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Abstract. Let N be the set of all positive integers and ldieSthe finite subset of N. A
divisor graph G(S) is a graph whose vertex setbigled from the set V=S and any two
vertices, u,v of v are adjacent if either u dividesr v divides u. The divisor graph is a
directed divisor graph if all the edges are diredtem low to high levels. In this paper
the characteristic polynomials of directed divigoaphs cycle,,, pathP,& Bistar graphs
are obtained from the corresponding skew adjaceratyix.
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1. Introduction

Let DD be a directed divisor graph of order n withrtex set V(DD) = {y,V,, ...v,} and
arc seff’(DD) c V(DD) x V(DD). Throughout this paper the graph D@s no loops and
multiple arcs. The skew adjacency matrix of DDhis b X h matrix.

1 if (v,,v,)0r (bD)
(DD)=[§; | wheres=<-1 if  (v,9O0r( DD

0 otherwise

Because of the assumptions on DD, S(DD) isedda skew-symmetric matrix. Hence
the eigenvalué/\l,/]z,..../in} of S(DD) are all purely imaginary numbers, and the
singular values of S(DD) coincide with the absolutdues{|/1|l,|/12|,....|/1n|} of its
eigenvalues. Consequently, the energy of S(DD)ckvtié defined as the sum of the
absolute values of its eigenvalues. The energh@skew energy of S(DD) is denoted by
E(DD) and is defined by> [ |.
i=1

Definition 1.1. Let N be the set of all positive integers and SHaefinite subset of N. A
divisor graph G(S) is a graph whose vertex setbigled from the set V=S and any two
vertices u, v of V are adjacent if either u dividegr) v divides u. The divisor graph is a
directed divisor graph if all the edges are dirddtem low to high.
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Note: Thecharacteristic polynomial of any graph is deddiy
@(DD;A)=A"+CA™ +CA+...+C,.

Definition 1.1. The patt®, is a tree with 2 nodes of vertex degree 1 andother n-2
nodes of vertex degree 2.
Definition 1.2:

The bistar grapB,, ,is the graph obtained from,Kyy joining m pendant edges
to one end and n pendant edges to the other &g of

2. Characteristic polynomial of directed cycle graph
Theorem 2.1.The characteristic polynomial of skew adjacencyrixaif directed divisor

cycle graplC,,(n is even) is

(D(Cn,/‘):An +Mn—2+ n(n_B)An—4+ n(n_4)(n_5)A n-6
2! 3!
+n(n—5)(r;r—'6)(n— 7)/]n_8+ ..... +Cn

2
E 2 =
where C, = (2) A if n=0(mod4)

1 if n=2(mod4)

Proof: Let V(C,))={vV1,Va,....\i} be the vertex set df,,. Let EC,,)={Vivi:1, VoVi; } be the
edge set @,, When n is even.

Let v and vof V(C,) be the start and end vertices respectively.
The cycle graph (becomes the divisor graph with vertex labeling elew.

Vi=pipz, V= R forls isg, Vy = [ R4y forls isg—l.

The divisor cycle graph ffecomes a directed cycle graph if the directioreddes is
from low to high levels.
For example, the directed divisor cycle graghs®iven in the Fig 1.

pl

plpd plp2

P3 P2

rdp3

Figure 1.
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Also ¢(c,;A) = A*+42?
P(cs;A) = A°+64°+94°+ 4
P(cy;A) = A% +84%+204* + 1612

qo(cn’/]) =/1n+8/]n—2+ n(n_B)An—4+ n(n_4)(n_5)/] 6
2! 3!
LN=5)(n=6)(N=7) 1os, .
4! "
n 2
— 2 =
wherec, = (2) A%,if n=0(mod 4)

1, if n=2(mod4).

3. Characteristic polynomial of directed path graph and directed Bistar

Theorem 3.1. The characteristic polynomial of skew adjacencyrimaif directed divisor
path graph PRis

PRI =A™+ ™ (n=1) (n-2)17 *+ 2 (= 2) (- ) (- 4"+ v g

+
n_2 if n=>2 &nisever
wherec, = 2

1lif n=23&nis odd

Proof: Let V(P,)) ={v1,Va,...Vn.1} be the vertex set of P
Let E(R) = {v; Vis1, 1<i < n}be the edge set of,P
The path graph fbecomes the divisor graph with vertex labelingpeisw.

The divisor path graph,Becomes a directed path graph if the directiondgies
is from low to high labels. For example, directedhpgraph Pis given in the Fig.2.

——————————
PlpZ pl plp3 B3 p2p3 P
Figure2:
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The skew adjacency matrix S(DD) is

0O 0 0 1 0012
0O 0 0 01O
0O 0 0 110
-1 0 -1 0 00
0 -1-1000
-1 0 0 0 0 Q

Also,
@P;A)=2°+2A
AP N)=A"+31%+1
AP A)=A° +41°+31.
@P;A)=A°+51"+61%+ 1.

qo(Ps;A):A”“+M“‘1+%(n—1)(n— 2))Ir*3+$(n— 2)(n-3) (- 40"+ .+ ¢

n+2 . .
—— . if n=2and n is ever
wherec, =41 2

1, if n=3and nis odd

Theorem 3.2.The characteristic polynomial of skew adjacencyrixaif directed divisor
bistat B, is

2
B :A)=A"+(n=-1) Am2+[ D—1] am4,
o(Bid) = +(0-3) 47+ -

Proof: Let V(B ) = {V1,Va,-..... Vi, Vi1,V12,...,V1n} De the vertex set of B.
E (Bnn) ={ ViVis1,Vii Vags1), 1<i < n} be the edge set of,.B
The bistar graph Bbecomes the divisor graph with vertex labeling elsw.
The skew adjacency matrix S(DD) is
Vl = p_l.
Vai = piPai+s for 1<i <n-2
Vi1 = PPz fOr 1<i <n-2.
Vi1 = pip2
V1) =P1P2Paisa for 1<i< n-2
V1ir1) = PiP2 Paiss for 1<i < n-2
The skew adjacency matrix s (DD) is
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0 1 11100
-1 0 00 011
-1 0 00 0O0O
-1 0 000 OO
-1 0 000 OO

0O -1 00 00O

0O -1 00 00O

0O -1 00 00O

Also

go(B4’4;/1)=/18 +71°+924
¢(BS’5;A):A1° +94%+161°.
qa(B(ay(a;)l):)l12 +11A°+ 2518

2
@(B, ;) =A" +(2n—1)/12"-2+(2_2”_ 1) 1t

3. Conclusion
In this paper, a new family of directed graphs @mastructed from the divisor graph. In
particular the characteristic polynomial of direttdivisor graph ¢ P.and B,, are
studied.
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