,OE' wiv WE, 0 E,0E' w#u
el (W) = Yuuw) + D uw) ¢ Y plaw) + Y p(wy).
UWOE O E, ,w#v WOE;, O E, WU UWIE' w2V WVE' ,wZu

For any u¥] Ej,
dq+ez(uv)= Z/’ll(uw) + z,ul(WV) + Zal(u) Ha,(w) +

undE, Wiy WOE,, wEu UME'
Y 0,(v) Do, (w).
VWE'
0 dg.q, (UV) = dg (UV) + Zlal(u) Oo,(w) + Zral(v) Oao,(w) (4.1)
Similarly, for any u¥l E, " "
dguq, (UV) = dg (uv) + %‘,Eal(w) Ho,(u) + W\;EOE(W) Ha,(v) (4.2)

and for any uld E' with ud V4, vO Vy,
dGl+G2 (uv) = ZIul(UW) + Z,UZ(WV) + zal(u) Ho,(w)  +

5 0,(w) 0o v) |
:del(u) + dGz(V) + Zal(u) Ho,(w) + zal(w) Ho,(v) (4.3)

UWIE' wzv WVLIE' w£u

Definition 3.1. [3] The relationo;=0, means that;(u) =0,(v), for every ud V, and for
every v V,, whereg; is a fuzzy subset of Vi = 1, 2.

Theorem 3.2. Let G;: (01, 1) and G: (02, W2) be two fuzzy graphs.
1. If 0,205, then

dg, (uv) +20(G,), if uvdE,
dg e, (UV) = 1dg, (UV) + py(0,(U) + T, (V)), if v E,.
d, (U) +dg (V) +O(G,) + (p, —2)0,(v), if uwOFE
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2. If o,=04, then
d, (UY) + P,(0,(u) +0,(V), if wWOE,
dg.q, (UV) = 1dg (Uv) +20(G,), if uvE,.
d, () +dg, (V) +O(G) +(p, ~2)0, (1), if uWOE

Proof. We haves;=0,.
From (4.1), for any uv Ey,

Ao, (UV)= dg (UV) + D 0y(u) Doy(w) + D 0y(v) Do, (w)

uwE'

=g (W) + D 0, (W) + D 0,(W)

dg (Uv) +20(G,) .
From (4.2), for any uM E,,
dcalafc;2 (uv) = dGZ(UV) + Zal(W) Oo,(u) + Zal(W) Ho,(v)
WVE'

WUE'

ds, (W) + D 0,(u) + X 0,(V)

g, (V) + Py, (U) + p,o, (V)
s, (UV) + py (g, (u) +0,(V))
From (4.3), for any uv E',
A, (UY) = dg (W) +dg, (V) + D0y (u) Doy(w) + 0y (w) Do, (v)

UWIE' wzv WVLIE' w£u

del (u)+ dG2 (V) + Zaz (w) + 202 (V)= 202 (V)

dq (u)+ dGZ (v) +0O(G,) +(p, —2)0,(v) .
Proof of (2) is similar to the proof of (1).

Example 3.3. Consider Gand G in figure 3.1.
u(0.4) 5(0.5) w(0.4) 0.4 0.5)

0.3 A4 0.3 !| 0.4

%(0.5) 00.7) vi(0.5) 0.5 ¥0.7)
Gl Gz Gl+ G2
Figure3.l:
We haveo,=0;. So by (2) of theorem 3.2,
dope, (WV1) = dg (UVy) + p, (03 (W) +0y(v,)) =0+2(0.4+05)=1.8

16
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dg,c, (UV,) = dg (U,v,) +20(G,) =0+2(0.9)=1.8

d61+GZ (wy,) = dGl (uy) + dG2 (V,) +O(G,) +(p, —2)a,(u,)
=0.3+0.4+0.9+(2-2)(04]}.6.
The above degrees can be verified in the figui@,0f G, given in figure 3.1.

Theorem 3.4. Let G;: (01, Wy) and G: (0, W) be two fuzzy graphs such that 0o, is a
constant function.
dg, (uv) +2cp,, if uvOE,
Thendg g (UV) = 1dg (Uv) +2cp,, if uvOE, .
dg, (U) +dg (V) +c(p, + p, = 2), if uvOE
Where o (u) Do, (v) = c is a constant, for all i V, and vO V-.

Proof. Let o(u) Co,(v) =c, forallull V, and v V,, where c is a constant.
From (4.1), for any uv E,,

del+GZ(UV) = dGl(UV) + Zal(u) Ho,(w) + Zal(v) Do, (w)

UWE'

T (UV) + o, (u) Do, (w) + Y o,(v) Do, (W)
ds (uv) + Yc+ D¢

g, (uv) + CIO: + szz

g (Uv) +2cp, .

From (4.2), for any uv E,,
dg .o, (UV) = dg (UV) + D 0y(W) Oa,(u) + > o, (w) Oo,(v)

WUE'
ds (Uv) + D c+ D¢
wiv, wiv,
4 (V) +cp, + cp,
g, (Uv) + 2cp,.
From (4.3), for any uM E' with ud V; and v V..
dgae, (UV) =dg (W) +dg, (V) + D oy (u) Doy (W) + D0y (W) O0,(v)

UWE', wzv WVOE' ,\w£u
9o, (1) +d, (V) + 3 .6-0,(0) 0o,(v) + 3 c-03(u) B (V)

e, (U) + g, (V) + pC+ prc -2
:dGl(U) +dG2(V) +¢( P+ P, = 2).

Example 3.5. The following figure illustrating the above theorem
17
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y(0.5) (0.4) w(0.5) 0.4 0.4)

0.3 2 0.3 '| 0.2

v(0.6) 200.4) vi(0.6) 0.4 0.4)
G]_ GZ Gl+ Gz
Figure3.2:
By theorem 3.4,
(2). del+e2 (Wv,) = del (Wv,)+2cp, =0+2(0.4)(2) = 1.6

(2). del+c;2 (u,v,) = dGZ (U,v,) +2cp, =0 +2(0.4)(2) = 1.6

(3). dg g, (UV2) =dg (u) +dg (V,)+c(p, + p, —2)
=03+02+04(2+2-2)=13

4. Conclusion

In this paper, we have found the degree of edgé&3(ih G, in terms of G and G, the
degree of edges in;G G; in terms of the degree of vertices and edges;iard G and
also in terms of the degree of vertices ig* @nd G* under some conditions and
illustrated them through examples. They will be enbelpful especially when the graphs
are very large. Also they will be useful in studywarious conditions, properties of union
and join of two fuzzy graphs.
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