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Abstract. This paper considers the problem of robust L, filtering for uncertain Lur'e
systems with sector and slope restricted nonlitieariThe filter is designed to not only
guarantee stability of the estimation error systauh also satisfy a prescribegd-L

performance. The nonlinearities are expressed asegocombinations of sector and
slope bounds. Based on Finsler's Lemma, the depgrtlent conditions for the

existence ofL, —L_ filter are derived in terms of linear matrix inedjtias (LMIs).
Simulation results show the effectiveness of tleppsed methad
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1. Introduction

In recent years, a special category of such systeatled Lur'e systems, have the
feedback nonlinear element satisfying certain semaditions which was introduced by
Lur'e in [1]. Since time-delays are sources of pperformance and instability, the
problem of absolute and robust stability of the'€wsystems with time-delay attains
considerable significance [2-4]. For example, Yinak obtained a criterion of robust
stability for a class of Lur'e systems of neutygltin [4].

On the other hand, it is well known that stateneation with measurement noise
input is an important problem in engineering amlans. A powerful robust control
framework has been widely developed for addresstage estimation problem of

dynamic systems with different performance indesegh asi, —H_filtering approach
[5-6] and L, - L_filtering approach. Note thdt, —L_control design has been received
considerable attention mainly because of its insieitg to the exact knowledge of the
statistics of the noise signals. Therefore, the-L_ filtering problem has been

extensively studied [7-9]. In [8], Wu studied theolplem of L, —L_ filter design for
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stochastic systems with time-varying delay.
In this paper, the problem of robusf—L_ filter for uncertain Lur'e systems with

sector and slope restricted nonlinearities and -tlelay is studied. The nonlinear
function is written as convex combinations of sedbounds and slope bounds. An
equality constraint is obtained by utilizing converoperties of the nonlinearities. The

delay-dependent conditions for the—L _control law are derived by utilizing Finsler's

Lemma. One example is provided to demonstrate ffectveness of the proposed
method.

2. Problem statements and preliminaries
Consider the following Lur'e system with sector atape restricted nonlinearities
X(t) = (A+dA)X(t) + (B+oB)x(t — 1) +(F + oF) f (u(t)) + Ka(t),

y(t) = Cx(t) + Cx(t — r) + Df (u(t)) + Eat), (2)
u(t) = Hx(t),
wherex(t) OR"is the state vectory(t) OR" is the measurement vectar(t) JR"is the
output to be estimatedy(t) JR' is the noise input which is assumed to belong to

L,[t,o]. AB,F,K,C,C ,D,E and H are constant matrices. The time delayis
constant.dA(t), B(t),OF (t) are time-varying uncertainties. They are assuroellet of
the following form.

[OA(t) OB(t) OF(H)] =WG(H[N, N, NJ, . (@3]
whereW, N,,N,andN,are known real constant matrices with appropriateedsions
andG(t) is an unknown real time-varying matrix satisfyifjG(t)||<1, Ot >0. The
nonlinearity f (0): R" — R™is a memoryless vector-valued function, whote element
f. (Qlis in a certain sector, such that

CI0) P
ﬂigwgq,l—l,z, m,. ®3)

wherey, (t) is theith element ofu(t),a, and 4 are upper and lower bounds.

We assume that((): R" - R" is restricted by the slope boungs, a], i.e,

L ACIC) I o

B < 4w ) f(u)<a,i=12;-m. 4)
The nonlinear functiorf, ()ican be expressed

f(u,(0) =(A'(0) B + N (©)a)u,(b), (5)
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where A(U) = f(u®)-But) A=Y O-F@O o A (0. 1) 20,
(@ -B)u ) (@ -B)u ()
AU (1)) 20, and Al (u, (1)) + A (U, () =1, the nonlinearityf, (J) can be represented as
f.(u(®) =A ()Y, (1), whereA, (g, () DCA B, a} .
One assumed, (U(t)) = A (U (1)) (t), where A, (o (1)) DCo{ B, @} . Define
A =diag{A, (), N\, (0, )} A, =diag{B,---, 8.}, A, =diag{a,---,a_},
A =diagA, (v,),--,\_ (U, )}, B, =diag{B,,---, 5.}, A, =diag{a, ---,a }.
Then, the nonlinearities (v(t)) and f (v(t)) can be expressed as
f(u(®) = Au(t), f () = Ao), (7
and O :=diag{/\, A} in the setA :={diag{/\, A}| AOCd A, A}, AOCP A, B}
Let us definep(t) = G(t){ NXt) + Nt —-7) + N_f((1)} from (2). Then, the system
(1) can be rewritten as
X(t) = Ax(t) + Bx(t = 1) + Ff (0(t)) + Ka(t) +Wp(t),
y(t) = Cx(t) + Cx(t — r) + Df (u(t)) + Ea(t), (8)
o(t) = Hx(t),
The problem considered in this paper is a filtahwie following structure
X(t) = AX() + B, y(1),
o(t) = HX(1),
where X(t) OR"is the filter vector;i(t) DR'is the estimate ofi(t); A.,B.andH, are
constant matrices. The filter initial conditiongst asx(0) = x(0). Define the estimation
error e(t) = u(t) —0(t). The estimation error dynamic system can be destby
&(t) = A&(t) + BCE(t —7) + Ff (u(t)) + Kat) +Wp(t),
e(t) = HE(),

where &(t) :=[x(1)" X(t)"]" and the matrices are given as

o Jelalfe i

C=[l OL,H=[H -H.]
Remark 2.1. The problem under consideration in this papepislésign a filter of the
form (9) which minimizes the, —L_norm of the estimation error dynamics in the

(6)

9)

(10)

presence ofa(JUL, and the uncertainties satisfying (2), under tlegozinitial
condition. That is, the problem is to design a sitfilter (9) that solves the following

problemmin  sup lle® 1L
w0 || ) |}

for all t =0 in order to validate the criterion.

. The estimation error without disturbance showdzkro
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Definition 2.1. For a given scalagr>0, the estimation error system (10) is said to be
exponentially stable with a weightdd —L_performance leve), if the system (10) is
exponentially stable witha(t) =0, and under zero initial condition, that is , dds for
all non-zeroa(IOIL, (t,, o) that sup lle®lL. )
woro || wt) |}
The following Fact and Lemmas will be useful forrideng LMI conditions for

L, — L, performance analysis of the given estimation etyoramic system.
Fact 2.1. For any real vectorg,b and any matrixQ >0 with appropriate dimensions, it

is following that: 2a"b < a'Qa + bQ™b.
Lemma 2.1.(Schur complement). Given constant symmetric e} ,>, >, where
Y, =X1,and0<yY, =37, thenX +>. > > <0 if and only if

%L L <0,or[_zT2 23}<O. (11
Z:3 _zz z3 Z1

Lemma 2.2. For a positive matrixR >0, any matrice§&, (i =1,---,7) and a scalar
0 >0 , the following inequality holds:
[ &9 RES)Is < ETOGE (M) + 6T (VG RGE (), (12)

where
G =[G,G,,G,,G,,G,,G,,G.],

E0) =10, (t-0), £ ), ([ E@08) ol 0,0 @), F O],

000 G 0 0 0
*00 G 0 0 O
** 0 G 0 0 0
G=|* * *» G +G, G, G, G,
ok % x 0 0 o
ok % x 0 o
ok % x + %0

Proof. Utilizing Fact 2.1, we have
[, & OREdss (], é)ds) GE M)+ [ €T (OGTRGE (s 13
=&T(MGE (M) + & (MG RGE ().
Lemma 2.3. [24] Let a matrixF , Q=Q"and a compact subset of real matrices

given. The following statements are equivalent:
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(1) For eachH O#, £'Qé <0 forall £ #0 such thatHF ¢ # 0.

(2)There exists® = 0" such thaQ+F'OF <0,¥;0W, =0, OH 0%, whereW, is a

matrix belong to a null space éf .

3. Main results

Theorem 3.1.Consider the estimation error system (10), ifehexist positive-definite

symmetric matricek, P,Q,R,S,U ,©, any matriced,, (i =1,---,7) with appropriate
dimensions and scalags> 0,77 > 0 such that the following LMIs hold:

5 +303, NU M’

HEHEE
0 |<o, o| |=zooO00A > 0, (14)
O O x|

UN -U
™ 0 -7R
where

A S S S N D S M
* SIS SaRD SRR SN SR
R S S Sl

PRE] I D S D S i P
* * * * ziﬁ 2156 0
* * * * * zfﬁ 0
« %+ o+ % %

S = XA+A'X +7A'RA+ LA +(LA)' +Q+7S,5* = XBC +7A'RBC + LBC,

1

$P=XF+A'Y+7A'RF +LF, 5 =M, 2 = XK + TA'RK + LK,

-

M

¥ = XW +7A'RW + LW, 3 =Y,5* = -Q+7(BC)" RBC,

1

$® =7(BC)'RF +(BC)'Y,2* =M],2*=7(BC) RK,Z* =7 (BC)' RW,

1

=Y F+FY+7F'RF, 2 =M, 27 =Y'K+7F'RK, 2 = Y'W +7F'RW,

-

57=72,3"=M+M ,,Z¥=M_3%=M _3Z7=M T ¥=rK'RK -y 1,

1

0
O 0 0 0
M=[M,M,,M M M ,M_ M ]
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Then, the system (10) is asymptotically stable wh@gh= 0, and the norm of the system
(10) in the presence a0 L, \{0} is less thay under the zero initial condition.
Proof. For simplicity, define the matrix and augmentedtues:

EM=[EM,E-0T,

EM=[" M), & (t-0), 1" ). ([ &6)3s) e 0.0 @), F CON,

[7A'TRA  7A'RBC TA'RF 0 T71A'RK ARW O]
* (BC)'RBC 1(BC)'RF 0 1(BC)'RK (BC)'RW 0
* * tF'TRF 0 71F'RK TF'TRW 0
=z, = * * 0 0 0 0
* * * * TK'RK K'RW 0
* * * * * W'RW 0
« « « x « x 0
[0 0 0 M o 0 0]
*0 0 M, 0o 0 ©
* %0 M, 0o 0 O
== MI+M, M, M, M,
« x x x o0 0 0
« x x x « 0 0
« x x x « o+ 0

For positive definite matricésP,Q,R, let us take a Lyapunov functional as

follows:
VI(E(1) =V, (1) +V,(E0) +V,(ED) +V.(ED), (15)

where

VEO) =8 OLED, V(D) =& OPE ),

V() =] &9, V(W) =] [ & (s)RE(s)dsdu.

The derivatives of, (£(t)),V,(¢(1)),V,(£(t)),V, (& (t)) are
VL&) = 28 OLED), V, (€0)= 28] 1)PE, ),
(16)

V,(£(0) =T OQ&(M) - ¢ (t-1QE(t-7),
V(1) < ET(OE, +Z,+TMRIM)E ().
Define a function (£ (t)) as follows J(& (1)) =V (£(t)) - & (t)aft) . From (16),

one has
(17)

JEW) <ETME+TIMTRM)E(Q),

6
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where
—1  Ti12 T13 T14 Ti15 T 1 T 17
* = = = = =
—22 T23 T2 T2 T 26 0
* * = = = = =
—33 T3 T3 T3 T 37
= =] * * * = = = =
- a4 45 —46 a7 |’
* * * * = =
—s55 56 0
* * * * * =
= 0
* * * * * * 0

=, = XA+A X +7A'RA+LA+(LA) +Q,=,, = XBC +7A'RBC + LBC,
=, =XF+AY+7A'RF +LF,= =M= = XK +TA'RK + LK,

=, = XW+rA'RW+LW,= =Y,= =-Q+r(BC) RBC,=, =7(BC) RF +(BC)'Y,

—16

=,,=M),= _=7(BC)'RK,=, =7(BC)'RW,= =Y'F+F Y+7F RF,= =M_,

—24 =

=, =Y K+7F'RK,Z, =YW+7F'RW,=_=Z,= =M +M =, =M _= =M,

—as T
=, =M, = =rtK'RK-)?l,=_ =7K'RW,=_ = 2W'RW.

If the matrix S=S™ >0and a constany > 0 satisfy the following condition:

Z==+7M'R'M +diag{nS0,0,0,0,0,0}< O, (18)
then, we have

nS 0 0 00 0O

0O 00 0O0O0TO

0O 00 0O0O0OO
JEM)<-E'()] 0 0 0 0 0O O OF(). (19)

0O 000 O0O0OTO

0O 00 0O0O0O

0O 00 0O0O0TO

From (31), we can derive t_hat -
v(x(t))|wm=0 <-nA. (x| <0, Dx()# 0. (20)

Therefore, the estimation error system (10) is eepdially stable fow(t) =0.
By integrating the function in (31) from 0 to t, \Wwave

V(t) =V(0) - j Vol ©)w(t)dt < 0. (21)
With zero initial conditionV/ (t) — yZI; o' (S)a(s)ds< 0. one has

e (te(t) < yZIO @ (H)et)dt < yzj: @ (t)et)dt. (22)
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We havd|e(t) |L<y |w () l/for any nonzerax(ICI L,[0,). By Definition 2.1, the
(10) is said to be exponentially stable witha- L performance levgt>0. Here, we
will solve the sufficient condition (19). First,f@any positive symmetries matfix, one
obtainsp’ (t)Tp(t) < &' (t)N'TNE(t) . By S-procedure [4], if there exist> 0 satisfying

0 0000 O Q0
0 0000 O Q0
0 0000 O Q0
ETWE+NEIN+/0 0 0 0 0 0 0)E(t)<o. (23)
0 000 O O Q0
0 00 0 O0O-T O
10 0000 0 Q@
Using convex properties of the nonlinearction (11), the following constraints is
satisfied
AH 0 -1 0 O 0 0
e I &) =0. (24)
AHA AHBC AHF 0 AHK AHW -

It can be represented s —1]Z,4(t) =0,000A. If there exist a symmetric
matrix© satisfying

3 +TM'R*M +NTeTN +3]0%, <0,
1T T (25)
C) >0,000A,
0 0
where

z11 Z12 z13 z14 Z 15 Z 16 Z 17

* z22 Z23 Z 24 Z 25 Z 26 0

* * Z33 Z34 z35 Z 36 Z 37

Z1 = * * z44 Z45 Z46 z47 !

* * * * 255 256 0

* * * * zes 0

* * * * * * 0

S, =XA+A'X+7A'RA+LA+(LA)" +Q,3,, = XBC +7A'RBC + LBC,
S,=XF+AY+7TA'RF+LF,Z,=M] 3, = XK+7A'RK + LK,
S =XW+TA'RW+LW,3 . =Y,Z,, =-Q+7(BC)"RBC,

5,.=1(BC)'RF+(BC)'Y,Z,, =M., =7(BC) RK,Z . =7(BC)' RW,

™M
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2. =Y F+FY+rF'RF,Z, =M. 2, =Y K+7F RK,Z = Y'W+7F RW,
3.=2,2,=M+M 2, =M _3 =M 3 =M . =7tK'RK-)*I,
3. =TK'RW ¢T3 =1W'RW.
Then the conditions (18) and (21) are satisfiethieyFinsler's Lemma 2.
[T +sles, N IMT
N -(T)* 0 |<0,

™ 0 -TR (26)

1 T
o| |=o0,000A,
O O

defineU =¢£T, and pre-multiply bydiag{1, U, 1} on the left hand side of (41), then inequ
ality (41) is obtained. This completes our proof.

4. Numerical example

In this section, one example is given tasitate the effectiveness of the proposed
approach in this paper.
Example 1 Consider the following system
X = Ax+ Ff (u(t)) + Kat),

y = Cx(t) + Df (u(t)), (27)
v(t) = Hx(t),
where
-15.893 1.092 - 1.87 - 1
A=|-17.792 -8.971 - 0.853F = K=l |1
| -18.346 —22.251 - 1.86 1
[-3.085 0 0 -
C=| 6.021 24.213 6.021D = H=| 0,
0 0 1 0 0

f =%Z(m -m)(x+¢c |-|x-¢ |ym=[0.9/7-3/7,35/7; 2.7/7,6/%, 2.4/
f (W belongs to[B,a,] and[B,a,], with B, =0,a,=24.55, = 0a,= 1(. The noise

. : 1 . .
disturbance is taken azs:(t):ﬁ,wo. Regarding to (10), the estimation error
+

dynamic system is given as follows
&(t) = A&(t) + FF (v(t)) + Kat),

_ 28
&(t) = H4(b), )
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where &(t) :=[x(t)" X(t)"]" and the matrices are given as

-18.9941 - 7.3759 0 10 1
A= 0 -90213 0 |B.={0 1 O0H, =
0 0  -0.997 00

Choose x(0) =[0.21,0.45,0.19] , the filter initial condition can be set as
X(0) = x(0). Figure 1-3 are the simulation results for desigrtheL, - L_ filter of the

estimation error dynamic system (45). First, withdisturbance signadut), the time

responses of the estimation error dynamic systegiven in Figure 1. It shows that the
state converges to zero exponentially. Figure 2ctiethe time response of the estimation

errore(t) . To observe thé, — L performance with external disturbance attenuatimh a
zero initial conditions, the time response of teéneation errore(t) is shown in figure 5,
which shows thé, - L, filter reduce the effect of the disturbance inp(t) on the error
estimatione(t) to within a attenuation levgt=1.561

1 : : 1.2
: : Ty : : : h ]
Ehg - i e - — I3 |- TR e g TR ] £y |4
B T [ = | : o r—— s
O fia SR SR : : .4 08 f"l ....... L s
. : : § i § 5 : :
DA fioe ......... ......... b S B s D G B
25 I . — —_— S ousint T 1
i \i)x. 0z ......... ......... ......... ..........
I 5 i B ; :
0z s g ......... S e 4 0
4 : ; ; : 0z : : : :
0 00 200 300 400 0 s00 O 100 2000 300 400 500
Timalsac) Timelsec)
Figure 1. The statetrajectories for the estimation error system (30) without disturbance signal.
2 T T T T
eit)
A
4 i i i L
0 100 200 300 400 500
Timelsec)

Figure 2. The time response of the error without disturbance signal.

10
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] 100 200 300 400 00
Timelzec)

Figure 3. The estimation error with zero initial condition and disturbance signal.

5. Conclusion

In this paper, the, — L_filtering problem has been studied for uncertairr'du
system. Based on the Finsler's lemma, the sufficamditions for the existence of
L, - L, filtering have been derived in terms of LMI respesly. The filter has been
designed to not only guarantee stability of theresystem but also satisfy a prescribed
L, - L, performance. Finally, one numerical example haslgieen to illustrate the
effectiveness of the proposed method.
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