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1. Introduction

Fuzzy mathematics commenced with the introductich@notion of fuzzy sets by Zadeh
[22] as a new way to represent vagueness in evetifdaln mathematical programming
problems are expressed as optimizing some goatifungiven certain constraints, and
real-life problems consider multiple objectives.n@rlly, it is very difficult to get a
feasible solution that brings us to the optimuralbbbjective functions. A possible method
of resolution that is quite useful is the one udimyy sets by Turkoglu and Rhoades [20].
Atanassov [5|ntroduced the notion of intuitionistic fuzzy sdig generalizing the notion
of fuzzy set by treating membership as a fuzzydalgialue rather than a single truth value.
In 2004 Park [17] defined the notion of intuitionistic fuz metric space with the help of
continuoust —norms and continuous—conorms. George and Veeramani [9] had showed
that every metric induces an intuitionistic fuzzgtnic and found a necessary and sufficient
conditions for an intuitionistic fuzzy metric spat¢e be complete. Choudhary [7]
introduced mutually contractive sequence of selpsrand proved a fixed point theorem.
Kramaosil and Michalek [13] introduced the notiofi @Gauchy sequences in an
intuitionistic fuzzy metric space and proved thdl\keown fixed point theorem of Banach
[6]. Turkoglu et al [21] gave the generalizatidnJangck’s [1112] common fixed point
theorem to intuitionistic fuzzy metric spaces. Saqgently several authors like Coker [8]
Saadati and park [19Gregori et al [1Q]Manro et al [15]Alaca et al. [2]Rashmi and
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Manro [18] Manro [14] Abu-Donia and Nase [lAlaca et al. [3}], and Muthuraj and
Pandiselvi [16] derived fixed point theorems iruitibnistic fuzzy metric space.

In view of the considerations given by various amgithe principal motivation of
this paper is to relate some results in the liteeatby discussing the existence and
uniqueness of fixed points for new classes of magpidefined on a complete metric space.
In particular we prove common fixed point theorems for four -seifppings under the
conditions of compatible mappings of type 1) and type(4-2) in complete intuitionistic
fuzzy metric space.

2. Preliminaries
Some basic definitions are given here.

Definition 2.1. A binary operations: [0,1] x [0,1] — [0,1] is a continuoug —norm if *
satisfies the following conditions

(a) * is commutative and associative

(b) = is continuous

(c) a1 =aforalla €[0,1];

(d) axb < c*d whenever < c andb < d, for alla, b, c,d € [0,1].

Definition 2.2. A binary operatiord: [0,1] X [0,1] — [0,1] is a continuous —conorm if
¢ is satisfying the following conditions

(a) ¢ is commutative and associative

(b) ¢ is continuous

(c) a¢0=aforallae[0,1];

(d) a0 b <c0dwheneveru < candb < d, for alla,b,c,d € [0,1].

Definition 2.3. A 5—tuple (X, M, N,x,9) is said to be an intuitionistic fuzzy metric space
if X is an arbitrary set- is a continuoug — norm ¢ is a continuoug —conorm and
M, N are fuzzy set o3 x (0, ) satisfying the following conditions for eaghy, z, a €
X andt,s > 0:

@ M(x,y,z,t) + N(x,y,2z,t) < 1;

(b) M (x,y,z,t) > 0;

(c) M(x,y,z,t) =1lifand only ifx =y = z;

(d) M(x,y,z,t) = M(p {x,y,z},t) wherep is a permutation function

(e) M (x,y,a,t)*M(a,zzs) < M(x,y,z,t+5);

H M(x,y,2.):(0,00) — [0,1] is continuous

(@) N(x,y,z,t) <1;

(h) N(x,y,z,t) =0 ifand only ifx = y = z;

() N(x,y,z,t) = N(p {x,y,z},t) where p is a permutation function;

() N(xyat)0d N(a,zzs5s)= N(x,y,z,t+5s);

(k) N(x,y,z,.):(0,00) — [0,1] is continuous

Then (M, N) is called an intuitionistic fuzzy metric oXi. The functionsM (x,y, z, t)
andN (x, y, z, t) denote respectively the degree of nearness artktiree of non nearness
betweenx, y andz with respect ta.
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Remark 2.1.1t is to be noted that

(i) The intuitionistic fuzzy setting provides both aemmbership degree and a
nonmembership degree for an elemenltiereas the fuzzy settings provide only the
membership degree alone and thus the space caetbinenre will definitely provide a better
environment than the latter to work with the apgtiions.

(ii) Every fuzzy setting can be generalized to intnistic fuzzy setting but not the
converse

t
t+lx=yl+ly—z|+|z—x|’

| for everyx, y,z andt > 0, let A andB defined as

Example 2.1. LetX =R and M (x,y,zt) =

|x=y|+|ly—z|+|z—x|
t+|x—y|+|y—z|+|z—x

N(x,y,z1t) =

Ax = 2x + 1,Bx = x + 2, consider the sequengg = %+ 1L,n=12,...
Thus we have
lim M (Ax,,3,3,t) = lim M (Bx,,3,3,t) =1 and
n—oo n—-oo
lim N(A4x,,3,3,t) = lim N(Bx,,3,3,t) = 0 for everyt > 0.
n—oco

n—oo

ThenA andB satisfying the propertgr).

Definition 2.4.Let (X, M, N,+,9) be an intuitionistic fuzzy metric space afd,} be a
sequence iX
(i) {x,}is said to be convergent to a point X, if
lim M (x,x,x,,t) =1, Tlll_r}c}oN (x,x,x,,t) =0 forallt > 0.

n—oo

(i) {x,}in X is said to be Cauchy sequence if
lim M (xn+p,xn+p,xn, t) = 1,rlli_r>’210N (xn+p,xn+p,xn, t) =0

n—oo

forallt > 0 andp > 0.
(iii) An intuitionstic fuzzy metric spac®, M, N,*,0) is said to be complete. if
and only if every Cauchy sequenceXilis convergent.

Lemma 2.1.Let (X, M, N,x,9) be an intuitionistic fuzzy metric space. Then
M (x,y,z,t) andN (x,y,zt) are non decreasing with respect,ttor all x, y, z in X.

Definition 2.5. Let A andS be self mappings from an intuitionistic fuzzy niespace
(X, M, N,x,9) into itself. Then the mappings are said to bematible if
lim M (ASx,, SAx,, SAx,,t) =1, andlim N (ASx,, SAx,,SAx,,t) =0,

n—-oo n

for everyt > 0, whenevef{x,} is a sequence ii such that

lim Ax, = lim Sx, = z for somez € X.

n—oo n—oo
Definition 2.6. Let A andS be self mappings from an intuitionistic fuzzy niespace
(X, M, N,x,9) into itself. Then the mappings are said to begatible of type(4), if
lim M (AAx,, SSx,, SSx,,t) =1, andlim N (AAx,, SSx,,SSx,,t) =0,
n—oo n—oo

for everyt > 0, whenevef{x,} is a sequence i such that
lim Ax,, = lim Sx, = z for somez € X.

n—oo n—oo
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Definition 2.7. Let A andS be self mappings from an intuitionistic fuzzy nietspace
(X, M, N,x,9) into itself. Then the mappings are said toRbeweakly compatible of type
(4), if there exists somk > 0, such that

lim M (AAx, SSx, SSx,t) = M (Ax, Sx, Sx, %) andlim N(AAx,SSx,SSx, t) <
n—oo

n—co

N (Ax, Sx,Sx, %) for everyt > 0, and x € X.

Definition 2.8. Let A andS be self mappings from an intuitionistic fuzzy niespace
(X, M, N,*,9) into itself. Then the mappings are said to bematible of type(4 — 1),
if lim M (SAx,, AAx,, AAx,,t) =1, andlim N (SAx,, AAx,, AAx,,t) =0,

n—-oo n—-o

for everyt > 0, whenevef{x,} is a sequence & such that
lim Ax,, = lim Sx, = z for somez € X.

n—oo n—oo

Definition 2.9. Let A andS be self mappings from an intuitionistic fuzzy nietspace
(X, M, N,x,9) into itself. Then the mappings are said to be matible of type(4 — 2),
if lim M (AAx,, SSx,,SSx,,t) =1, andlim N (AAx,, SSx,,SSx,,t) = 0, for every

n—-oo n—co

t > 0, whenevefx,} is a sequence ii such that
lim Ax, = lim Sx, = z for somez € X.

n—-oo n—co

Proposition 2.1.Let A andS be self mappings from an intuitionistic fuzzy niespace
(X, M, N,*,9) into itself.
(&) [IfAis continuous map then the pair of mappi(gsS) is compatible of
type(A — 1), if and only ifA andS are compatible.
(b) IfS is continuous map then the pair of mappifgss) is compatible of
type(4 — 2), if and only ifA andS are compatible.
Proof: (a) Let,{ij{}o Ax, = lim Sx, = z for somez € X, and let the pai¢4, S) be

n—-oo

compatible of typg€A — 1). Sinced is continuouswe havelim ASx,, = Az and
n—-oo
lim AAx,, = Az. Therefore it follows that

n—-oo
M (SAx,, ASx,, ASx,, t) = M (SAxn, Adx,, AAxn,g) « M (AAxn,Aan,Aan,g)
andN (SAxy, ASxn, ASxn, t) < N (SAxn, AAXy, AAXy, ) O N (AAXy, ASXy, ASKy, %)
yields lim M (SAx,, ASx,,ASx,,t) =1x1=1 and

n—oo

lim N (SAx,, ASx,, ASx,,t) =00 0 =0 and so the mappings compatible.
n—-oo

Now, let A andS be compatible.
Therefore it follows that

M (SAxy, Aoy, Adsn, ) = M (SAxy, ASxy, ASn, ) * M (Aan,AAxn,AAxn, g)
and

N (SAx,, AAx,, AAx,,t) < N (SAxn, Aan,Aan,%) 0N (Aan, AAxn,AAxn,%)
yieldsrlli_r>ro10]v[ (SAx,, AAx,, AAx,,t) =1+1=1 and
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lim N (SAx,, AAx,, AAx,,t) < 00 0 =0 and so that pair of mappingd, S) are

n—oco

compatible of typ€A4 — 1).

(b) Let lim Sx,, = lim Ax, = z for somez € X, and let the pai¢4, S) be compatible
n—-oo n—-oo

of type(4 — 2). SinceS is continuouswe have
lim SAx,, = Sz andlim SSx,, = Sz.

n—oo n—oo

Therefore it follows that
M (SAx,, ASx,, ASx,, t) = M (SAxn, SSxp, SSxn, %) « M (San,Aan,Aan, %) and

N (SAx,, ASx,, ASx,, t) < N (SAxn, SSx, SSxp, %) ON (San,Aan, Aan,g)
yields lim M (SAx,, ASx,,, ASx,,t) =1+x1=1 and

n—oo

lim N (SAx,, ASx,, ASx,,t) =00 0 =0 and so the mappingsandsS are

n—oo

compatible. Nowlet A andS be compatible. Therefore it follows that
M (ASy, S, S, £) = M (ASx, SAxX, SAxn, g) « M (SAxn, San,San,g) and

t t
N (ASx,,,SSx,,SSx,,t) <N (Aan, SAxn,SAxn,E) ON (SAxn, SS5xy, San,E>
yields lim M (ASx,, SSx,,,SSx,,,t) =1x1=1

n—->oo

andrllingO N (ASxy, SSxy,,SSx,,t) <000 =0 and so that pair of mappingd, S) are
compatible of typgA — 2).

Proposition 2.2.Let A andS be self mappings from an intuitionistic fuzzy niespace
(X, M, N,,9) into itself. If the paii(4,S) are compatible of typ@d — 2) andSz = Az
for somez € X. ThenASz = SSz

Proof: Let{x,} be a sequence i define byx,, = zforn =1,2,... and letz = Sz .
Then we havdim Sx,, = Sz andlim Ax, = Az. Since the pai¢4, S) is compatible

n—-oo n—-oo
of type(4 — 2), we have
M (ASz,552,55z,t) = lim M (ASx,, SSx,,SSx,,t) =1 and
n—oo

N (ASz,55z,55z,t) = lim N (ASx,, SSx,,S55x,,t) =0
n—oo
HenceASz = §Sz.

Proposition 2.3.Let A andS be self mappings from an intuitionistic fuzzy niespace
X, M,N,%0) with t+t>t and(1—-¢t)0(1—-t) <1-—t forallt € [0,1]if the pair
(4, S) are compatible of typ@d — 1) andAx,, Sx,, — z for somez € X and a sequence
{x,} inX. ThenAAx, — Sz, if S is continuous at

Proof: SinceS is continuous at, we haveSAx,, —» Sz. Since the paif4, S) are
compatible of typ€A — 1), we haveM (SAx,, AAx,, AAx,,t) - 1 asn - oo. It

follows that

t t
M (Sz,AAx,, AAx,, t) =M (SZ, SAxy, SAxn,z) * M (SAxn,AAxn, AAxn,§>

and
N (Sz, AAx,, AAx,,t) < N (SZ, SAxp, SAxn,g) 0N (SAxy, Adxy, AAxn,g)
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yield M (Sz, AAxy, AAx,,t) = 1+x1=1and
N (Sz,AAx,, AAx,,t) <000=0
and so we havéAx, — Sz asn — oo,

Proposition 2.4.Let A andS be self mappings from an intuitionistic fuzzy niespace
(X, M,N,%,0) with t+t >t and(1-t) 0 (1—t)<1-—t forallt € [0,1]if the pair
(4,S) are compatible of typé4 — 2) andAx,, Sx,, —» z for somez € X and a sequence
{x,} inX. ThenSSx, — Az, if A is continuous at

Proof: Since A is continuous at, we haveASx, —» Az. Since the pail(4,S) are
compatible of typ€A — 2), we haveM (ASx,,SSx,, SSx,,t) = 1 asn — oo,

It follows that

t t
M (Az,S5x,,55x,,t) =M (Az, ASXWASX”'E) * M (Aan, SSx,,SSx,, E)

and

N (Az,SSx,,SSxp,t) < N (Az, ASxy, ASxn,2) O N (Aan, S8, S5y, 5)
yield M (Az, $Sx,, SSxp,t) = 151 =1

andN (Az, SSx,, SSx,,t) <000 =0

and so we havg&Sx,, - Az asn — .

3. The main results
Theorem 3.1.Let (X, M, N,*,0) be a complete generalized intuitionistic fuzzy maet
spaces and let, B, S, andT be self mappings df satisfying the following conditions:
(1) AX) € T(X) andB(X) € S(X),
(2) A andS are continuoys
(3) The pairg4, S)and(B, T) are compatible mappings of typé),
(4) There exisyy € (0,1) such that

(M (Sx,Ay,Tz,t), M (Sx,Ay, By, t)\
| M (Sx,By, Tz, t), M(Sx, By, By, t), |
M (Ax, Bz, Bz, qt) = min 4 M (Sx,Ay, Ay, t), M (Sx,Tz,Tz,t), ¥ and
| M (By,Tz,Tz,t), M(By, By, Tz,t), |
M (By, Tz, Ay, t),M (Tz, Ay, Ay, t)

(N (Sx,Ay, Tz, t), N(Sx, Ay, By, t)\
N(Sx,By,Tzt), N(Sx, By, By, t),
N(Ax,Bz,Bz,qt) <max { N(Sx,Ay,Ay,t),N (5x,Tz,Tz,t),

N (By,Tz,Tz,t),N(By,By, Tz,t),

N(By, Tz, Ay,t),N (Tz, Ay, Ay, t)
For everyx,y € X andt > 0. ThenA4, B, S andT have a unique common fixed pointin
Proof: Let x, be any arbitrary point iK. Thus we construct a sequefgg} in X such
thaty,n_1 = Txzp-1 = AXzp—p aNAyy, = SXxap = Bxpp-1.
Putx = x,,_1,¥ = Xy,,_1 @aNdz = x5,
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M (Axzn-1, BXop, Bxap, qt)
{M (Sxzn-1, AX2n—1, TX2n, 1), M (SXon—1, AX2n-1, BX2pn-1, 1),
M (Sx2n-1, Bxon—1,TX2p, t), M (SXan—1, BX3n—1, BX2n 1, 8),
>min { M(Sxzn-1, AXzn-1, AXon—1,1), M (SX2n-1, TX2p, T2, 1),
M (BxZn—ll TxZn' TxZn' t), M(BxZn—ll BxZn—1; TxZn: t):
M (Bxzn-1, TX2n, Axon-1,t), M (Txan, AXop—1, AXopn—1,t)
(M 2n-1 Y20 Yo ) M (V2n—1, Yon Yons t):‘
M (YVon-1,Y2n Yo ) M Van—1, Yon, Yon, £),
M YVon Yon+1r Yan+1, qt) = min { M (Van—1, Yon Yon, £, M (V2n—1, Y2 Yan, ),
M (yan Yon, Yon t): M(yan Yo Yono t)r
M (yZn' Yo Yon t), M (yZn' Yon,Yon, t)

o M (Yans Yan+1 Yon+1,qt) 2 M (Van—1, Yo Yoo ) N
This implies thatM (Von, Von+1, Vane1,t) 1S @n increasing sequence of positive real
numbers and

N(Axyn-1, BXon, BXap, qt)
{N (Sx2n-1,AxXan—1, TX2p, t), N (SX2pn-1, AX2n—1, BX2p-1, 1),
N (Sx2n-1, BXon—1, Tx2p, t), N(SX2n-1, BX2p1, Bx2p_1, 1),
<max { N(Sxzn_1,AXn_1,A%on-1,t), N (Sx2n—1, TX2n, TX2p, 0),
N (BxZn—ll TxZn' Txan t), N(BxZn—ll Bx2n—1; TxZn: t)r
N (Bxan-1, Txon, AX2n-1,8), N (TX2n, AX2n-1, AX2p-1, £)

(N V2n-1Y2n Y2 ), N Van-1, Y2n Yon t):‘
N (V2n—1, Y2 Yon £, N(V2n-1, Yon, Yan £,
N(Yan, Yan+1, Yan+1, qt) < max { N(Van-1,Yon Yon £ N (Van-1, Yan, Yan, ),
N (yZn: Yo Yon, t): N(yZn: Yo Yono t);
N (yZn' Yo Yon, t), N (YZn' Yo Yan, t)

S N2 Yonstr Yane1,qt) < N (Yan-1,Yan Yan ) N
This implies thaiV (v,,,, Yon+1, Yon+1, t) IS @an decreasing sequence of positive real
numbers.

Now to prove tha (v,,, Yont1, Yont1, t) CONVerges td asn — oo and
N(Von, Yon+1, Yone1, t) CONverges t@ asn — oo by lemma2.1

t t
M(yn' Yn+1v3’n+1vt) =M (yn—len' ana) =M (yn—Zvyn—lvyn—lvq_z)

t
=M ()’o:yl:)ﬁ:q_n)

t
Thus M (Yn, Yn+1, Yne1 t) 2 M (yo. yl'yqu_n)
and

t t
N(ynv Yn+1'3’n+1't) <N (yn—lvynvyn'_) <N (yn—Z:Yn—I'Yn—11_2>

. q q
<N (}’0')’1'}’1'(1_”)
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Thus N(Vn, Va1, Vna1, t) < N (yo,yl,yl,q%) then by the definition of intuitionistic
fuzzy metric space

M (Yn, Yn+ps Ynaps )

t . t
=M (yn'Yn+1'3’n+1';) *...ptimes.. * M (yn+p—1'yn+p'yn+z7’;)

= M(yo.ypyl.q%) * ..ptimes.. M(yo.yl,ypmn—ip_l)
and
N(yn'yn+plyn+plt)

t . t
<N (ynryn+1'yn+1';) 0 P times.. 0 N (yn+p—1')’n+p')’n+pr )

P
<N (yo,yl,yl,q%) 0..ptimes.. 0 N (yo,yl,yl,pqn—ip_l)

lim M (Vs Yaps Ynaprt) = 1% 1% xptimes..x 1 lim M (Vs Ynaps Ynaprt) = 1
and

lim N(yn,yn+p,yn+p, t) <0000..0ptimes...00

n—-oo

711—{20 N(ynvyn+p'yn+p' t) = 0.

Therefore{y,, } is a Cauchy sequence in intuitionistic fuzzy nwespaceX and sinceX is
complete there exists a pointe X fsuch thaty,, = u. Therefore

{Sx30}, {Bx2p-1}, {Tx2,-1} andAx,,_, are cauchy sequence converga.to

Putx = Sx,,,y = u andz = Tx,,_4 in condition(4), we get

M (ASxyp, BTx3p_1, BTXx5p_1,qt) =
( M (§Sx5p, AU, TTXx5p_1,t), M (8Sx,,, Au, Bu, t), ]
M (§Sx5p, Bu, TTx3p_1,t), M (SSx5,, Bu, Bu, t),
min { M (§5x,,, Au, Au, t), M (5Sx,,, TTxZn_l,TTxZn_l,t),¥ and
| M (Bu, TTx3p_1, TTX3p-1,t), M (Bu, Bu, TTX3p_1,t), |
M (Bu, TTxyp—1, AU, t), M (TT X9y, AU, Au, t) J

N(ASx2p, BT X211, BT X231, qt)
{ N (SSx5,, Au, TTx5,_1,t), N(8Sx2,, Au, Bu, t), ]
N(SSxyp, Bu, TTx3p_1,t), N(§Sx2,, Bu, Bu, t),
< max { N(§Sxyp, Au, Au, t), N (§5%2,, TTx2p_1, TTXop_1, 1),
N (Bu,TTx5y_1,TTx55_1,t), N(Bu, Bu, TTXx5,_4,t),
N(Bu,TTxyp_1,Au, t), N (TTxy,_1, Au, Au, t)

Now take the limit ag — o and using conditiofi3), we get
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(M (Au, Au, Bu, t), M (Au, Au, Bu, t),\
| ™ (Au, Bu, Bu, t), M'(Au, Bu, Bu, t), |
M (Au, Bu, Bu, qt) = min { M (Au, Au, Au, t), M (Au, Bu, Bu, t), } and
M (Bu, Bu, Bu,t), M (Bu, Bu, Bu, t),
M (Bu, Bu, Au, t), M (Bu, Au, Au, t) }
(N (Au, Au, Bu, t), N (Au, Au, Bu, t),\
| N(Au, Bu, Bu, t), N(Au, Bu, Bu, t), |
N(Au, Bu, Bu, qt) < max { N(Au, Au, Au, t), N (Au, Bu, Bu, t), }
N (Bu, Bu, Bu, t), N(Bu, Bu, Bu, t),
N(Bu, Bu, Au, t), N (Bu, Au, Au, t)
Then by lemma.1, we get
M (Au, Bu, Bu, qt) = M (Au, Bu,Bu,t) and
N(Au, Bu,Bu,qt) < N (Au, Bu, Bu,t)
Thereforedu = Bu. Now putx = Sx,,,,y = Xo,—1 andz = x,,,_; in condition(4), we
get
M (ASx2pn, Bxgn-1,BXon-1,qt) 2
( M (SSxan, Axon—1, TX2n-1, ), M (SSX2p, AXapn—1, BXop-1,1),
| M (SSxz, BxXan-1, TXan_1,t), M (SSX3p, BX3_1, BX2n_1, 1), |
min | M(SSXn Axan_1, Axon—1,0), M (SSXzn Ton1,T2on1,), b and
[ M (Bxzn-1, Txan-1, TX2n-1,t), M (Bxan—1, Bxan—1, Tx2n-1,1), |
M (Bxan-1, TX2n-1, AX2pn-1,8), M (TX2p—1, AXopn—1, AXopn-1,t)

N(ASx2n, Bxyn—1, Bxan-1,qt)
{ N (§Sx2n, Axan—1,TX3n-1,t), N(SSX2p, AXon—1, BXop-1,t), ]
N(SSx2n, Bxan—1,Txon-1,1), N(S5X2p, BX2pn—1, BXon-1,1),
<max { N(SSxzn, Axzn—1,AX2p—1,8), N (SSX2n, TX2p-1, T X201, 1), ¥
| N (Bxon—1, TX2n—1, TX2n—1,t), N(BX2n_1, Bxon_1, TXon_1, 1), |
N(Bxzn-1, TXon-1,AX2n-1, ), N (TXopn_1, AXpp_1, AX3n_1, 1) )

Now take the limit as — o and using conditiofi3), we get
(M (Au, Au,u, t), M (Au, Au, u, t),)
| M (Au,u,u, t), M (Au, u, u, t),
4 M (Au, Au, Au, t), M (Au,u,u,t), » and
l M (u,u,u,t), M (u,u,u,t), J
M (u,u, Au, t), M (u, Au, Au, t)

M (Au,u,u, qt) = min

(N (Au, Au,u,t), N(Au, Au, u, t),)
| N(Au,u,u,t), N(Au, u, u, t), |
N(Au,u,u,qt) < max { N(Au, Au, Au, t), N (Au,u,u, t), }
N (u,u,u,t), N(u,u,u,t),
t N(u,u, Au,t),N (u, Au, Au, t) }
Then by lemma.1, we get
M (Au,u,u,qt) =M (Au,u,u,t) and
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N(Au,u,u,qt) <N (Au,u,u,t)

Thereforedu = u, which impliesdu = Bu = u.
Now putx = Axy,_5, ¥ = Ax,,_, andz = u in condition(4), we get
M (AAxyp_2, Bu, Bu, qt) =

{M (SAx9p—2, AAX 5y 5, Tu, t), M (SAX3p_2, AAX9p_o, BAXyy_o, t),]

M (SAxyp_o, BAXyy_5,Tu, t), M (SAX3p_2, BAXypy_o, BAXyp 5, 1),

min M (SAXyp_0, AAX oy _o, AAX oy, ), M (SAXyp_5, Tu, Tu, t), ¥ and

| M (BAxy,_o, Tu, Tu,t), M(BAxy,_5, BAxy,_5, Tu, t), |

M (BAXgpz, Tty AdXpy 2, £), M (Ttt, AAXpry- 9, AdXpnp,t) )

N(AAx4y,_,, Bu, Bu, qt)
{N (SAxop_o, AAX 3y 5, Tu,t), N(SAXyy_o, AAXoy_o, BAXoy_», t),]
N(SAxyp_o, BAXyp_2,Tu,t), N(SAxyp_2, BAXyy_2, BAXop_o,t),
< max N(SAxyp_o, AAXopn_2, AAXp_5,t), N (SAx2p_2, Tu, Tu,t), ¥
| N (BAxyp_5,Tu,Tu,t), N(BAxyp_p, BAxypn_o, Tu, t), |
N(BAXyy—p, Ttt, AAXpy, £), N (Tth, Ay, AdXgy_,8) )

Now take the limit ag — o and using conditio(3) and(4), we get
(M (Su, Su,u, t), M (Su, Su,u, t),
| M (Su,u,u, t), M(Su,u,u,t), |
M (Su,u,u,qt) =min { M (Su, Su, Su,t), M (Su,u,u,t), y and
M (u,u,u, t), M(u,u,u,t),
M (u,u,Su, t), M (u,Su, Su, t)

N (Su, Su,u, t), N(Su, Su, u, t),
N(Su,u,u,t), N(Su,u,u,t),
N(Su,u,u,qt) < max < N(Su,Su,Su,t),N (Su,u,u,t),
N (u,u,u,t), N(u,u,u,t),
N(u,u,Su,t),N (u,Su, Su, t)
Then by lemma.1, we get
M (Su,u,u,qt) =M (Su,u,u,t) and
N(Su,u,u,qt) <N (Su,u,u,t)
ThereforeSu = u, which impliesdu = Bu = Su = u.
Now putx = u,y = u andz = Bx,,_; in condition(4), we get
M (Au, BBxyy_1,BBXyn_1,qt) =
( M (Su,Au,TBxyp,_1,t), M (Su, Au, Bu, t), ]
M (Su, Bu, TBxyy_1,t), M (Su, Bu, Bu, t),
min M (Su, Au, Au, t), M (Su, TBxyy—1, TBX3p_1,t), and
M (Bu,TBxyy_1, TBX3y_1,t), M (Bu, Bu,TBx5y,_1, 1),
M (Bu, TBxyp_q, A, t), M (TBx3pn_q1,Au, Au, t)
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N(Au,BBx3,_1,BBx,_1,qt)
{ N (Su,Au,TBx,,_4,t), N(Su, Au, Bu, t),
N(Su, Bu, TBxy,_1,t), N(Su, Bu, Bu, t),
< max N(Su, Au, Au, t),N (Su, TBxyy_1, TBXyp_1, 1),
N (Bu,TBx3,_1, TBX3p_1,t), N(Bu, Bu,TBx5,_4,t),
N(Bu,TBxyy_1,Au,t), N (TBxy,_1, Au, Au, t)
Now take the limit ag — o and using conditio(3) and(4), we get
( M (u,u, Tu, t), M (u,u,u,t), \
M (u,u,Tu,t), M(u,u,u,t),
M (u, Tu, Tu, qt) = min { M(u,u,u,t),M (u,Tu,Tu,t), » and
M (u, Tu,Tu, t), M (u,u, Tu,t),
M (u, Tu,u,t), M (Tu,u,u,t) }

N

N (u,u,Tu,t), N(u,u,u,t),

N(u,u,Tu,t), N(u,u,u,t),
N(u,Tu,Tu, qt) < max 3 N(w,u,u,t),N (u,Tu,Tu,t),

N (u,Tu,Tu,t), N(u,u, Tu, t),
N(u,Tu,u,t),N (Tu,u,u,t)
Then by lemma.1, we get
M(Tu,Tu,u,qt) =M (Tu,Tu,u,t) and
N(Tu,Tu,u,qt) <N (Tu,Tu,u,t)

ThereforeTu = u, which impliesAu = Bu = Su = Tu = u.
Henceu is a common fixed point of, B, S andT.

For Uniqueness
Let w be another common fixed point4fB,S andT. Then putx = u,y =w andz = w
in condition(4), we get
( M (Su, Aw, Tw, t), M (Su, Aw, Bw, t),\
| ™M (Su, Bw, Tw, t), M (Su, Bw, Bw, t), |
M (Au, Bw, Bw, qt) = min { M (Su, Aw,Aw, t), M (Su,Tw,Tw,t), ; and
M (Bw,Tw,Tw, t), M (Bw, Bw,Tw, t),
M (Bw, Tw, Aw,t), M (Tw, Aw, Aw, t)

N (Su, Aw,Tw, t), N(Su, Aw, Bw, t),

N(Su,Bw,Tw,t), N(Su, Bw, Bw, t),

N(Au, Bw, Bw, qt) < max { N(Su,Aw,Aw,t),N (Su,Tw,Tw, t),
N (Bw,Tw,Tw, t), N(Bw, Bw,Tw, t),

N(Bw,Tw,Aw,t),N (Tw, Aw, Aw, t)
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M (u,w,w,t), M (u,w,w,t),
M (u,w,w, t), M (u,w,w,t),
M (u,w,w, qt) =min { Mu,w,w,t),M (u,w,w,t), » and
M (w,w,w, t), M (w,w,w,t),
M (w,w,w,t), M (w,w,w,t)

(N (u,w,w,t), N(u,w,w, t),\
| N(u,w,w,t),N(u,w,w,t), |
N(u,w,w,qt) <max { N(u,w,w,t),N (u,w,w,t),
N (w,w,w, t), N(w,w,w, t),
Nw,w,w,t),N (w,w,w,t)

M (u,w,w,qt) =M (u,w,w,t) and
N(u,w,w,qt) <N (u,w,w,t)
which is a contradiction. Therefore= w.
Henceu is a unique common fixed point Af B, S andT.

Corollary 3.1. Let (X, M, N,*,0) be a complete generalized intuitionistic fuzzy mcet
spaces and let, B, S, andT be self mappings df satisfying the following conditions:
(1) AX) € T(X) andB(X) € S(X),
(2) A andS are continuoys
(3) The pairg4, S)and(B,T) are compatible mappings of typs),
(4) There existy € (0,1) such that

M (Ax, Bz, Bz, qt)
> M (Sx,Ay, Tz, t) * M (Sx,Ay,By,t) * M (Sx,By,Tz,t)
* M'(Sx, By, By, t) * M (Sx, Ay, Ay, t) * M (Sx,Tz,Tz,t)
* M (By,Tz, Tz, t) * M(By,By, Tz, t) « M (By, Tz, Ay, t)
* M (Tz, Ay, Ay, t)
and
N(Ax,Bz,Bz, qt)
>N (Sx,Ay, Tz, t) ¢ N (Sx,Ay,By,t) 0 N (Sx,By,Tz,t)
0 N(Sx,By,By,t) 0 N(Sx, Ay, Ay,t) O N (Sx,Tz,Tzt)
ON (By,Tz,Tz,t) 0 N(By,By,Tz,t) 0 N (By, Tz, Ay, t)
ON (Tz, Ay, Ay, t)
For everyx,y € X andt > 0. ThenA, B, S andT have a unique common fixed pointdn

4. Conclusion

In this paperwe prove common fixed point theorems for four sedppings under the
conditions of compatible mappings of type 1) and typgA-2) in complete intuitionistic
fuzzy metric space. This work can be easily extdrated generalized by various known
fixed point theorems in the literature in the sgftof fuzzy and intuitionistic fuzzy metric
spaces.
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