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Abstract. Intuitionistic fuzzy relations on finite universes can be represent by intuitionistic 
fuzzy matrices and the limiting behavior of the power matrices depends on the algebraic 
operation employed on the matrices. In this paper, the power of intuitionistic fuzzy 
matrices with maxarithmetic mean-minarithmetic mean operation have been studied. Here 
it is shown that the power of intuitionistic fuzzy matrices with the said operations are 
always convergent. 
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1. Introduction 
Intuitionistic fuzzy matrices (IFMs) have been proposed to represent intuitionistic fuzzy 
relations on finite universes where relationships between elements are more or less vague. 
Let X  and Y  be two universes. It is well known that an intuitionistic fuzzy relation ρ  
on YX ×  can be presented by an IFM (say R ). Furthermore, the composition of finite 
intuitionistic fuzzy relations can be represented as a product of IFMs. The powers of a 
finite intuitionistic fuzzy relation defined as RRR mm D1= − , have a m -th power 
representation of R  with “ D ” operation. The power of an IFM play a crucial role to 
determine the transitive closure of the underlying IFM. 

Thomason’s paper [12] published in 1977 was the first to explain the behavior of 
powers of a fuzzy matrix. He showed that the max-min power of a fuzzy matrix either 
converge to an idempotent matrix or to oscillate with a finite period. Latter, a number of 
works on power convergence of fuzzy matrix were published [3, 5, 6, 8, 13, 14]. The 
behavior of max-product power of a fuzzy matrix quite different from the case with the 
max-min fuzzy matrices [4]. It is well known that the max-product operation is one of the 
max-archimedean t -norms. Recent development in this regard has been extended to the 
infinite products of a finite number of fuzzy matrices [7]. Then Bhowmik and Pal [2] 
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shown that the powers of IFMs are either converge or oscillate with a finite period under 
the max-min operation.  Latter, Pradhan and Pal [9,10] studied the intuitionistic fuzzy 
linear transfomations and derive the g-inverse of block intuitionistic fuzzy matrices.  

Here we take this type of operation for the product of two IFMs, as the sum of the 
membership and non-membership values of an element of IFMs lies in [0,1] . If we take 
only max-arithmetic mean operation to get the product of two IFMs, then it may arise that 
the sum of membership and non-membership values of an element be greater than 1. 

Let ],[=][= 〉〈 νµ ijijij aaaA  be an mn×  intuitionistic fuzzy matrix with 

[0,1]∈µija  and [0,1]∈νija  such that, 10 ≤+≤ νµ ijij aa . For the sake of convenience, 

we denote ija  by ijA][ , that is, 〉〈 νµ ijijij aaA ,=][ . Then the maxarithmetic 

mean-minarithmetic mean operation "` D̀  between two IFM mnijaA ×][=  and 

nmijbB ×][=  can be stated as  

 .,1,}
2

{min},
2

{max=][
11

njiallfor
baba

BA tjit

mt

tjit

mt
ij ≤≤〉

++
〈

≤≤≤≤

ννµµD  

In this paper, we are interested in the behavior of maxarithmetic mean-minarithmetic mean 
power of an IFM. The product of IFMs under the operation defined above is  
(i) non-commutative, that is, ABBA DD ≠ , 
(ii) non-associative, that is, )()( CBACBA DDDD ≠ , 
(iii) AIA ≠D , where I  is the intuitionistic fuzzy identity matrix. 
(iv) 00 ≠DA , where 0  is the intuitionistic fuzzy null matrix. 

It is also proved that, maxarithmetic mean-minarithmetic mean powers of an IFM 
converge and the limit matrix of the power sequence has some special form. 

 
2. Preliminaries 
In this section, some elementary aspects that are necessary for this paper are introduced. In 
fuzzy matrix, the elements of a matrix are the membership degrees only, but in an 
intuitionistic fuzzy matrix the membership degree and non-membership degree both are 
represented, which is defined as follows.  
 
Definition 2.1. (Intuitionistic fuzzy matrices) An intuitionistic fuzzy matrix A  of order 

nm×  is defined as nmijijij aaxA ×〉〈 ],,[= νµ  where µija , νija  are called membership 

and non-membership values of ijx  in A , which maintains the condition 

10 ≤+≤ νµ ijij aa . For simplicity, we write nmijaA ×][= , where 〉〈 νµ ijijij aaa ,= . 

In arithmetic operations, only the values of µija  and νija  are needed so from here 

we only consider the values of 〉〈 νµ ijijij aaa ,= . All elements of an IFM are the members 
of 1}0:,{= ≤+≤〉〈〉〈 babaF . 

To compute the m -th power of an IFM we take the help of the weight of a path of 
length m  of an intuitionistic fuzzy graph ),,,(= EVG νµ , where V  is the vertex set, 
E  is the edge set, µ  and ν  represent the membership and the non-membership values 
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of both the vertices and edges. 
 
Definition 2.2. (Intuitionistic fuzzy graph) A graph ),,,(= EVG νµ  is said to be 
maxmin intuitionistic fuzzy graph if  

(i) },,,{= 11 nvvvV …  such that, [0,1]:1 →Vµ  and [0,1]:1 →Vν , denote the 
degree of membership and the degree of non-membership value of the element Vvi ∈  
respectively and 1)()(0 11 ≤+≤ ii vv νµ , for every Vvi ∈ , and 

(ii) VVE ×⊆  where [0,1]:2 →×VVµ  and [0,1]:2 →×VVν  are such 
that )}(),({),( 112 jiji vvmaxvv µµµ ≤  and )}(),({),( 112 jiji vvminvv ννν ≥ , denotes the 

membership and non-membership values of an edge Evv ji ∈),(  respectively, where, 

1),(),(0 22 ≤+≤ jiji vvvv νµ , for every Evv ji ∈),( . 
The IFG ),,,(= EVG νµ  is said to be complete if 

)}(),({=),( 112 jiji vvmaxvv µµµ  and )}(),({=),( 112 jiji vvminvv ννν  for all 

Vvv ji ∈, .  
 The example of an intuitionistic fuzzy graph with four vertices is given in the 

Figure 1.  
 

 
 

Figure 1: Intuitionistic fuzzy graph 
 

Definition 2.3. A path P  in an IFG ),,,(= EVG νµ  is said to be a m -path if it is a 
sequence of 1)( +m  distinct vertices mvvv ,,, 10 …  of the vertex set V .  

As the maxarithmetic mean-minarithmetic mean operation is non-associative so 
we define the powers kA  of A  by AAA kk D)(= 1−  for nk ,2,3,= …  and in that case 

AAk D)( 1−  not equal to )( 1−kAAD . 
The directed intuitionistic fuzzy graph corresponding to the IFM A , is defined by 

),,,(= EVG νµ  with the vertex set },{1,2,= nV …  and the set of edges 
},1|),{(= njiVVjiE ≤≤×∈ . A path ),,,( 10 kiiiP …  is a sequence of k  edges 

),(,),,(),,( 12110 kk iiiiii −… . The weight of the path ),,,( 10 kiiiP …  is denoted by 
)),,,(( 10 kiiiPw …  or simply by )(Pw , is defined by 
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)(),(=)),,,(( 10 PwPwiiiPw k νµ…

 
.
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A path ),,,( 10 kiiiP …  is called a critical path from vertex 0i  to ki  if 〉〈1,0=)(Pw , 
that is, 〉〈〉〈〉〈〉〈

−−
1,0=,==,=,

1121211010 νµνµνµ kikikikiiiiiiiii aaaaaa … . A circuit C  of 

length k  is a path ),,,( 10 kiiiP …  with 0= iik , where 121 ,,, −kiii …  are distinct. A 
circuit C  with 〉〈1,0=)(Cw  is called a critical circuit and vertices on critical circuit are 
called critical vertices. 

Comparison between intuitionistic fuzzy matrices have an important role in our 
work, which is defined below.  

 
Definition 2.4. (Dominance of IFM) 

Let nmFBA ×∈,  such that ),(= 〉〈 νµ ijij aaA  and ),(= 〉〈 νµ ijij bbB , then we 

write BA ≤  if, µµ ijij ba ≤  and νν ijij ba ≥  for all ji, , and we say that A  is dominated 
by B  or B  dominates A . A  and B  are said to be comparable, if either BA ≤  or 

AB ≤ .  
 

3. Main result 
In this section, it is proved that the maxarithmetic mean-minarithmetic mean powers of an 
IFM converge. It is also shown that, the limit IFM has the feature that all elements of each 
column are identical. We denote the s -th path from the vertex i  to the vertex j  of 
length k  by )),(( jiPs

k . 
Theorem 3.1.  Let A  be a square IFM of order n . Then the ij -th element of the m -th 
power of A  is, 〉〈 ))},(({min))},,(({max=][ jiPwjiPwA s

m
s

s
m

s
ij

m
νµ .  

Proof: Let 〉〈 ))},(({min))},,(({max= jiPwjiPwW s
k

s

s
k

s
νµ . We proceed by induction on 

m . 
The assertion is true for 1=m . Assume that the assertion is true for 1= −km . Choose 

ns ≤≤1  such that, 

.][=

2
][][

min,
2

][][
max=

2
][][

,
2

][][ 1

1

1

1

11

ij
k

tjit
k

nt

tjit
k

nt

sjis
k

sjis
k

A

AAAAAAAA ννµµννµµ ++++ −

≤≤

−

≤≤

−−

 
By induction hypothesis, there are paths of length 1)( −k , )=,,,=( 110 siiiiP k−…  such 
that,  



Rajkumar Pradhan and Madhumangal Pal 

62 
 

〉〈 −−
− )),(()),,((=][ 11
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Let )=,=,,,=( 110 jisiiiiP kk−…  be any path of length k  from the vertex i  
to the vertex j  with 
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This implies, .][ WA ij
k ≤                                                    (1) 

Now, let )=,,,=( 10 jiiiiP k…  be given arbitrary path of length k . Then taking 
),,,=( 110 −kiiiiP …  as any path of length 1)( −k  we get,  
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 2

][][
11 kikikii AA
−−

+
≤  .][ ij

kA≤  

This implies, .][ WA ij
k ≥                                                             (2) 

By (1) and (2), the only possibility is, WA ij
k =][ . 

Hence the assertion is true for km =  also. That is, the assertion is true for any integer m. 
 

Theorem 3.2. Let A  be an nn×  IFM. Then the power sequence of A  converges to its 
limit matrix. That is, Å=lim m

m
A

∞→
. Also For each nj ≤≤1 , sjrj Å=Å , for all 

nsr ≤≤ ,1 .  
Proof: (First Part) Let nsr ≤≤ ,1  be fixed and )=,,,,=( 110 siiiriP mm−…  be any 

given path of length m . We remove the vertex 1i  from the above paths ),( srPs
m  and to 
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form the corresponding path )=,,,,=( 120 siiiriP mm−…  of length 1)( −m  from the 
vertex r  to the vertex s . Then,  

〉〈 )),(()),,((=)),(( srPwsrPwsrPw s
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From the above two equalities we can obtain,  
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Now, as [0,1]∈µija  and [0,1]∈νija  for all nji ≤≤ ,1  and 

rs
ms

m AsrPw ][)),(( 1
1

−
− ≤  (by Theorem 3.1). It implies, 2

1

2
1,0][)),(( −

− 〉〈
+≤ mrs

ms
m AsrPw . 

Since, ),( srPs
m  is any arbitrary path with length m , this leads the following 

inequality  

 .
2
1,0][][ 2
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− 〉〈
+≤ mrs

m
rs

m AA                                           (3) 

On the other hand, let )=,,,,=(=),( 1201 siiirisrP mm
s

m −− …  be any path of 

length 1)( −m  from the vertex r  to the vertex s . Choose ni ≤≤ 11 . Let 
)=,,,,=(=),( 110 siiirisrP mm

s
m −… , is the corresponding path of length m  from the 

vertex r  to the vertex s  and  
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From (3) and (4), we obtain 2
1

2
1,0|][][| −

− 〉〈
≤− mrs

m
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m AA . 

Let N  be a fixed natural number and for all Nn ≥ ,  
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Therefore, the sequence }]{[ rs
mA  is a Cauchy sequence and hence }]{[ rs

mA  

converge. That imply, Å=lim m

m
A

∞→
. 

(Second Part) Let )=,,,,=(=)( 110 jiiirirjP mmm −…  be any path of length m  
from the vertex r  to the vertex j  and )=,,,,=(=)( 110 jiiisisjP mmm −…  be any path 
of length of m  from the vertex s  to the vertex j . Then,  
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By Theorem 3.1, we have  
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The above two inequalities imply, 12
1,0|][][| −

〉〈
≤− msj

m
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m AA .  

Now as, Å=lim m

m
A

∞→
, we can obtain sjrj Å=Å . 

 
Theorem 3.3.  Let A  be an nn×  IFM and Å=lim m

m
A

∞→
. Then the following stateme- 

ments are equivalent. 
 (i) All entries in the j -th column of Å  are 〉〈1,0 , that is, 〉〈1,0=]Å[ sj  for all 

ns ,1,2,= … . 
(ii) There is a critical path in G  from a critical vertex to the vertex j .  

Proof: )()( iii ⇒  
Let 〉〈〉〈

≤≤≤≤
νµνµ βββ ij

nji
ij

nji
ijij aa min,max=,=

,1,1
, then [0,1]∈µβ ij  and [0,1]∈νβ ij  

Suppose that there is no critical path from a critical vertex to the vertex j . Let 
)=,,,,(= 110 jiiiiP mm−…  be a path of length m  from the vertex 0i  to the vertex j  

with nm ≥ . 
Let us we claim that, 
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Since },{1,2,},,,{ 1 niii mnmnm …… ⊂+−−  with 1)( +n  elements, there are 

msrnm <<≤−  such that sr ii = . In this situation, the vertex ri  is a critical vertex. If 

we let )=,,,(= 1 jiiiP mrr …+′ , then P′  will be a path from a critical vertex ri  to vertex 
j , a contradiction. Hence we have, 
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This leads, 〉〈≤〉〈
−

−≤〉〈
−

−≤ −
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1,01,0)
2

1(11,0)
2
1(1][lim=]Å[

0 nqmji
m

m
joi

A ββ
, 

which is a contradiction of 〉〈1,0=]Å[ joi
. 

So, our assumption is wrong, that is, there is a critical path in G  from a critical 
vertex to the vertex j . 

)()( iii ⇒  
Let )=,,,,(= 110

* jiiiiP ss−…  be a critical path from a critical vertex 0i  to 
vertex j  and let )=,,,=(= 0100 irrirC h…  be a critical circuit with length h . For m  
large enough, let 10 −≤≤ hk  such that khlsm +− =  for some positive integer l . 
Choose nt ≤≤1 , let 1C  be a k  path from vertex t  to vertex 0i . 

Then, *
1= PCCCCP +++++ …  is a path of length m  from the vertex t  to 
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the vertex j  and  
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 This result provides, 〉〈−≥≥ −− 1,0)
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Therefore we conclude, 〉〈
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1,0=][lim tj
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Theorem 3.4.  Let A  be an nn×  IFM and m

m
Alim=Å

∞→
. Then J=Å  if and only if 

there exists an entry 〉〈1,0  in each column of A . 
Proof:  The above theorem can be proved by the help of Theorem 3.3. Then, it is 
sufficient to show that for each j  there is a critical path from a critical vertex to the vertex 
j . Since each column of A  contains 〉〈1,0 , for this j  there is 0i , ni ≤≤ 01  such that 

〉〈〉〈 1,0=,
00 νµ jiji aa . For this 0i  there is 1i , ni ≤≤ 11  such that 〉〈〉〈 1,0=,

0101 νµ iiii aa . 

Continuing by this way, we obtain njiin ≤≤ − ,,,1 01 …  such that 〉〈〉〈 1,0=,
00 νµ jiji aa  

and 〉〈〉〈
−−

1,0=,
11 νµ titititi

aa  for all 1,0,1,= −nt … . As njiin ≤≤ − ,,,1 01 …  there is 

10 −≤≤ nr  such that },,,,{ 021 jiiii rrr …−−∈ . Therefore, the vertex ri  is a critical 
vertex and ),,,,(= 01 jiiiP rr …−  is the required path. 

 

Example 3.5. Let us consider the IFM =A
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

〉〈〉〈〉〈
〉〈〉〈〉〈
〉〈〉〈〉〈

0,11,01,0
0.6,0.30,11,0
0.5,0.41,00,1

. 

Then the directed IFG corresponding to the IFM A  is given in the Figure 2. 

                        
  

Figure 2:  Directed IFG 
  
One of its critical circuit is 121 VVV →→  (see Figure 3).  
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Figure 3:  A critical circuit in Example 3.5 

Then the set of all critical vertices in the directed intuitionistic fuzzy graph G  is 
},{ 21 VV  and there is no path from a critical vertex to the vertex 3V . 

It is seen that the limit matrix is, ==Å 10A
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

〉〈〉〈〉〈
〉〈〉〈〉〈
〉〈〉〈〉〈

0.8,0.151,01,0
0.8,0.151,01,0
0.8,0.151,01,0

. 

Here all entries in column 1 and 2  are 〉〈1,0  and all entries in column 3  are 
〉〈0.8,0.15 , other than 〉〈1,0 .  

 

Example 3.6. Let us consider the IFM =B
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

〉〈〉〈〉〈
〉〈〉〈〉〈
〉〈〉〈〉〈

1,00,11,0
0.6,0.31,00,1
0.5,0.40,11,0

. 

The directed IFG corresponding to the IFM B  is given in the Figure 4.  
 

                             
  

Figure 4:  Directed IFG 
  
Since the IFM B  contain 〉〈1,0  in each column and all the vertices of the 

directed IFG G , corresponding to B  has a self-loop, so the set of all critical vertices is 

},,{ 321 VVV . So by Theorem 3.4, we have, == 12BB
.=

1,01,01,0
1,01,01,0
1,01,01,0

J
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

〉〈〉〈〉〈
〉〈〉〈〉〈
〉〈〉〈〉〈

 

Definition 3.7. Let R  be an intuitionistic fuzzy relation between the elements of a finite 
set X  and A  be an intuitionistic fuzzy set of X . Then the max-min composition of A  
and R  gives B , an intuitionistic fuzzy set of X . When B  equals to A , that is, 

ARA =å  then we say that A  is an  eigen intuitionistic fuzzy set associated with the 



Rajkumar Pradhan and Madhumangal Pal 

68 
 

given relation R . 
For simplicity we can write, for a given IFM R , )(XFx∈  (intuitionistic fuzzy 

set of the finite set X ) is called an eigen intuitionistic fuzzy set of R  if and only if, 
xRx =D . Here the operation "` D̀  is the maxarithmetic mean-minarithmetic mean 

composition. 
 

Theorem 3.8. Let A  be an IFM of order n  and k

k
Alim=Å

∞→
. Then the row vector of 

Å  is the unique eigen intuitionistic fuzzy set of A . 
Proof: Since AAAA k

k

k

k
DD Å=)(lim=lim=Å 1

∞→

+

∞→
, we see that the identical row vectors 

of the limiting matrix Å  are an eigen intuitionistic fuzzy set of A . 
For any row vector ),,,,,,(= 2211 〉〈〉〈〉〈 νµνµνµ nn xxxxxxx … , consider xx =(0)  

and Axx kk D1)()( = − , for all 1≥k . By the same argument of the proof of Theorem 3.1, 
we see that for each nj ≤≤1 ,  

}{min},{max=][
211,,2,11211,,2,11

)(
νννµµµ jkiiii

nkiii
jkiiii

nkiii
j

k aaxaaxx D…DDD…DD
…… ≤≤≤≤

. 

Now, 

.
2

22

,
2

22
=}{},{

1

32211

1

32211
211211

〉
++++

++++
〈〉〈

−

−

k

jki
k

iiiii

k

jki
k

iiiii
jkiiiijkiiii

aaax

aaax
aaxaax

νννν

µµµµ
νννµµµ

…

…
D…DDD…DD

 
Suppose that zy,  are two eigen intuitionistic fuzzy set of A . Then for 

yAy =D  and zAz =D , we have yy k =)(  and zz k =)(  for all …1,2,=z . Let 

kiii ,,, 21 …  be such that 

〉〈 }{},{=][
211211

)(
νννµµµ jkiiiijkiiiij

k aayaayy D…DDD…DD . 

Then,  
          |][][|=|| )()(

j
k

j
k

jj zyzy −−  

           〉〈≤ }{},{[
211211 νννµµµ jkiiiijkiiii aayaay D…DDD…DD  

      ]}{},{
211211

〉〈− νννµµµ jkiiiijkiiii aazaaz D…DDD…DD  

      .min,max=,1
2 ,1,1

〉〈≥≤
≤≤≤≤

νµδδ
ij

nji
ij

nji
k aawherekallfor  

By the same argument, we can write that, kj
k

j
k

jj yzyz
2

|][][|=|| )()( δ
≤−− . 

From the above two inequalities, we have jj zy =  for each nj ≤≤1 , that 
imply, zy =  and hence A  contains at most one eigen intuitionistic fuzzy set. 



Convergence of Maxarithmetic Mean-Minarithmetic Mean Powers of IFMs 

69 
 

 
4. Conclusions 
Here we derive the procedure to get the power of an IFM under the maxarithmetic 
mean-minarithmetic mean operation using the graph theoretic concept. In this paper, we 
showed that the power of an IFM with the said operation are always convergent. Moreover, 
the limit IFM has the feature that all elements in each column are identical. Here we also 
define eigen intuitionistic fuzzy set and shown that the row vector of the limit IFM Å  is 
the only eigen intuitionistic fuzzy set of A . In our further work we shall try to test the 
convergence of IFMs with respect to the different binary operations. 
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