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Abstract. Intuitionistic fuzzy relations on finite universes can be represent by intuitionistic
fuzzy matrices and the limiting behavior of the power matrices depends on the algebraic
operation employed on the matrices. In this paper, the power of intuitionistic fuzzy
matrices with maxarithmetic mean-minarithmetic mean operation have been studied. Here
it is shown that the power of intuitionistic fuzzy matrices with the said operations are
always convergent.
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1. Introduction

Intuitionistic fuzzy matrices (IFMs) have been proposed to represent intuitionistic fuzzy
relations on finite universes where relationships between elements are more or less vague.
Let X and Y be two universes. It is well known that an intuitionistic fuzzy relation p

on X xY can be presented by an IFM (say R). Furthermore, the composition of finite
intuitionistic fuzzy relations can be represented as a product of IFMs. The powers of a

finite intuitionistic fuzzy relation defined as R™ =R™oR, have a m -th power
representation of R with “o” operation. The power of an IFM play a crucial role to
determine the transitive closure of the underlying IFM.

Thomason’s paper [12] published in 1977 was the first to explain the behavior of
powers of a fuzzy matrix. He showed that the max-min power of a fuzzy matrix either
converge to an idempotent matrix or to oscillate with a finite period. Latter, a number of
works on power convergence of fuzzy matrix were published [3, 5, 6, 8, 13, 14]. The
behavior of max-product power of a fuzzy matrix quite different from the case with the
max-min fuzzy matrices [4]. It is well known that the max-product operation is one of the
max-archimedean t-norms. Recent development in this regard has been extended to the
infinite products of a finite number of fuzzy matrices [7]. Then Bhowmik and Pal [2]
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Convergence of Maxarithmetic Mean-Minarithmetic Mean Powers of IFMs

shown that the powers of IFMs are either converge or oscillate with a finite period under
the max-min operation. Latter, Pradhan and Pal [9,10] studied the intuitionistic fuzzy
linear transfomations and derive the g-inverse of block intuitionistic fuzzy matrices.

Here we take this type of operation for the product of two IFMs, as the sum of the
membership and non-membership values of an element of IFMs lies in [0,1]. If we take

only max-arithmetic mean operation to get the product of two IFMs, then it may arise that
the sum of membership and non-membership values of an element be greater than 1.

Let A=[a;]=[(a;,,a;,)] be an nxm intuitionistic fuzzy matrix with
a;, €[0,1] and a;, €[0,1] such that, 0<a;, +a;, <1. For the sake of convenience,
we denote a; by [A]; , that is, [A]; =(a;,,8;,) . Then the maxarithmetic
mean-minarithmetic mean operation ~©°" between two IFM A=[a. and

B =[b;],., can be stated as

ij ]nxm

mxn

+b

[A°B]; = (max{———* O+ tj"} {MT“V}>, for all 1<i, j<n.

<t<m

In this paper, we are interested in the behawor of maxarithmetic mean-minarithmetic mean
power of an IFM. The product of IFMs under the operation defined above is
(i non-commutative, thatis, AocB = Bo A,
(i)  non-associative, thatis, (AoB)oC # Ao(B-C),
(iii) Aol = A, where | is the intuitionistic fuzzy identity matrix.
(iv)  AoQ0=0,where O isthe intuitionistic fuzzy null matrix.

It is also proved that, maxarithmetic mean-minarithmetic mean powers of an IFM
converge and the limit matrix of the power sequence has some special form.

2. Preliminaries

In this section, some elementary aspects that are necessary for this paper are introduced. In
fuzzy matrix, the elements of a matrix are the membership degrees only, but in an
intuitionistic fuzzy matrix the membership degree and non-membership degree both are
represented, which is defined as follows.

Definition 2.1. (Intuitionistic fuzzy matrices) An intuitionistic fuzzy matrix A of order

mxn is defined as A=[x;,(a;, a;, )], where a;,, a;, are called membership

and non-membership values of X; in A , which maintains the condition

0<a, +a;, <1.Forsimplicity, we write A = [a where a; = (&

u]mxn ! iju? uv>

In arithmetic operations, only the values of &;,, and a;, are needed so from here
we only consider the values of a; = (&,
of (Fy={(a,b):0<a+b 31}.

To compute the m -th power of an IFM we take the help of the weight of a path of
length m of an intuitionistic fuzzy graph G = (x«,v,V,E), where V is the vertex set,

E isthe edge set, x and v represent the membership and the non-membership values

i &, ) - All elements of an IFM are the members
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of both the vertices and edges.

Definition 2.2. (Intuitionistic fuzzy graph) A graph G = (u,v,V,E) is said to be
maxmin intuitionistic fuzzy graph if

(i) V ={v,v,,...,v,} suchthat, 2 :V —[0,1] and v,:V —[0,1], denote the
degree of membership and the degree of non-membership value of the element v, eV
respectively and 0 < g4 (v,)+v,(v;) <1, forevery v, €V , and

(i) EcVxV where p,:VxV —[0,1] and v,:VxV —[0,1] are such
that s, (v;,v;) <max{us (vi), 4 (v;)} and v, (v;,v;) = min{v, (v;), v, (v;)}, denotes the
membership and non-membership values of an edge (vi,vj) € E respectively, where,
0< 4, (v;, V) +v,(v;,v;) <1, forevery (v;,v;)eE.

The IFG G=(u,v\V,E) is  said to be complete if
1o (Vi Vi) = max{y (Vi) 4 (Vi) and vy (vi,vy) = mindyy(v;),vi(vy)}  for  all
v,,v; eV.

The example of an intuitionistic fuzzy graph with four vertices is given in the
Figure 1.

06,08 — (6,03
()

L] ]

0.5)

Figure 1: Intuitionistic fuzzy graph

Definition 2.3. Apath P inanIFG G = (u,v,V,E) issaidtobea m-pathifitisa
sequence of (m+1) distinct vertices V,,V,,...,V, of the vertexset V .

As the maxarithmetic mean-minarithmetic mean operation is non-associative so
we define the powers A* of A by A* =(A*")oA for k=2,3,...,n andin that case
(A*")o A notequalto Ao (A“?).

The directed intuitionistic fuzzy graph corresponding to the IFM A is defined by
G=(u,v,V,E) with the vertex set V ={1,2,...,n} and the set of edges

E={(,j)eVxV|1<i,j<n}. A path P(iy,ij,...,i,) is a sequence of Kk edges
(ig, 1), (i, 05), ..., (i 4, 1,) . The weight of the path P(iy,i,...,1,) is denoted by
w(P(iy,i,...,1,)) orsimply by w(P), is defined by
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W(Pig, iy, i) = (W, (P),w, (P))

k-2 k2
S 2a|2| utet2 & iw Ay T, T 2a|2| , e t2 &, v
- 2k -1 ' 2k -1 '

A path P(i,,i;,...,1,) is called a critical path from vertex i, to i, if w(P)=(1,0),
that is, {(a 1,0y . A circuit C of

length k is a path P(iy,i,...,i,) with i, =i,, where i,i,,...,i,, are distinct. A

igiy#? '0'1"> (@ iipu? '12">_ -=(a i aik#’ 'k 1kV>

circuit C with w(C) =(1,0) is called a critical circuit and vertices on critical circuit are

called critical vertices.
Comparison between intuitionistic fuzzy matrices have an important role in our
work, which is defined below.

Definition 2.4. (Dominance of IFM)
Let A BeF,, such that A=((ay,,a;,)) and B=((b;, b)), then we

XN

write A<B if, a;, <b;, and a;, >b,;, forall i, j,andwesaythat A isdominated

by B or B dommates A. A and B are said to be comparable, if either A<B or
B<A.

3. Main result

In this section, it is proved that the maxarithmetic mean-minarithmetic mean powers of an
IFM converge. It is also shown that, the limit IFM has the feature that all elements of each
column are identical. We denote the S-th path from the vertex i to the vertex j of

length kK by (R:(i, j)).

Theorem 3.1. Let A be asquare IFM of order n. Thenthe ij -th element of the m -th
power of A is, [A™]; = (max{w, (P, (i, }))} min{w, (P, (i, N}

Proof: Let W = (max{w, (R (i, J))}, min{w, (R’ (i, }))}) . We proceed by induction on

m.
The assertion is true for m =1. Assume that the assertion is true for m =k —1. Choose
1<s<n such that,

<[Ak1]isy +[A]sj,u [Akil]iSV +[A]sw> _ < [Akil]ity +[A]tj/t . [Akil]itv +[A]th>
rﬂ%ﬁ( min

2 ’ 2 2 isten 2
= [Ak]ij'
By induction hypothesis, there are paths of length (k—1), P(i, =1,i;,...,i, ; =S) such
that,
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[AT = (w, (B4 (0, 8),w, (B4 (i, s)))
_ <ai0ilﬂ tay, T2, Tt 20 A, Ay, 28, 2T N
2k 2 ! 2k -2
Let P(i, =1,i;,...,i, 4, =S,i, = ) be any path of length k from the vertex i
to the vertex j with

Y S/ s _ aioily +ai1i2/j +2a|2| ¥ +. +2k 2 'k 1ik“
(w, (B @i, 1)), w, (B (@i, 1))) =< = :
a, +a, +2a.  +..+2%a .
01 12 2'3 k-1'k >
2k—1
k-3
_ <ai0i1ﬂ Ry, T 28, T 2T .\ 3 iu
2kt 2
a‘ioilv + ailizv + 2a|2| \ +...+ 2k - Ik Zik v aik 1ikv K
2k -1 —+ é > = [A ]
This implies, [A“]; <W (1)

Now, let P(i, =1i,i,,...,i, = j) be given arbitrary path of length K. Then taking
P@, =1,i,...,i,,) asany path of length (k —1) we get,

. . aii,u+aiiy+2a||u+ +2k2| i,
W, (Pa iy D) w, (By @, ) = (————35 e
a., +a, +2a.  +..+2%a .
01 12 2'3 k-1'k >
2kfl
k-3
:<a"oi1”+a"1i2ﬂ+za"zi3ﬂ .42 aik—zik—lﬂ a‘k et a‘o'1V a‘12V +2a, by T +2 a'k—zik—l" La’-k—lik">
2k—l 2 2k -1 a 2
- [A]iik_l +[A]ik_1ik <[A],
< 5 < i
This implies, [A“]; >W. )

By (1) and (2), the only possibility is, [A* i =W
Hence the assertion is true for m =Kk also. That is, the assertion is true for any integer m.

Theorem 3.2. Let A bean nxn IFM. Then the power sequence of A converges to its
limit matrix. Thatis, lim A" = A Also Foreach 1< j<n, A, =A forall

m—oo

1<r,s<n.
Proof: (First Part) Let 1<r,s<n be fixed and P(i, =r,i,...,i,,,,i, =S) be any
given path of length m. We remove the vertex i, from the above paths P, (r,s) and to
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form the corresponding path P(i, =
vertex I tothe vertex S. Then,

W(P; (r,s)) = (w, (P, (r,s)),w, (P (r,s)))

Iyy..opi 4,0 =) of length (m—1) from the

m-2 m— 2
_¢ e T Qi T2 T 2TTR R, TRy, T28 T+ 27 1imv>
2m—1 ! 2m—1
and
WP, (r,8)) = (W, (P (r,9)), W, (P (. 8)))
m-3 m- 3
_ <ai0i2# R, T2, b 20T B, T, T28, 27 1imv>
2m—2 ! 2m—2
m- 2 m- 2
¢ A 2ai2i3# +2° juto 2008 i 8, 28, +2° 8y, T2 'm—lim">l
2m —2 2m—1 ! 2m—2 2m—1
From the above two equalities we can obtain,
' > < 1 > <a i !a' i >
|0|1y |0|1v |1 oH '1'2V igipset Zigipv
W(P ) W( 1) 2m—1 2m—1 - 2m—2

Now, as a;,€[01]] and a;, €[0,1]

W(P:_,(r,s)) <[A™ "], (by Theorem 3.1). Itimplies, W(P:(r,s)) <[A" ], +

for all 1<i,j<n

and

1,0)
2m—2 '

Since, P:(r,s) is any arbitrary path with length m, this leads the following

inequality
L0
2m—2 '

[A™], <[A™ ],

On the other hand, let P; (r,s)=(i, =r,i,,..

length (m-1) from the vertex r to the vertex S

1 Tm-

3)

I, 4,1, =S) be any path of

. Choose 1<i,<n . Let

Py (r,s) = (i, =r,ij,...,i, 4,1, =S), is the corresponding path of length m from the
vertex r tothevertex S and

@i od,) @ o) (@, ,)
W(PS4(1,9) = W (r,8)) — Tt - 2 e e T

<1 0>
This implies, [A™ ] <[A"], + <21m?2> (4)

1,0)

From (3) and (4), we obtain [[A"],, —[A™"], <

2m—2 )
Let N be a fixed natural number and forall n> N ,
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[IA A" ] IAT ~[A T [+ A™ T —[A T T AT

I’Sl

40 40 40

2m— 2m—3 -+ 2N -1
L0

2N—2

Therefore, the sequence {[A™] .} is a Cauchy sequence and hence {[A"].}
converge. That imply, |im A" = A.

m—oo

(Second Part) Let P (rj]) = (i, = rip,...,0 4,1, = ) be any path of length m

from the vertex r to the vertex j and P, (sj) = (i, =S,i,...,1,, 4,1, = ]J) be any path
of length of m from the vertex S to the vertex j. Then,

m-2 m-2
W) = <a*'ﬂ” iy *28“?; Fet 2 By By +2&2;;l+- 27 > .
m-2 2
WP (s))) = <ash” i +2ai2i3” 1+ 2 & i iy T, +2a12i3v j‘ .2 & v >
m 2m_ s 2m_

By Theorem 3.1, we have

r| ’ ar| v> <asi ' asi v>
w(P_(rj)) = w(P, (s;))+ 15 - ;‘m_l L <[A™] +<21£1> and
5| ! a5| v> <ari ! ari v>
WP, (5i) = w(, (i) + P BB g A0)
2m 2" 2"
. o m m {1,0)
The above two inequalities imply, |[A ] -[A ] I< L

Nowas, [im A" =A wecanobtain A, =A,.

m—o0

Theorem 3.3. Let A bean nxn IFMand [im A™ = A . Then the following stateme-

m—oo

ments are equivalent.
(i) All entries in the j -th column of A are (1,0), that is, [A]sj =(1,0) forall
s=1.2,...,n
(ii) There is a critical path in G from a critical vertex to the vertex | .
Proof: (i) = (ii)
Let B =B, B;.) = <r<nax a;,» min a;,),then B; €[0,1] and p;, €[0,1]

l<| i<n

Suppose that there is no critical path from a critical vertex to the vertex j . Let
P=(iy,d},...,0,, 4,0, = ]J) be a path of length m from the vertex i, to the vertex j

with m>n.
Let us we claim that,
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<a'im—nim—n+l/"aim—nim—nJrl">< im—n+lim-n+2#" am—n+lim—n+2W"> """ <aim—lim'”’ im—l'm‘/> 1S
dominated by (1,0).

If
<alm n'm-n+14’ am nim— n+1V><am n+tim—n+24" am n+lim-n+2w" > """ < im-tim#’ ' g V> <1 0>
then it imply,
<aim—n.m ni1#! a‘.m U n+l"> B <a.m n+tim-ns24’ aim—n+lim—n+2W"> T <aim—lim”’ aim—lim"> - <1'0> ’

Since {i,, 1iln pigre-ordny<c{1,2,...,n} with (n+1) elements, there are
m—-n<r<s<m suchthat i, =i. In this situation, the vertex i, is a critical vertex. If
welet P'= (i i, ,,...,i, = j),then P’ will be a path from a critical vertex i, to vertex
J , a contradiction. Hence we have,

(& )& ) <1,0)

e

, & y &
m-nim-n+14" " Im_nim-n+1" im—n+tim-n+24" " Im—n+lim-n+2w” im—tim#’ Im _1im”

Moreover, there exists ai » S £ <(1,0) forsome m—-n<qg<m-1.Thus,

Qi T, T2, 2 A+ 27

WPy = ) = (2" S
aiiv+aiiv+2allv+ 42 +..+2™%a
01 12 23 'q'g+1 m-1im
2m—1 >
I+14+2+2% +. 4292+ B9 429 4 4 2™
=t g XL0)
2™y oot it
=22 KL.0)
2
1-p
={1,0)- = 1,0).
This IeadS, [A]|OJ = lim [Am]|01 < (1_12m€)<1 0> (1_1 ﬂ)(l O> <<1 0>

which is a contradiction of [A]ioj =(1,0).

So, our assumption is wrong, that is, there is a critical path in G from a critical
vertex to the vertex j.

(i) = (i)

Let P™ = (i iy,...,0  5,i; = j) be a critical path from a critical vertex i, to
vertex j andlet C =(r, =i,,r,...,I, =1i,) be a critical circuit with length h.For m
large enough, let 0<k <h-1 such that m—s=hl+k for some positive integer 1.
Choose 1<t<n,let C, bea k path from vertex t to vertex ij.

Then, P=C,+C+C+...+C+P" isapathof length m from the vertex t to
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the vertex j and
2 +2k+1+ 42" 2'“-1

w(P) = ( o JL.0) = (77— )(1 0).

This result provides, [A™]; > w(P) > (1—%)(1,0) .

Therefore we conclude, |im [Am]tj =(1,0).

Theorem 3.4. Let A bean nxn IFMand A = |im A". Then A=J ifand only if

m—o0

there exists an entry (1,0) ineach columnof A.

Proof: The above theorem can be proved by the help of Theorem 3.3. Then, it is
sufficient to show that for each | there is a critical path from a critical vertex to the vertex
J - Since each column of A contains (1,0}, for this j thereis iy, 1<i, <n such that
. < . . =
(a,ow, '01"> (1,0 . For this i, thereis i;, 1<i, <n such that <a'1'o#'a'1'ov> 1,0).
Continuing by this way, we obtain 1<1i_,,...,i,, J <n such that <ai0j#,ai0jv> =(1,0)

and (&, »y=(,0) forall t=0,1,...,n-1. As 1<i_,,...,I;, J <n thereis

Ith—14" 't't i
0<r<n-1 suchthat i, €{i, ;,i, ,,...,1y, j}. Therefore, the vertex I, is a critical

vertexand P =(i,i,4,...,1y, J) isthe required path.

(0,) (1,00 (0.5,0.4)
Example 3.5. Let us consider the IFM A=|(1,0) (0,1) <(0.6,0.3)|.
1,0y (1,0 (0,1
Then the directed IFG corresponding to the IFM A is given in the Figure 2.

(0.5,0.4)

Figure 2: Directed IFG

One of its critical circuitis V; >V, =V, (see Figure 3).
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G “//_-\/1:,_ N

S

Figure 3: A critical circuit in Example 3.5
Then the set of all critical vertices in the directed intuitionistic fuzzy graph G is

{V,,V,} and there is no path from a critical vertex to the vertex V;.
1,00 (1,00 (0.8,0.15)
It is seen that the limit matrix is, A= A ={(1,0) (1,0 (0.8,0.15) |.
1,00 (1,0) (0.8,0.15)

Here all entries in column 1 and 2 are (1,0) and all entries in column 3 are
(0.8,0.15), other than (1,0).

1,00 (0,1 (0.5,0.4)
Example 3.6. Let us consider the IFM B =|¢0,1) (1,0) <(0.6,0.3) |.
1,0 0L 1.0
The directed IFG corresponding to the IFM B is given in the Figure 4.

% S
Figure 4: Directed IFG

Since the IFM B contain (1,0) in each column and all the vertices of the
directed IFG G, corresponding to B has a self-loop, so the set of all critical vertices is

1,00 1,0y (1,0
1,00 (1,0) (1,0)|=J.
1,00 1,0y (1,0

Definition 3.7. Let R be an intuitionistic fuzzy relation between the elements of a finite
set X and A be an intuitionistic fuzzy set of X . Then the max-min composition of A
and R gives B, an intuitionistic fuzzy set of X . When B equals to A, that is,
A&R = A then we say that A isan eigen intuitionistic fuzzy set associated with the

{V,,V,,V.}. So by Theorem 3.4, we have, B = B* =
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given relation R.

For simplicity we can write, for a given IFM R, x e F(X) (intuitionistic fuzzy
set of the finite set X ) is called an eigen intuitionistic fuzzy set of R if and only if,

XoR =X . Here the operation "©" is the maxarithmetic mean-minarithmetic mean
composition.

Theorem 3.8. Let A be an IFM of order n and A = lim A¥ . Then the row vector of

k—>o0
A is the unique eigen intuitionistic fuzzy set of A.
Proof: Since A = |im A*? = ||m(Ak o A) = Ao A, we see that the identical row vectors

k—o
of the limiting matrix A are an eigen intuitionistic fuzzy set of A.
For any row vector X = ({Xy,, Xy, ), {Xa01 Xo, Y1+ (Xo0s X5, )) , consider x@ = x

and x® =x®Y oA, forall k>1.By the same argument of the proof of Theorem 3.1,
we see that foreach 1< j<n,

K)1 = .
[X ]j <L|1Ta)fk<n{ '1/‘ '1'2/‘ 0,..0 aikm}, ~min {Xilv o ailizv 0...0 aikjv}> .

1§|1,i2,...,ik§n
Now,
k-1
X, ,+a, ,+28,; ,+...+24q .
— hWH higH Iola# I JH
<{Xilﬂ ) ailizﬂ o...0 aikj,u}’{xilv o ailiz" o...0 aikjv}> = { ok ,
k1g
Xy 8, + 2a,,v+ 42 I
2|(

Suppose that y,z are two eigen intuitionistic fuzzy set of A . Then for
yoA=y and zoA=z, we have y¥ =y and z¥ =z for all z=1,2,.... Let
I, 1y,...,1, besuch that

(k) —
[y ]] - <{yi1y °© ailizy O... Ik j/l} {yllv Il 2v -0 aikjv}> '

Then,
| Yi—Z; |:|[y(k)]j _[Z(k)]j |
< . od.. o...0Q - . od@.. o...oa -
- [<{y|1/4 all'Z'U alkj’u},{yllv a'|1|2v a‘lkjv}>
_<{Zi1,u °© ailiz,u a'| Jy} {lev Il oV ©...0 aikjv}>]
— for all k >1,where 6 = { max a;,» min auv>
I<i,j<n 1<| j<n

. o
By the same argument, we can write that, | z; -y, |=|[z2"], -[y"“]; < —

From the above two inequalities, we have Y =7 for each 1< j<n, that
imply, y =12z andhence A contains at most one eigen intuitionistic fuzzy set.
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4. Conclusions

Here we derive the procedure to get the power of an IFM under the maxarithmetic
mean-minarithmetic mean operation using the graph theoretic concept. In this paper, we
showed that the power of an IFM with the said operation are always convergent. Moreover,
the limit IFM has the feature that all elements in each column are identical. Here we also

define eigen intuitionistic fuzzy set and shown that the row vector of the limit IFM A is

the only eigen intuitionistic fuzzy set of A. In our further work we shall try to test the
convergence of IFMs with respect to the different binary operations.

=

10.

11.

12.

13.

14.

15.
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