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Abstract. The axiomatization is an important work in fuzzy rough set theory, which can
provide a concise and direct description for approximation operators of fuzzy rough sets.
In this paper, using the inner product and outer product of fuzzy sets, we give a single
axiom characterization of some special (V,A)- fuzzy rough approximation operators.
They include six fuzzy approximation operators generated by reflexive, symmetric, and
transitive fuzzy relations and their composition.
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1. Introduction
Pawlak’s rough set theory [9] is a new tool for dealing with uncertain and incomplete
knowledge. Nowadays, it has been widely expanded [6,7,8,12,19,22,23]. The upper and
lower approximation operator is the most important concept in rough set theory. There are
two main methods for the study of approximation operators, the constructive method and
the axiomatic method. The constructive method is constructing a pair of upper and lower
approximation operators from a binary relation on a nonempty set and studying their
properties. The axiomatic method takes abstract operators as the primitive notion and finds
some conditions (called axioms) to ensure the existence of binary relation s.t., the
approximation operator induced by the binary relation is exactly equal to the given abstract
operators [6,21,22].

Nowadays, the axiomatic method has been extended to fuzzy situations by many
scholars. At first, scholars used a minimal axiom set (including at least two axioms) to

47


http://www.researchmathsci.org/
mailto:sunyudongxa@163.com
mailto:sunyudongxa@163.com
mailto:sunyudongxa@163.com

Xin-ru Li, Ling-giang Li and Cheng-zhao Jia

describe various fuzzy rough sets [5,8,10,16,20]. In 2013, Liu [4] first put forward the
idea and method of describing (fuzzy) rough sets by a single axiom. The method he gave
was based on the outer product and inner product of fuzzy sets; the given characterizations
are simple in form. Liu characterized some fuzzy approximation operators based on the
maximum triangular norm and the minimum triangular conorm. Along with Liu's research,
Wu [17] extended his work to more general (V,A)- fuzzy rough sets determined by any
triangular norm A and conorm Vv, Wu [15] further generalized the corresponding
characterizations to intuitionistic fuzzy rough sets. But, the above-mentioned reference
only considers the approximation operators generated by symmetric, symmetric and
reflexive, symmetric and transitive fuzzy relations, some other important characterizations
of the approximation operators generated by reflexive, transitive fuzzy relation and their
composition have not been presented. Therefore, in this paper, we shall give the single
axiomatic characterization of that (V,A) - fuzzy rough approximation operators; this
paper is committed to proving that reflexive, transitive and reflexive+transitive
approximation operators generated by reflexive, transitive fuzzy relation and their
composition, respectively.

The content of this paper is arranged as follows. Section 2 reviews some basic
concepts and symbols used in this paper. Section 3 presents the main results, i.e., gives the
single axiomatic characterization of some (V,A)- fuzzy rough approximation operators
by using the inner and outer products of fuzzy sets. Finally, we summarize the results and

give future work.
2. Preliminaries
We fixed some concepts and symbols for later use.
In this paper, we always use A:[0,1]*> —[0,1]and V:[0,1° —[0,1] to represent a

left-continuous t-norm and a right-continuous t-conorm [3], respectively.
A decreasing mapping N from [0, 1] to [0, 1] is referred to be an involutive negation

[3]when N (1)=0,N(0)=1 and Vae[0,1], N(N(a))=a.

A mapping A:U —[0,1]is called a fuzzy set in U. The family of all fuzzy sets in
U isdenoted as F(U). The operations on [0,1] can be transferred onto F(U) point-

wise. For A Be F(U)and *e{A,v,A,V N} we define (A* B)(x) = A(X) * B(X),

AV (X) = N (A(X)).For ae [0,1], we use a to denote the constant fuzzy set valued a.

A fuzzy set T'e F(U xU)is called a fuzzy relation (FR for short) on U . The pair
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(U ,F) is referred a fuzzy approximation space (FAS). Furthermore, I' is called

(D) reflexive if T'(x,x)=1VxeU.(2) symmetric T'(x,y)=T(y,x),vx,yeU .
(3) A -transitive if T'(x,z)> VUF(X’ y)ATI'(y,2),Vx,y,zeU .
ye

I is termed a tolerance provided it fulfils (1) + (2), a preorder provided (1) + (3), and
an equivalence provided (1) +(2) +(3).

Definition 2.1.[17] Let A,B € F(U), we define the inner product I (A,B), outer product
O[A,B]of Aand B as

1(AB) = v (A(X)AB(x)), O[A,B]= A (A(X)VB(X)).
The following proposition collects some properties of the inner product and outer produce.
Proposition 2.1. [17] Let A,B,C,A;(jeJ)e F(U), ac[0,1]then
(IDI(A,B)=1(B,A). (I2AcB < I(AC)<I(B,C). (13)I (aAA, B)=aAl(A B).

(14)1 (J_vJ A,B)= N I(A;,B). (O1)O[A,B]=0[B,A]. (02)Ac B < O[AC]<O[B,C].
(03)O[aV A, B] = aVO[A B]. (04)0[ 5 A;,B]= 1 O[A,,B].
Definition 2.2.[7,17] Let (U,I') be a FAS. For each Ae F(U), the pair (T(A),T(A))

is said to be (V,A)-fuzzy rough sets of A, where l:(A) and [(A) are defined by:
vxeU,
LA = AT (X Y)VAK), TA= v (T(x NAAW)).

I' and T arecalled V -fuzzy rough lower approximation operator and A -fuzzy rough
upper approximation operator, respectively.
3. The main results

In this section, we shall give the single axiom characterizations of some fuzzy rough

approximation operators by using inner product and outer product of fuzzy sets.
In this following, we always assume that H,L:FU)—> FU) be a pair of
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operators.

In [17], Wu has given the single axiom characterizations of approximation operators
generated by fuzzy relation, symmetric fuzzy relation, symmetric+transitive fuzzy relation,
symmetric+reflexive (i.e., tolerance) fuzzy relation, and equivalent fuzzy relation,
respectively. But, the axiomatic of the approximation operators generated by reflexive
fuzzy relation, transitive fuzzy relation, and reflexive+transitive (i.e., preordered) fuzzy
relation have not been presented, respectively.

Definition 3.1. [17] LetK : F(U) — F(U) be an arbitrary operator and Ae F(U), define

K3 (A)) = A (K ) (OVAR) KI(AY) = v (KL)(X)AAX)),y V.

Then K5, K, : F(U) > F(U) are called V - lower inverse operator and A - upper
inverse operator of K, respectively. Obviously,
Kg (A)(Y) =O[K (L, ¢,), ALK (A)(Y) = 1(K(1,), A).
The next theorems summarize the main results in [17,18].

Theorem 3.1. (1) There is an unique FR T'on U with H = Ciff H fulfills (AFU1) and
(AFU2) iff H fulfills (AFU), where

(AFUL): VAe #(U),Vac[0,1],H(AAa)= H(A)Aa .

(AFU2): VA, € #(U), ] eJ,H(_\/J A)= v H(A).
je je
(AFU): VA e #(U),Va, €[0,1], je J,H(j\E/J(aAJ. AA)= v H (@, AA).

(2) There is an unique reflexive FRT onU with H = Ciff H fulfills (AFU1) , (AFU2)
and (AFU3):VAe F(U), Ac H(A).

(3) There is an unique symmetric FRT onU with H = Ciff H fulfills (AFU1), (AFU2)
and (AFU4):vx,y eU,H(L)(y) =H(,)(x).

(4) There is an unique A -transitive FRT on U with H = Ciff H fulfills (AFU1),
(AFU2) and (AFU5): VAe F(U), HH(A) c H(A).

Theorem 3.2. (1) There is an unique FRT'on U with L=Tiff L fulfills (AFL1) and
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(AFL2) iff Lfulfills (AFL), where
(AFL1):VAe #(U),Vae[0,1],L(AVa)= H(A)Va.

v H(A).

jed

(AFL2): VA, e./T(U),jeJ,H(_vJ A)=
je

(AFL): VA, e .#(U),Va, €[0,1], j e J,L( AJ(aAJ. VA= A L(a,VA).

i
(2) There is an unique reflexive FRT'on U with L=Tiff L fulfills (AFL1), (AFL2)
and (AFL3):VAe F(U), Ao L(A).

(3) There is an unique symmetric FRT on U with L=Tiff Lfulfills (AFL1), (AFL2)
and (AFL4): X,y eU,L(L, 14)(y) =L ,;)(X).

(4)There is an unique A -transitive FRT on U with L=Tiff L fulfills (AFL1),
(AFL2) and (AFL5): VA€ F(U), LL(A) o L(A).

Theorem 3.3. (1) There is an unique FR T'on U with H = Ciff H fulfills (SAFU):
VABe. 7 (U) 1(AH(B) =1(B,H.(A).

(2) There is an unique symmetric FRT on U with H = Ciff H fulfills (SAFUS):

VA Be £ (U),1(AH(B))=1(H(A),B).

(3) There is an unique tolerance FRT on U with H = Ciff H fulfills (SAFUSR):
VA Be A (U),1(AH(B)=(B,Av H(A)).

(4) There is an unique symmetric and A -transitive FRI'on U with H = riff H
fulfills (SAFUST): VA, B e #(U), I (A /H(B)) =1(B,H (A) v HH (A)).

(5) There is an unique equivalent FRT on U with H = Tiff H fulfills (SAFUE):
VA,Be AU),I(AH(B))=1(B,AvH(A)vHH(A)).

Theorem 3.4. (1) There is an unique FRT'on U with L =T iff Lfulfills (SAFL):

VA B e.#(U),0[A L(B)]=O[B, LL(A)].
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(2) There is an unique symmetric FRT on U with L=Tiff L fulfills (SAFLS):
VA,Be #(U),0[A L(B)]=0[B,L(A)].
(3) There is an unique tolerance FRT on U with L =T iff L fulfills (SAFLSR):
VA,Be #(U),O[A L(B)]=0[B,AAL(A)].
(4) There is an unique symmetric and A -transitive FRT on U with L=T iff Lfulfills
(SAFLST): VA,Be #(U),0[A, L(B)]=0[B,L(A) ALL(A)].
(5) There is an unique equivalent FRT on U with L =T iff L fulfills

(SAFLE): VA,B e #(U),0O[A,L(B)]=0[B,AAL(A) ALL(A)].
Next, we give the single axiom characterizations on the six fuzzy rough approximation

operators mentioned above.

Theorem 3.5. There is an unique reflexive FRT on U with H =T iff H fulfills

(SAFUR): VA,Be.#(U),1(AH(B))=1(B,Av H,'(A)).

Proof: From Theorem 3.3(1) we need only check that (AFU3)+(SAFU) < (SAFUR).
=.VABe A U), by (AFU3), thenforanyyeU,

H (A = v (HL )0 AAK) = v (L, () AAR) = A®Y),
which means H.'(A) 2 A, then Av H.'(A)=H]'(A), by (SAFU),

(A H(B)) =1(B,H, (A) = (B,Av H(A)),

i.e., (SAFUR) holds.
<. VA Be #(U), by (SAFUR),

1(B,A)=1(AB)<I(ABVvH.)=1(B,H(A),
it follows by Proposistion2.1 (12) we have A< H(A), i.e., (AFU3) holds. Then form (AFU3)

we further obtain A< H,'(A), so Av H.'(A) = H,'(A), hence

I(A,H(B))=1(B,Av H(A)=1(B,H(A)),
i.e., (SAFU) holds.
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Theorem 3.6. There is an unique A -transitive FRT on U with H =T iff H fulfills

(SAFUT): VA Be.~(U),I(AH(B))=1(B,H(A)vHIHA).

Proof: Form Theorem 3.3(1) and Theorem 3.1(1), we need only check that
(AFU5)+(SAFU) = (SAFUT) and (AFU5)+(AFU) < (SAFUT).
=. VAe #(U),VyeU, by (AFU5),

HIHI(A)(Y) = v (HL))AH I (A)() = v {H(L)(x)A v [H(L,)(2) AA@D)]}

= v VHIL)0AH L)@ AARD}= v v {HILAH(,)X](2)AAD)}
= v H{y [l AHL )2 AA@}= v (HH (L)) AA2)

< v (H(L)(DAA®) = HIA(),
so HJIH(A)cHA, then HJ'A=H(A)v HH.'(A), by (SAFU), we have

(A H(B)) =1(B,H(A) = 1(B,HL(A) v HIH I (A)),

i.e., (SAFUT) holds.
<. VABe A U), by (SAFUT),

I(B.H(v,(a, AA)) =1(v (2, AA),H(B)v HH(B))
= v 1((a, AA)H(B)v HH(B))
- j\E/Jé\jAI(Aj,Hf(B)v H*H(B))

= v a,Al(BH(A)=1(B, v a AH(A)),

then H (_vJ (aAJ. AA)) = v aTj AH(A)), so (AFU) is true.
Je Je

Furthermore, take A=1,B =1, in (SAFUT), then

H(L)() =HI@)@) v HIHI W@ = HIG)@) v v (HL)Y) AHLG)(Y)
=H@LIK) v v (HL)Y)AH@)))=HE)(x)v H (v TH L, )(y)Al,)(x)
=H(L,)(x) v HH(L,)(x),

which means H(1,) 2 HH(1,), then
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HH (A) = HH (v L, AAY)) = v (A(Y) AHH ()
< v (A(Y)AH(,)) = H( v, (A(Y)AL)) = H(A),
which means HH (A)  H(A), i.e., (AFU5) holds.

Theorem 3.7. There is an unique preorder FRT on U with H =T iff H fulfills

(SAFURT): VA, Be F(U),I(AH(B))=1(B,AvH.(A)vHH(A).
Proof: From Theorem 3.6 we need only check that (AFU3)+(SAFUT) < (SAFURT).
=. VA,Be.#(U), by (AFU3) we obtain Ac H (A), which means Ac H,'(A) then by
(SAFUT), it follows that

1(B,Av H (A) v HH M (A) = 1 (B,H . (A) v HH L (A) = | (A H(B)),

i.e., (SAFURT) holds.
<. VA Be #(U), by (SAFURT), we have

I(AH(B))=1(B,AvH(A)vHIH(A)>1(B,A) =I(AB),
which means H(B) 2B, i.e., (AFU3) holds.

Furthermore, from (AFU3) we can conclude that Ac H,'(A), then

AvVH(A) v HIH (A) = H(A) v HIH(A),
applying it in (SAFURT), then
I(AH(B))=1(B,AvH(A) vHIH(A) = 1(B,H(A) v HIHL (A),

i.e., (SAFUT) holds.
In the following, we consider the lower approximation.

Theorem 3.8. There is an unique reflexive FRT'on U with L =T iff L fulfills (SAFLR):

VA Be 7 (U),0[A L(B)]=0[B,Ar LE(A)].

Proof: From Theorem 3.4(1) we need only check that (AFL3)+(SAFL) < (SAFLR).
=. VA,Be (), by (AFL3), then foranyy €U,

LEAY) = A (L g )OTAK) < A (L )XVAX) = A(Y),

which means A2 Ly (A), then Ly (A)=AALg(A),by (SAFL)
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O[A,L(B)]=O[B, L3 (A)] =O[B, An L(A)],
i.e., (SAFLR) holds.
<. VA,Be.#(U), by (SAFLR), then O[B,A]=0[A B]>O[A B A L}(B)]=0[B,L(A)],
it follows by Proposistion2.1 (O2) we have A o L(A), i.e., (AFL3) holds. Then from

(AFL3) we further obtain Ly (A) < A, so Aa Ly (A) =Ly (A), hence
O[A, L(B)]=O[B, A L} (A)] =O[B, L7 (A)]
i.e., (SAFL) holds.
Theorem 3.9. There is an unique A -transitive FRT on U with L=T iff L fulfills
(SAFLT): VA, B e . #(U),0[A L(B)]=O[B, Li(A) A LELZ (A)].

Proof: Form Theorem 3.4(1) and Theorem 3.2(1), We need only check that
(AFL5)+(SAFL) = (SAFLT) and (AFL5)+(AFL) < (SAFUT).
=. VAe FU),vxe AVyeU, by (AFL5),

LI A = A (L )OOVLEAK) = A (L )0 A (L )@ VAQR)
= A ALy )V (L 4)@VAR)
= A (LA (y )V L4 )0N@V AR))
= A (WL DVA@) > A (L) D)V A@) = LEAY)

which means Ly (A) < LyLy(A), then Ly (A)=Ly(A)ALyLy(A), by (SAFL), we have
O[A,L(B)]=0[B, Ly (A)] =O[B, Ly (A) A LyLy (A)], i.e., (SAFLT) holds.
<. VABe AU),by (SAFLT),
O[B.L( A (8 VAN=OL (8, VA),LI(B) A LILI (B)]
= 7,2, VO[A LI(B) A LI (B)]
= A a, vO[B,L(A)]=O[B, A a, VL(A),
le je

then L( A (a?j VA)) = A aAj VL(A), so (AFL)is true.
je je
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Furthermore, take A=1, .,,,B =1, .,,in (SAFLT), then
Ly_)(¥) = Ly (L _3)(2) A LyLy (L _4)(2)
=Ly @ )@ A y/E\U (L {z})(y)v Ly @ o))
=L, —{z})(X) A y/e\U (L, —{z})(Y)VL(lu-{y})(X))
=L )0 A LA C ) (Y V) (X)
=L ) (X) A LLQ, 3)(X),
which means L(, ;) = LL(L, ), then
LL(A) = LL( A Loy VA = A (AY)VLLA))
> A (AL ) = LA AWV (L)) = L(A),
which means L(A) < LL(A), i.e., (AFL5) holds.

Theorem 3.10. There is an unique preorder FRT on U with L =T iff L fulfills

(SAFLRT): VA, B e .~ (U),0[A L(B)]=0[B,AA LI (A) A LoLZ(A)].
Proof: From Theorem 3.9 we need only check that (AFL3)+(SAFLT) < (SAFLRT).
=. VA,Be.#(U), by (AFL3) we obtain, Ao L(A), which further means A> Ly (A),
then by (SAFLT),

O[B,AA LI (A) A LELE(A)] = O[B, L (A) A LiLE (A)]1=O[A, L(B)],

i.e., (SAFLRT) holds.
<. VA Be #(U), by (SAFLRT),

O[A L(B)]=0[B, A L(A) A LELZ(A)] < O[B, A]= O[A, B],
which means L(B) < B, i.e., (AFL3) holds.
Furthermore, from (AFL3) we can conclude that A> Ly (A), then

AN Ly (A) A LyLy (A) = Ly (A) A LyLy (A), applying it in (SAFURT), then

O[A,L(B)]=0[B,AA Ly(A) A LyLy (A)]=O[B, Ly (A) A LyLy (A)],

i.e., (SAFUT) holds.
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4. Concluding remarks
The axiomatic characterization of approximate operators is an important problem in the
development of rough set theory. In [17], Wu characterized 10 (V,A) - fuzzy rough
approximation operators by single axiom respectively. In this paper, we characterized
another 6 (V,A) - fuzzy rough approximation operators, thus perfecting Wu's work.

In [1,2,11,13,14], the scholars studied the axiom characterization of more general
complete residuated lattice-valued (which is an extension of t-norm) fuzzy rough sets. In
future work, we shall consider the single axiom characterizations of the lattice-valued fuzzy
rough sets mentioned.
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