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1. Introduction

Iseki and Tanaka [2,3] introduced two classes afrabt algebras : BCK-algebras and
BCI —algebras. It is known that the class of BCHedlras is a proper subclass of the
class of BCl-algebras. Neggers et al. [4] introdu@ealgebras and d-algebras which is
the generalization of BCK / BCI algebras and olddirseveral results. Prabpayak and
Leerawat [5] introduced a new algebraic structutdctv is called KU-algebras and

investigated some properties. The concept of feetywas introduced by Zadeh in 1965
[12]. Since then these ideas have been appliedther @lgebraic structures such as
groups, rings, modules, vector spaces and topaodteya and Ramachandran [6,7]
introduced the new algebraic structure, PS-algelvhih is an another generalization of
BCI / BCK/Q /d/ KU algebras and investigated itegerties related to fuzzy, fuzzy dot
in detail. Biswas [1] introduced the concept of iAflzzy subgroups of groups.

Modifying his idea, in this paper we apply the id@aPS-algebras. Especially, we
introduce the notion of Anti fuzzy PS-ideals of Bi§ebras and investigate how to deal
with the homomorphism and Cartesian product, andiolsome of its results.

2. Preliminaries
In this section, we site the fundamental definigidimat will be used in the sequel.
Definition 2.1. [2,9] A BCK- algebra is an algebra (X,*,0) of type(2,0) satisfyithe
following conditions:
) (x*y)*(x*z)<(z*y)
i) xX*(x*y)<y
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i) x<x
iv) Xx<yandy< X = x=y
v) 0<x= x=0, where xy is defined by x *y =0 ,for all x, y, @ X.

Definition 2.2. [3,9] A BCI- algebra is an algebra (X,*,0) of type(2,0) satisfyithe
following conditions:

) (x*y)*(x*2z) < (z*Y)

i) x*(x*y) sy

i) x<x

V) X<y andy<x=> x=y

V) X< 0= x =0, where x y is defined by x *y =0 ,forall x, y, @ X.

Definition 2.3. [5] A KU- algebra is an algebra (X,*,0) of type(2,0) satisfyithe
following conditions:

D x*y)*(y*2z)*(x*2)=0

ii) Xx*0=0

i) O0*x=x

iv) x*y=0andy*x=0implyx=y, forall x,yO X.

Definition 2.4. [6,7] A nonempty set X with a constant O and a binaryraipen ‘- * is
called PS — Algebra if it satisfies the followiagioms.
1. x*x =0
2. x*0
3. X*y

0
DOandy*x=0=>x=y,0 x,yOX.

In PS-algebras, wherexxy is defined by y * x = 0 ,for all x, ¥ X.

Example 2.5.Let X = {0,a,b } be the set with the following @ay table.
*

0 a b
0 0 a b
a 0 0 0
b 0 b 0

Then (X ,«, 0)is a PS — Algebra.

Definition 2.6. [6] Let X be a PS-algebra and | be a subset of X, thercalled a PS-
ideal of X if it satisfies following conditions:

1. 000 |

2. y.xO land yO I= x0O I

Definition 2.7. [12] Let X be a non-empty set. A fuzzy subset i ofsieX is a mapping
ph:X - [0,1].

Definition 2.8. Let X be a PS-algebra. A fuzzy gein X is called an anti fuzzy PS-ideal
of X if it satisfies the following conditions.
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(i) K(0) < p(x)
(i) pu(x) < max {u(y *x), w(y)}for all x,y 0 X

Definition 2.9. A fuzzy setu in a PS-algebra X is called an anti fuzzy PS-qyeédaia of
Xif p(x * y) < max{u(x ), u( y)},for all x,y0 X.

3. Homomorphism of Anti Fuzzy PS-ldeals and Anti Fazy PS-Subalgebra
In this section, we discuss anti fuzzy PS-ideals BS-subalgebra in PS-algebras under
homomorphism and obtain some of its properties.

Definition 3.1. [10,11] Let (X,*,0) and ( Y,*,0 ) be PS— algebras. A magpf: X - Y
is said to be a homomorphism if f( x * y) = f(X¥¢y) for all x, yO X.

Remark: If f: X - Y is a homomorphism of PS-algebra, then f(0) = 0.

Definition 3.2. [8] Let f: X - X be an endomorphism and p be a fuzzy set in X. We
define a new fuzzy set in X by jn X as y (x) = u(f(x)) for all xO X.

Theorem 3.3.Let f be an endomorphism of PS- algebra X. If grisanti fuzzy PS-ideal
of X, then so is .
Proof: Let u be an anti fuzzy PS-ideal of X.

Now, Hr (X) = 1 (f(x))

> (f(0)) = ps(0), for all xOO X.
0 e (0) < pe (%)
Let x,yd X.

Then B(x) = (f(x))
<smax { i (fly) * f(x)), u(f ()}
=max { 1 (fly * x)p(f (V)}
=max{uy*x), wky)}

O e (x) = max { b (y * x) , e (V)}
Hence pis an anti fuzzy PS-ideal of X.

Theorem 3.4.Let f: X - Y be an epimorphism of PS- algebra. {figtan anti fuzzy PS-
ideal of X, then u is an anti fuzzy PS-ideal of Y.
Proof: Let s be an anti fuzzy PS-ideal of X.
Lety O Y. Then there exists ¥ X such that f(x) = y.
Now, i (0) = p (f(0))

=H0)

S M (%) = (F(x) = 1 (Y)
O u@)=puly)
Let Vi, Y2 ay.

H () = 1 (f(0))
= Hr (X1)
smax { W (X2* X1), i (%)}
= max {(f (x2 * x1)), L(f(x))}
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= max {u (f x* f(x1)) , 1 (f( %))}
= max {(y> * y1), u(¥)}

O () s max{u(2*y1), L(®}
= M is an anti fuzzy PS-ideal of Y.

Theorem 3.5.Let f: X — Y be a homomorphism of PS- algebra. If p is anfagkzy PS-
ideal of Y then pis an anti fuzzy PS-ideal of X.
Proof: Let u be an anti fuzzy PS-ideal of Y.

Let x,yd X.
He (0) =p (f(0))
< (f(x)
=pr (X)

= M (0) < pr (X).
Me(x) =p (f(x))
s max{p(fly) * fx)), u(f(y))}
=max{p (f(y*x)),@f(y))}
=max { p(y*x), K (¥) }

Op (x)< max{p(y*x), ()}
Hence W is an anti fuzzy PS-ideal of X.

Theorem 3.6.Let f : X—X be an endomorphism on a{fafgebra X. If yu be an anti fuzzy
PS- subalgebra of X, thenis an anti fuzzy PS-subalgebra of X.
Proof: Let u be an anti fuzzy PS- subalgebra of X. Let XJ X.
Now , RO*yY) =p(f(x*y))
() *f(y))
< max {u (f (x)) , u(f(y)) }
= max(x) ,  (y) }

= | is an anti fuzzy PS-subalgebra of X.

Theorem 3.7.Let f : X—Y be a homomorphism of a PS-algebra X into a PSkalg Y.
If u is anti fuzzy PS- subalgebra of Y, then the-pmage of p denoted by {u), defined
as {f* (W}X) = u(f(x)) , 0 x O X, is an anti fuzzy PS- subalgebra of X.
Proof: Letu be an anti fuzzy PS- subalgebra of Y. Let XJ X.
Now, {f ()} y) = p(f (x*Y))

() *1(y))

< max {u (f (x)), u(f(y)) }
= max {{w)} (9, {f10HY) }

= f* (u) is an anti fuzzy PS-subalgebra of X.

4. Cartesian Product of Anti Fuzzy PS-ideals of P@&igebras

In this section, we introduce the concept of Cé@teproduct of anti fuzzy PS-ideals and
anti fuzzy PS subalgebra of PS-algebras.

Definition 4.1. [9] Let p andd be the anti fuzzy sets in X. The Cartesian progdux® :
XxX - [0,1]isdefined by (&) (X, Yy) =max {1(x),5(y)}, forall x,yd X.
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Theorem 4.2.1f u andd are anti fuzzy PS-ideals in a PS— algebra X, them is an anti
fuzzy PS-ideal in X x X.
Proof: Let (X, X2) O X x X.
(1) (0,0) =max{u (0P (0)}
< max{p (%) ,0 (%)}
= (1Y) (X1 X2)
Let (X, %), (VY2) OXXxX.
Now,
(U X3) (%1, %) =max{u (%), 3 (x)}
< max { max { (y* X2), H( Y1) hmax { &y * x2), 8( y2) }}
= max {max {utyx1) & (Y2 * x2)}, max { u( y1), 8(y2)}1}
= max {( ud) ((y1,Y2) * (X1,X2) ), (1 X0) (y1,Y2)}

O (1) (X1, X2) < max {(p xd) ((y1,¥2) * (X1,%2) ), (U X) (¥1,Y2)} -
Hence, p x0 is an anti fuzzy PS- ideal in X x X.

Theorem 4.3.Let puandd be fuzzy sets in PS-algebra X such thaté is an anti fuzzy
PS-ideal of X x X. Then
(i) Eitherp(0) < p(x) (or) 8(0) < 8(x) for all x 0 X.
(i) If p(0) < u(x) for all xO X , then eithe®d(0) < p(x) (or) 8(0) < &(x)
(iii) If 8(0) < &(x) for all x1 X, then eithep(0) < p(x) (or) u(0) < d(x)
Proof: Letu x 6 be an anti fuzzy PS-ideal of X x X .
(i) Suppose thai(0) > u(x) andd(0) > &(x) for some X, yI X.
Then (ux0) (x,y) =max{u(x),d(y)}
< max{(0),d(0) } = (u x ) (0,0), Which is a contradiction.
Thereforeu(0) < u(x) ord(0) < d(x) for all X1 X.
(i) Assume that there exists x[¥X such thatd(0) > u(x) and d(0) > d(y).
Then [ x d) (0,0) = max {u(0), d(0) } = 8(0) and hence
[xo) (x,y =max {ux),0(y) } < 8(0) = (n x d) (0,0) Which is a
contradiction
Hence, ifu(0) < p(x) for all xd X, then eithed(0) < p(x) (or) &(0) < &(X).
Similarly, we can prove that &0) < 8(x) for all x O X , then eithep(0) < pu(x) (or) u(0)
< 8(x), which yields (iii).

Theorem 4.4.Let u andd be fuzzy sets in a PS-algebra X such thatd is an anti
fuzzy PS-ideal of X x X. Then eitheror d is an anti fuzzy PS-ideal of X.
Proof: Let u x 6 be an anti fuzzy PS-ideal of X x X .
First we prove thabd is an anti fuzzy PS-ideal of X.
Since by 4.3(i) eithen(0) < u(x) (or)d(0) < d(x) for all x 0 X.
Assume thad(0) < o(x) for all X0 X.
It follows from 4.3(iii) that eithep(0) < u(x) (or) u(0) < &(x).
If u(0) < &(x), for any X X, thend(x) = max {u(0), &(x)}= (1 x 8) ((0, x)

o(x) = (U x9) (0, x)

< max {(1 x0)((0,y)* (0,x)), 1 x ) (0, y)}
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= max {(1 &) ((0*0), (y*x) ), 1 x9) (0, y)}
max {(1 &) (0,(yx) ), (1 x9) (0, y)}
max §(y*x), 3(y)}
Henced is an anti fuzzy PS-ideal of X.
Next we will prove thaft is an anti fuzzy PS-ideal of X.
Letp(0) < u(x)
Since by theorem 4.3(ii), eith&¢0) < u(x) (or) 8(0) < &(x).
Assume thad(0) < u(x), then
H(x) = max {u(x) , 6(0)} = (K x 9) (x,0)
H(x) = (U x9) (x,0)
< max{(u x9)( (y.0) * (x,0) ), 4 xd) (y,0)}
=max{(1H& ((y*x),(0%0) ), (1 x9) (v,0)}
=max{(H& ((y*x),0), (@x93) (y.0)}
= max{ (y * x), u(y)}

Hence,u is an anti fuzzy PS-ideal of X.

Theorem 4.5.1f A andu are anti fuzzy PS-subalgebras of a PS-algebraet} x u is
also an anti fuzzy PS-subalgebra of X x X.
Proof : Forany X Xz, y1, y» O X.
Then & X (X1, Y1) *(X2, ¥2)) = A XW)( X1 * X2 , Y1 * Y2)
=max (X * X2) , U (y1*y2)}
< max { max {A(x1), A(x2) }hmax{ n(y1) , u(y2) }}
= max { max (1) , Hys) }, max {A(x2) , u(y2) }}

=max {d xH) (x,y1) , A xH) (X2, ¥2) }
This completes the proof.

Definition 4.6. Let B be a fuzzy subset of X. The strongest anti fuzaglation on PS-
algebra X is the fuzzy subgat of X x X given bypg (X, y) = max{B(x), B(y) }, for all
X, ydX.

Theorem 4.7 Let g be the strongest anti fuzpyrelation on PS-algebra X , wheas a
fuzzy set of a PS-algebra X.f3fis an anti fuzzy PS-ideal of a PS-algebra X , theris
an anti fuzzy PS-ideal of X x X.
Proof : Let be an anti fuzzy PS-ideal of a PS-algebra X.
let (x,y)OXXxX.
Hs (0,0) = max {B(0) , B (0) }
<max {B (x) , B(y) }
ks (X Y)
let (%, X2y, (Y1, ¥y OXxX.
Thenpg (X1,%2) = max {B (xy), B( x2) }
< max { max {B(y1+Xa), B(yr) }, max { B(y2+X2), B(y2) } }
= max {max B(y1 X1), B(Y2+X2) }, max {B(y1) , B(y2)}}
= magd ((Ya+X2), (Y2+%2) ), Hp (Y1, ¥2) }
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= mayd ((Y2.Y2)» (X1, X2) ), K (Y1, ¥2) }
Thereforeyg is an anti fuzzy PS-ideal of X x X.

Theorem 4.8.Let yg be the strongest anti fuzpyrelation on PS-algebra X , wheas a
fuzzy set of a PS-algebra X. |i is an anti fuzzy PS-ideal of X x X, thefd is an anti
fuzzy PS-ideal ofa  PS-algebra X.
Proof: Let pg is an anti fuzzy PS-ideal of X x X. Then
Forall (x, y)d X x X.
= max {B(0) , B (0) } =us (0,0) <pg (xy) = max {B (x) ., B(y) }
=B (0)< B (x) or BO)<P(y) -
max {B (%), B(X2) } = Hp (X2,X2)
smax{ hg ((y1,¥2)+ (X1, X2) ), Mg (Y1, ¥2) }

= maxfp ( (Yi+Xa), (Y2+X2) ), Hp (Y1, ¥2) }

= max {maxB{y: - Xa), B(y2+X2) }, max {B(y.) , B(y2)}}

= max { map(y. - X1), B(yd) }, max { B(y2«Xx2), B(y2) } }
Put» =y, =0, we get
B (%) <max {B(ys-X1), Bys) }-
Hencef is an anti fuzzy PS-ideal of a PS-algebra X.

Theorem 4.9.Let g be the strongest anti fuzpyrelation on PS-algebra X , wheas a
fuzzy set of a PS-algebra X.f}fis an anti fuzzy PS-subalgebra of a PS-algebrahen
Mg is an anti fuzzy PS-subalgebra of X x X.
Proof : Let be an anti fuzzy PS-subalgebra of a PS-algebra X.
Let % X, V1, Y2 O X
Then pg ((X1,Y1) *(X2, ¥2)) =Hp (X2 * X2 , Y1 * ¥2)

= max P (x* X)), B(y1*y2) }

< max { max {B (xa), B (x2) }, max { B(ys) , B(y2) } }
= max { max $(xi) , B(yy) } , max { B(xz) , B(y2) } }

=max {4 (X,Y1) Hp (X2, ¥2) }
Thereforeyg is an anti fuzzy PS-subalgebra of X x X.

Theorem 4.10.Let yg be the strongest anti fuzgyrelation on PS-algebra X , wheas
a fuzzy set of a PS-algebra Xpif is an anti fuzzy PS-subalgebra of X x X, th@ns an
anti fuzzy PS-subalgebra of a PS-algebra X.
Proof: Let x , yO X.
Now, B(x*y) =max{B(x*y),B(x*y)}

H((x*y)*(x*y))

< max{pg (X*y),Hsg (X*Yy)}

= max {ma) , B(y)} , max {B(x) , B(y)} }

= maB(x) , B(y)}
=B (x*y)< max 3(x), B(y) }, which completes the proof.
5. Conclusion
In this article authors have been discussed amizyfPS-ideals and anti fuzzy PS-
subalgebras in PS-algebras under homomorphism antbstan product. It has been
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observed that PS-algebras as an another gendmlizatf BCK/BCI/Q/d/TM/KU-
algebras. Interestingly, the strongest anti fupzselation on PS-algebras concept has
been discussed in Cartesian product and it addsather dimension to the defined PS-
-algebras. This concept can further be generalteethtuitionistic fuzzy set, interval
valued fuzzy sets for new results in our future kwvor
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