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Abstract. In this paper, the numerical solution of the baanmydvalue problem for
second order fuzzy linedlifferential equations is discussed. We considerftlzzy
difference equation to replace the fuzzy differalrgquation. The numerical solution
of the boundary value problem is obtained by caliing the fuzzydifference
equation. Finally, an example is given, to verhg effectiveness of this method.
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1. Introduction

Many engineering system problems are too compléetdirectly converted into system
equationggroups) to solve, and often involve parameter taggies, which often appear
as a fuzzy number [1,2Therefore, when solving such problems. it is oftesessary to
convert it into a fuzzy system equationdonsider, which makes the solution of fuzzy
system equations very important.

In recent years. many scholars have made profoesearch on second-order fuzzy
differential equationgiven the fuzzy boundary conditions. Wu Q [3] dissed the
uncertainty of the two-point boundary valuetb& second-order differential equation.
Using the fuzzy simulation principle and the diéfiece method, theumerical solution of
the boundary value problem is obtained. Regan. §4Jaroved a transcendentalresult
on the solvability of fuzzy boundary value problebased on the generalized Schauder
theorem. WuCX [5] et al. proved that only the asien of the definition of fuzzy numbers,
given its new structure anproperties, the existence of analytical solutioos flizzy
boundary value problems. Guo et al. (8-9] studiegapproximate solutions of second—
order linear «differential equations with severa£y boundary conditions.

This paper mainly studies the boundary value probté second order fuzzy linear
differential equations, under the condition of paeser numbering.

{% pPOY+ o) y=d), Ol ah
y@=a,yb=5
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Where@,% O E' are fuzzy numberg(t), q(t) are coefficient function. Using the difference

of each order toeplace the corresponding derivative in the equoatius transforming
the boundary value problem of fuzzy differential quation into fuzzy difference
problem. And use numerical examples to verify thisthod.

2. Preliminaries
In this section, we give some definitions and leranwaich will be used later.

2.1. Ruzzy number
Definition 2.1. [1] A fuzzy number is a fuzzy set likei: R - 1=[0,1] which
satisfies:
(D U is uppersemi—continuous,
(2) u(x) =0 outside some intervid,d] .
(3) there are real number ab such thmka<b< d and
(i) u(x) is monotonic increasing on[c,a] ,
(i) u(x) is monotonic decreasing fim d]
(i) u(x)=1,as<x<h
Let E' be the set of all real fuzzy numbers which are norrappher semi-
continuous, convex and c@arctly supported fuzzy sets.

Definition 2.2. [2] A fuzzy number u in a parametric form is a pdir, U) of
functionsu(r),u(r),0<r <1 which satisfies the following requirements:
(1) u(r) is a bounded monotonic increasing left continuous fungtion
(Z)G(r) is a bounded monotonic decreasing left contindonstion,
(3)u(r)<u(r),0sr<1

Definition 2.3. [2] Let x=(x(r),X(r)),y= (1), ¥(NUE,0<r<1 and
arbitraryk [0 R, then

(1) x=yiff x(r)=y(r)and X(r)) = y(r),
(2) x+y=(x(n+ Y1, X(r)+y),
(3) x=y=(X(n)=¥(n,Xx(r)=- ),
@) loc= {(k%(( r), kx(r)), k=0
(Kx(r), kx(n),k<0.

2.2. Second-order fuzzy boundary value problem
Definition 2.4. [6] Let X, yLOE. If there existsz[]E such thatx= y+ zthen

zis called the Hukuhardifferenceof fuzzy numbers x ang, and it is denoted by
z=xy.
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Definition 2.5. [7] Let f :[a,b] - E"and t,0[a, b]. We say that f is Hukuhara
differential att,, if there exists an elementf'(t,) JE' such that for allh>0
sufficiently small[f (t, +h)! f(t,), f(t,)! f(t,—h) and the limits

Ir!';rg) f(t0+hi)‘]l f(to) :|r|]|:n0 f(to)' ;(to_h) - f’(to)

Definition 2.6. [8] The second-order fuzzy differential equation

V=1t yY) tOlal

(2.1)
with the fuzzy boundary value conditions
(@)= (=800 E 2.2)

Is called the second-order fuzzy boundary value proglevhere

a=(a(r), ).
In this paper, we mainly study the boundary valueil@®bf second order fuzzy
linear differentialequations, under the condition of parameter numbering.

{@w POY+ody=d) Ol ab
y(@=6a,yb=5

where H,%D E' are fuzzy numberg(t), (v are coefficient function. And the
parameter form is

y'(t,r)+p®)y(tn+q(t)ytr)=g(tr)
y(@arn=a(r),yl,r)=pA(r)
y'(tn+p®yn+a®)yltr=g(tr)

y(a,r)=a(r),y(b,r)=pB(r)
where t[[a, b],0< r<l.

(2.3)

(2.4)

Lemma 2.1. [9]If the fuzzy boundary value problem (2.3) is satisfied
(1) p(t),q(t),g(t) is continuous on [a,b].

(2) p(t),q(t)is invariant on [a,b].

then equation (2.3) has a unique solution on [a,b].

3. The establishment of the difference method
In this section, we studying the establishment of the rdiffee methods and
discussed the solvability of fuzzy problems.

3.1. The fuzzy difference problem

First, we use the following first-order difference geatito approximate the first
derivative, which is
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y(t+ hr)1 “ W) _ oy,
or
y(t) _E]’(to =D _ v,
or
yh+h-yb=n0_
o =Y(0)-

Then the second derivative can be approximated by thtecfider difference
quotient of the first-order difference quotient, that is,

n + h - 2 + -
= Y&+ ﬁgb) wb-H
Let the integral interval [a, b] be divided into N eqgpalts, the step size is

h:%, Its node i4, =t,+nh,n=0,1;-- ,N.Then use the difference quotient

instead of the corresponding derivative, and the fuz#ferdntial equation
boundary value problem (2.3) can be discretized into follewing fuzzy
difference problem.

§/n+1 _Zyn + ~yn—1 =@ t Y1 ™ Yo
h? L0 Yo 2h ) (3.1)
Yo=8,yy =B.a,B0E

According to the different p(t) and g(t) symbol® discuss the solution of equation (3.1)
from the following four cases.

Case 1:p()>0 and q(t)>0, the difference form of the fuzmyundary value problem (2.3)
is

Yau (D =2Y0 (N+ Yo () Ypa (N = Y,0a(r)
- +Pp,
h 2h
Yo(r)=a(r),y, (r) = B(r)
Yo (N =20 (N4 Y01 (1) Yoa(1)= Y1)
5 +p,
B h - 2h
yo(r) = ﬁ(r)'YN (r) =,[_;(r)

+0, Yo(D) = gy(1)

+ Gy Yo(D = G,(1)

Finishing the following th@(N —1)x 2(N — 1)order matrix equations, in the form of

(A A)50).(2:0)
A A)\Yua(n) By-a(1)
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where
q,h° 1+gp1 0 0
h -2 0 0
1o mop 0 h
A= A= 2
h : : . 0
0 0 SRR« NN 1 1+§ B_s 0O 0 ... -2
0 0 1 O

YN—l( r) = (Xl( I’),- o ’_yN—l(r))T
7N—1( r) = (VN—l( r)!' a 17N—1(r))T

BN—l(r) = (Ql(r)hz +g p.lg( r —67(r),92(r)h2r . ’QN—z(r)hz » On- 1(r)h2_ (1+2 - 1)E (r))T
By(n) =(G(nh’ +g Pa(n=a(r), g,(Nh",+, Gy_(Nh*, Gy, (N - (1+g -8 ()

Case 2:p(t)<0 and q(t)<0, the difference form of the fuzmyundary value problem (2.3)
is

Your (N =25, () + Vs (1) You (1) = Yy (1)
he Pn h

Yo(r) =a(r),yy (1) = ()

Yor (N =20 () Yot (1)  You (1) =Y, (1)
h? Ph 2h

Yo()=a(r),yy (1) = B(r)

=0, Ya(1) = 9y(1)

— 0, Y,(N = g,(1)

Finishing the following th@(N —1)x 2(N — 1)order matrix equations, in the form of

C. G\ Yaau(n) _( Dyu(r)
G, G VN—1(r) B [_)N—l(r)
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where
0 L -(2+q,h?) _h no o 0
1_D 0 .- 0 2
c,=|" 2P C,=| 0 -(2+gh) - 0
0O 0 - 0 0 0 - —(2+qh?)

DN—l(r) = (Ql(f)hz +g plg(r) ‘67(r),92(r)h2 o ’QN—z(r)hZ :9N—1(r)h2 - (1+2 Ph- 1)5’ (r))T
Bus(1) = @ON +2 P =@, TN, oo G = (@45 BB

_Case 3:p(t)<0 and q(t)>0, the difference form of the fuzmundary value problem (2.3)

is

Yorr (N =2V, (N +Yorr () Your () = Y1)
h? Ph 2h

Yo =a(r)y, (1) = B()

Yor (N =20 )+ Vit (1)  You (1) =Y, (1)
h? Pn 2h

Yo()=a(r),y ()= B(r)

Finishing the following th(N —1)x 2(N — 1)order matrix equations,in the form of

M, M, (Yo () _ Nya(n)
M, M, 7N—1(r) B NN—l(r)

*+0, Y(N) = 94(1)

+G, Yo = 9,(D

h? 1 - 0 h
ql -2 —_pl
1_D K ... 0 2
whereM, = 2P @ M,={ 0 -2 - 0]
0 0 - qguh 0 o .- =2

2 h =~ 2 2 h — T
NN—I(r) =(91(r)h +§ plg(r)_a(r)'gz(r)h 1""9N—2(r)h2'_gN—1(r)h - (1+§ Rl—l)ﬂ(r))
N = >, h = 2 = 2 = h \J
N_,(r) =(g,(nh > pa(n)—a(r),g,(Nh",---,gy_,(Nh ,gN_l(r)hz—(1+§ A8 (N)
Case 4:p(t)>0 and q(t)<0, the difference form of the fuzmyundary value problem (2.3)

is
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Yos(N =2Y2 0+ Yo (1) Yorsr) = Yial1)
h? P 2h
Yo(r) =a(r). yu (r) = B(r)
Yo (N =20 (N4 Y0a (1) Yoa(1) = Y1)
+ D,
o h2_ 2h
Yo(1)=a(r). ¥y (1) = B(F)

Finishing the following th&(N —1)x 2(N - 1) order matrix equations, in the

=0, Y(1 = go(1)

— 0, Yo(N = go(1)

form of
& Y
S 8)(Vualn Tya(1)
0 1+D . 0 —(2+qh*) 0 0
2 h
where§=|1 0 - 0fg= -Epz —(2+q,hf) - 0 |
o o - 0 0 0 e = (24 0y, N?)

T,a(1) = (@O +5 Pa()=a(r), g0 -, G oOF. G (I~ @45 B B ()]

-F—l(r) = (§1(r)h2 +2 plﬁ( r) —C_J’(I’), gz(r)hzf . ’GN— z(r)h2 1§N—1(r)h2 - (1+2 R- 1)@ (r))T

3.2. Solvability of the fuzzy difference problems

Theorem 3.1.The solution of the boundary value problem (3.1)fufzy
difference equations is existence and unique.

Proof: First, we can eliminate the first-order differenmcehe fuzzy difference
equation by appropriate transformation of the imalefent variables.

+1 _2_n n-1
a7 D)y, 0= 0,00

Yo(1) =a(r), y, (1) = BE)

Voa (1) =2Y, (1) + ¥, (1)
h2
Yo(r)=a(r),y, (r) = B(r)

+0, ¥o(1) = 9,(r)

Just prove that the corresponding homogeneous lawaations
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+1 _2_n Y

Yaa(r) yhz(r) y—(r)+qn£(r)=0
Yo(r)=0,y,(r)=0

R ORSAGES —

Yo (1) Lhz(r) y (r)+qnyn(r):0
Yo(r)=0,y, (r)=0

have only zero solutions. Obviously, The positivel megative minimum values o@n

can only be @/O or §/N Also known by the boundary conditiciq, :S'/N =[0,0], all
¥, =[0,0].

4. Numerical example
Example 4.1.Consider the boundary value problem of fuzzy défdial equations as
follows

v - y=1t0[0,1]
y(0)=(0.1- 0. - 0.% Onl
y()=(-0.T ,1+ 0.0 )

The exact solution is follows

Y(t,r)=(0.1- 0. post+ € 0.X pint-t

{V(t, r)=(-0.1+ 0.k fost+ (& 0.1 pint-t

Converting the boundary value problem of fuzzy etiéntial equations into
boundary value problems of fuzzy difference equettidake the step size of

0.2, the nodet, :g,(n =0,12,3,4,5, then its matrix form is

0 1.1 0 0 -19 O 0 0\ % 0.092 0.}

1 0 1.1 0 0 -19% O 0| Y 0.016

0 1 0 11 0 0 -19 0}y, 0.024

0 0 1 0 0 0 0 -196y,|_ (0k%
-1.96 0 0 0 0 11 0 0|y, | |0092-0%

0 -19 O 0 1 0 11 0|y, 0.016

0 0 -19 © 0 1 0 11y, 0.024

0 0 0 -19 O 0 1 0 0.032

Ya
Then, the solution of the boundary value problerfurty differential equations is
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Y(t,r)=(0.045+ 0.100 ¥ £ 0.15¢% 0.08849 —( 0.082 0.0604) —0.090+ 0.030t
Y(t r)=(-0.135+ 0.100 ¥ £ 0.008 0.0884 —( 0.142 0.060+) —0.033+ 0.030ty
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