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Abstract. Let N be the set of all positive integers and let S be the finite subset of N. A 
divisor graph G(S) is a graph whose vertex set is labeled from the set V=S and any two 
vertices, u,v of v are adjacent if either u divides v or v divides u. The divisor graph is a 
directed divisor graph if all the edges are directed from low to high levels. In this paper 
the characteristic polynomials of directed divisor graphs cycle ��, path ��& Bistar graphs 
are obtained from the corresponding skew adjacency matrix. 
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1. Introduction 
Let DD be a directed divisor graph of order n with vertex set V(DD) = {v1,v2, …vn} and 
arc set Γ(DD) ⊂ V(DD) x V(DD). Throughout this paper the graph DD has no loops and 
multiple arcs. The skew adjacency matrix of DD is the n x n matrix. 
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     Because of the assumptions on DD, S(DD) is indeed a skew-symmetric matrix. Hence 

the eigenvalue{ }1 2, ,..... nλ λ λ  of S(DD) are all purely imaginary numbers, and the 

singular values of S(DD) coincide with the absolute values { }21
, ,..... nλ λ λ of its 

eigenvalues. Consequently, the energy of S(DD), which is defined as the sum of the 
absolute values of its eigenvalues. The energy or the skew energy of S(DD) is denoted by 

Es(DD) and is defined by 
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Definition 1.1. Let N be the set of all positive integers and S be the finite subset of N. A 
divisor graph G(S) is a graph whose vertex set is labeled from the set V=S and any two 
vertices u, v of V are adjacent if either u divides v (or) v divides u. The divisor graph is a 
directed divisor graph if all the edges are directed from low to high. 
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Note: Thecharacteristic polynomial of any graph is denoted by 

( ) 1 2
1 2; ..... .n n n

nDD C C Cφ λ λ λ λ− −= + + + +  

 
Definition 1.1. The path�� is a tree with 2 nodes of vertex degree 1 and the other n-2 
nodes of vertex degree 2. 
Definition 1.2: 
 The bistar graph ��,�is the graph obtained from K2 by joining m pendant edges 
to one end and n pendant edges to the other end of K2. 
 
2. Characteristic polynomial of directed cycle graph 
Theorem 2.1.The characteristic polynomial of skew adjacency matrix of directed divisor 
cycle graph ��(n is even) is 
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Proof: Let V(��)={v 1,v2,….vn} be the vertex set of ��. Let E(��)={v ivi+1, vnvi; } be the 
edge set of��, When n is even. 
 Let  v1 and vnof V(Cn) be the start and end vertices respectively. 
The cycle graph Cnbecomes the divisor graph with vertex labeling as below. 

   vn=p1	
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The divisor cycle graph Cnbecomes a directed cycle graph if the direction of edges is 
from low to high levels. 

For example, the directed divisor cycle graph C6 is given in the Fig 1. 
 

 
Figure 1:  
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3. Characteristic polynomial of directed path graph and directed Bistar 
Theorem 3.1. The characteristic polynomial of skew adjacency matrix of directed divisor 
path graph Pn is 

1 1 3 51 1
( ; ) ( 1) ( 2) ( 2) ( 3) ( 4) ..... .
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Proof: Let V(Pn) ={v1,v2,…vn+1} be the vertex set of Pn. 
Let E(Pn) = {v i vi+1, 1< i < n}be the edge set of Pn. 
The path graph Pn becomes the divisor graph with vertex labeling as below. 
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 The divisor path graph Pnbecomes a directed path graph if the direction of edges 
is from low to high labels. For example, directed path graph P5 is given in the Fig.2. 

 
Figure 2:  
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The skew adjacency matrix S(DD) is 
0 0 0 1 0 1

0 0 0 0 1 0

0 0 0 1 1 0

1 0 1 0 0 0

0 1 1 0 0 0

1 0 0 0 0 0

 
 
 
 
 − − 
 − −
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Also,  
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Theorem 3.2.The characteristic polynomial of skew adjacency matrix of directed divisor 
bistat Bn, n is 
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2

2 4
, ; 1 1 .

2
n n n

n n

n
B nφ λ λ λ λ− − = + − + − 

 
 

Proof: Let V(Bn,n) = {v1,v2,…..vn, v11,v12,…,v1n}  be the vertex set of Bn,n. 
 E (Bn,n) ={ v ivi+1,v1i v1(i+1), 1< i < n} be the edge set of Bn,n. 
The bistar graph Bn,nbecomes the divisor graph with vertex labeling as below. 
The skew adjacency matrix S(DD) is 
 V1 = p1 

 V2i = p1p2i+1 for 1< i <n-2 
 V2i+1 = p1p2i+2 for 1< i <n-2. 
 V11 = p1p2 
V1(2i) =p1p2p2i+4  for 1< i< n-2 
V1(2i+1) = p1p2 p2i+5 for 1< i < n-2 
The skew adjacency matrix s (DD) is  
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0 1 1 1 1 0 0 0

1 0 0 0 0 1 1 1

1 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 1 0 0 0 0 0 0
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Also 
8 6 4

4,4( ; ) 7 9Bφ λ λ λ λ= + +  
10 8 6

5,5( ; ) 9 16 .Bφ λ λ λ λ= + +  
12 10 8

6,6( ; ) 11 25 .Bφ λ λ λ λ= + +
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3. Conclusion 
In this paper, a new family of directed graphs are constructed from the divisor graph. In 
particular the characteristic polynomial of directed divisor graph Cn, Pnand Bn,n  are 
studied. 
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