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Abstract. This paper presents a type of stock models withpaifor uncertain markets by
using uncertainty theory. A stock model with junfps uncertain European markets is
formulated by the tool of uncertain differentialuiation based on two classes of uncertain
processes, canonical process and renewal procese §ption pricing formulas on the
proposed uncertain stock model are investigated samde numerical calculations are
illustrated. Finally, extended European option nieaee studied.
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1. Introduction

The Black-Scholes model, which was proposed bylBtax Scholes [2] has been widely
used in the analysis of derivatives pricing andtfpbo management (see Black and
Karasinski [1], Hull and White [8], Karatzas andr&re [6, 7]). It has become an

indispensable tool in today’s daily financial mdrkeactice. As a further research, Liu
[10] proposed a stock model based on a fuzzy psoddsen Qin and Li [19] derived the

corresponding European option pricing formulas.rSafter, Gao and Gao [5] presented
a mean-reverting stock model for fuzzy markets.

As we known, most human decisions are made in tite ®f uncertainty. In
order to research the behavior of uncertain phenanie human systems, uncertainty
theory was founded by Liu [9] in 2007 and refined lbu [13] in 2010 based on
normality, monotonicity, self-duality, countable bsulditivity, and product measure
axioms, and then it became a branch of axiomatithenaatics for modeling human
uncertainty. Nowadays, uncertainty theory has becoam branch of axiomatic
mathematics for modeling human uncertainty. Sonséctibeoretical work of uncertainty
theory have been studied, such as You [21] prowmdesconvergence theorems of
uncertain sequences. Gao [4] showed some propeftiesntinuous uncertain measure.
Liu and Ha [15] calculated expected value of fumttiof uncertain variables. To
determine an uncertainty distribution of an undertaariable, Liu [13]designed a
guestionnaire survey for collecting expert's exmpemtal data, and introduced the
empirical uncertainty distribution.

In order to dealing with the evolution of uncertainenomena with time, the concept of
uncertain process was presented by Liu [10] in 2@0®asic uncertain process called
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renewal process was introduced by Liu [10] andddweonical process was designed by
Liu [11] in 2009. The most important and useful emain process is canonical process
which is the counterpart of Brown motion. Differefrom Brownian motion, the
canonical process is a Lipschitz continuous unirerfaocess with stationary and
independent increments and each increment is aalamcertain variable. Based on this
process, uncertain calculus was initialized by [lii)] in 2009 to deal with differentiation
and integration of functions of uncertain processedlowing that, uncertain differential
equation, a type of differential equation drivendanonical process, was defined by Liu
[10]. Soon afterwards, Chen and Liu [3] proved gistence and uniqueness theorem of
solution for uncertain differential equation undgpschitz condition and linear growth
condition. In many cases mathematical finance nsodeke expressed in terms of
stochastic differential equation [16, 20]. For utai@ financial market, the uncertain
differential equation also plays an indispensildke.r Following the argument that stock
price follows geometric canonical process, Liu [#bposed a basic stock model for
uncertain financial market. After that, Xu and P¢hg] studied barrier options pricing in
uncertain financial market, Peng and Yao [18] pegubanother stock model to describe
the stock price in long-run, Yu[22,23] studied extigel payoff of trading strategies with
jumps for uncertain financial markets and a stocdeh with jumps for uncertain
markets.

In above models, the stock price is assumed tabtnuous. However, in many
cases the stock price is not continuous becauseasfomic crisis, war, stock daily limit
or stock lower limit. In order to incorporate thegecertainties into uncertain stock
models, we develop a stock model with jumps foremtain financial market. This paper
presents an alternative assumption that stock foit®vs geometric canonical process
and renewal process. Based on this assumptiorEihepean option price models are
formulated.

The rest of this paper is organized as follows. Thg&t section is intended to
introduce some useful concepts of uncertain progeseeded. The uncertain differential
equation with jumps is presented in Section 3. dclstmodel with jumps for uncertain
financial markets is proposed in Section 4. Eurapegtion price on the proposed
uncertain stock model with jumps are investigatedection 5. Furthermore uncertain
currency model with jumps is studied in Sectiorfridally, a brief conclusion is made in
Section 7.

2. Preliminaries
Uncertainty theory was founded by Liu [9] to prawid mathematical model for dealing

with uncertain phenomena in human system. A settimm M is called an uncertain

measure if it satisfies the normality, monotonicielf-duality, countable subadditivity,
and product measure axioms. An uncertain variabla measurable function from an
uncertainty spacél’, L, M) to the set of real numbers. The uncertainty distion

®:0 - [0,1] of an uncertain variablé is defined by®(x) = M{{ <% .

Definition 1. (Liu[12]) Let & be an uncertain variable. Then the expected value of ¢ is
defined by
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+00 0
E[6]= | M{&=pdr~[ M &)dr (1)
provided that at least one of the two integrafnise.
The uncertain variable§ , ¢, ,---,¢,, are said to be independent if

M{ﬂ{f DB}}: min M £ 08

for any Borel set83,B,,---,B,, of real numbers. An uncertain process is essgntal

sequence of uncertain variables indexed by timesgace. An important uncertain
process, the canonical process will be introdusefdléows.

Definition 2. (Liu [10]) An uncertain process C, is said to be a canonical Liu process if

(i) C, =0 and almost all sample paths are Lipschitz contisuo

(i) C, has stationary and independent increments,

(i) every incrementC_, —C, is a normal uncertain variable with uncertainty

distribution
-1
JIX
d(X) =| 1+ exp| ——= XUOR.
¥ ( o @D

Let C, be a canonical process. Then for any real numeessdo , the uncertain
processX, = et +0C, is called an arithmetic canonical process, wheig ealled the

drift and o is called the diffusion. The uncertain proce$s=exp(t+oC,) is an
geometric canonical process.

Definition 3. (Liu[10]) Let &,&,,..£,, beiid positive uncertain variables. Define
S=0and S, = +&,+...+¢&, for n=1. Then the uncertain process

N, =maxn| S <t
is called a renewal process. _

If &.,¢,,---,¢, denote the interarrival times successive eventenTS can be
regarded as the waiting time until the occurrerfdd@nth event. AndN, is the number
of renewals in (0,t]. Note tha\, is a right-continuous and increasing uncertairc@ss.
Without loss of generality, we assume renewal tisna fixed numbeia (a > 0). Then
we haveN, =[t/a].

Definition 4. (Liu[11] ) Let X, bean uncertain processand let C, be a canonical

process. For any partition of closed interval [a, b] with a=t, <t, <--- <t =D, the
meshiswritten as

A=max|t., ~t |
1sik
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Then the uncertain integral of, with respect taC, is

b .
provided that the limit exists almost surely ag@i uncertain variable.

3. Uncertain Differential Equation with Jumps
In this section, we will introduce uncertain diféatial equation with jumps.

Definition 5. Let C, beacanonical Liu process, N, arenewal processand Z, an
uncertain process. If there exist uncertain processes L, g, and , such that
t t t
Zt = ZO +J.Otusd5+ J.Oo-sms +J.Oysd\ls

foranyt =0, thenZ, is said to have an uncertain differential

dZ, =pd+0o,dC +y N,
For this case/, is called a differentiable uncertain process wittit £ , diffusion o,
and jumpy,.

Examplel. Let C, be a canonical process. Then for any partition
0=t <t, <---<t,,;, =S, we have

k
[dc = E[‘};(Cm -C,)=C,~C, =C,.
That is,
josdq =C.. @)
Thus the uncertain proce€ is differentiable and has an uncertain differdnti&, .
Example2. Let N, be an uncertain renewal process. we have

s Kk
[ aN, :M;(NM =N, )= N, =N, =N,.
That is,
jostt =N.,. 3)
Thus the uncertain proced$ is differentiable and has an uncertain differénid, .
Example 3. Let Z, = ut + )N, be an uncertain process. Since

t t
Z, = [ pds+ [y,
we obtain that the uncertain procegsis differentiable and has an uncertain differéntia
dZ, = udt+ yd\, .
Example4. Let Z = ut +0C, + )N, be an uncertain process. Since
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t t t
Z = J.o'UdS-'_J.oo-CCS +ond\ls '
we obtain that the uncertain procegsis differentiable and has an uncertain differdntia
dZ, =udt+odC +yd, .
Theorem 1. (Fundamental Theorem) Let C, be a canonical Liu process, N, a renewal
process, and h(t,C,,N,) a continuously differentiable function. Then the uncertain
process Z, = h(t,C,,N,) hasan uncertain differential

0z, =S8 (.G N+ €.C NG +h (6 N, PR (G N

Proof: Since the functiorh is continuous dlﬁerentiable, by Taylor series axgion, we

have
AZ, = h(t,C,N)~h({t-At,Cy Ny

= h(t,Ct, t—At)_h(t_At t- At)+h(t7 t ’Nt )_h([ ’Ct ’Nt—At )
oh

:E(t’ N, )At+ (t N, JAC,
+h(t!Ct1Nt)_h(t’ t t—At)+0(At)+O(ACt)'

Letting At - 0, we have
dh(t.C,.N,) = (t CoN, )ct+ ¢ . NOC, +h (G N, Fh (G N, )

Example 5. Consider the uncertain procegd + )N, . For this case, we have
h(t,n) =zt + yn. Itis clear that

oh
S Lm =4 hEN)=hEN, ) =y N,

It follows from the fundamental theorem that
d(ut+yN,) = ud +y,.

Definition 6. Suppose C, is a canonical process, N, is a renewal process, and f,g
and h are some given functions. Then

dX, = f . X)d+g¢.X ) +h€ X, )N, (4)
is called an uncertain differential equation witimps. A solution is an uncertain process
X, that satisfies (4) identically it.
Remark: The uncertain differential equation (4) is equivaléo the uncertain integral
equation

X, = Xo+ [ £(s,X,)ds+ [(9(5.X,)dC, + [ 6.X, )N,
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Example 6. Let a,f and y be real numbers. Consider an uncertain differentia
equation with jumps

dX, =ad+BdC +yd, .
Integrate on both sides, and we have

t t t
X, =X, =] ads+] BdC,+ | yaN, .
Thus the uncertain differential equation has atswiu
Xt = X0+at+,8Ct +yNt'
Example 7. Let a,f and y be real numbers. Consider an uncertain differentia
equation with jumps
dX, =aX,d+ X, dC, +yX, d, .
It is easy to verify that the uncertain differehéquation has a solution
X, = X,(1+y)* ep @t + 5C,).
4. An Uncertain Stock Modd with Jumps
Here, our goal is to introduce a general stock madth jumps for uncertain financial
markets. LetX, be the bond price, ang the stock price. Assume that stock follows a
canonical process denoted By and a renewal process denotedMy Then we express
the price dynamics as follows
dX, = rX.dt
{d\(t = aYdt + BY,dC, + pY.dN,
wherer is the riskless interest rate, is the stock drift,5 is the stock diffusion angr
is the stock renewal coefficient.

(5)

5. European Option

European options are financial instruments whislegiits holder the right without being
under obligation to trade an underlying asset gttane t < s for strike price K. The
pricing of European option is one of the most in@otr problems in financial markets. In
many cases the stock price is not continuous becafusconomic crisis, war, stock daily
limit or stock lower limit. In order to incorporatbose into European stock model, we
should develop an uncertain calculus with jump pssc This paper presents an
alternative assumption that stock price followsrgetsic canonical process and renewal
process. Based on this assumption, the Europedsngmptice models are formulated in
this section.

5.1 European Call Option Pricing with Jumps

A European call option gives the holder the ridi, not the obligation, to buy a stock at
a specified time for a specified price. Considerngeneral stock model with jumps for
uncertain financial markets, we assume that a Eaogall option has strike price K and

expiration times. If Y is the final price of the underlying stock, thére tpayoff from
buying a European call option is given by
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. Y -K,if \,>K,t<s
(Y, -K)" = .
0, otherwise.
Considering the time value of money resultednfithe bond, the present value of this
payoff isexp (-rt)(Y, - K)".

Definition 7. Let X, and Y, be the bond price and the stock price, respectively. Let C,
and N, bea canonical Liu process and a renewal process, respectively. Suppose that
X, and Y, satisfy the price dynamics described by the general stock mode! with jumps.
Then the European call option pricing formula is given by
f.(%o, K@, B.y) =E[ep Crt ) K ) ]
where K is the strike price at exercise tinse
Let us consider the financial market described h®y stock(5), The European call

option price is

Theorem 2. (European Call Option Pricing Formula) Assume a European call option for
the stock model (5) has a strike price K and an expiration time t. Then the European

call option priceis

(6)

f =exp (—rs)Yoj:Yo{h &p 7(in y—as\—/%;/saj In(1+ V))J dy

Proof: It is clear that the stock pricé follows a geometric canonical process and a

renewal process, i.eY, =Y,(1+ y)Nt exp (@t + BC, ). Then the European call option
price is
f.(%, K.a.B.y)=E[ep Crt)(, —~K ) ]
= e (-rs)EIY, (1+ )" ep @t + 5C, )-K T
=ep(rs)” M{Y,(L+ )" ep@t+AC )-K)= xjdx
= exp (—rs)YOI:YO M{(1+ )" ep @t +AC )2 yidy
= exp (—rs)YOj:)Y M{as+BC, +|s/a]In(1+y)z Iny}dy
0
= exp(—rs)Yoj:Y M{BC, = Iny-as—| s/a]In(1+y}dy
0

=ep(-rs)Y, | :vo[1+ P o y-as:/%;/SaJIH(H y))} el

This yields the desired result and completes thefp
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Theorem 3. European call option formula f_(Y,,K,a,8,y) =E[ep Crs){Y, - K ) ]
has the following properties:

(i) f. isanincreasing and convex function¥gf

(i) f, is a decreasing and convex functionkof

(iii) f. is anincreasing function af ;

(iv) f, is anincreasing function gf;

(v) f. is adecreasing function of;

(vi) f, is anincreasing of if y>O0.

Proof: (i) This property means that if the other varigbtemain unchanged, then the
option price is an increasing and convex functibthe stock’s initial price. To prove it,

first note that for any positive constant the exp (—rt)(Y,o—K)" is an increasing and
convex function ofY, . Consequently, the quantity

exp(-rt)Y, (L+ y)* (e @t + 5C, =K )
is increasing and convex inY, . Since the uncertainty distribution of

1+ y)Nt exp (@t +[C, ) does not depend oy}, the desired result is verified.

(i) This follows from the fact thatexp(-rt)Y, ((1+ y)Nt epet+pBC FKJ is

decreasing and convex K . It means that European call option price is aehging and
convex function of the stock’s strike price whea tther variables remain unchanged.

(iii) It is obvious that f_(Y,,K,a,,y) =E[exp rt){, —K ) ] is a increasing function
of a . This means that European call option price witréase with the stock drift.

(iv) This follows from the fact thatf.(Y,,K,a,5,y) =E[(ep rt), -K) ]is an
increasing functions off immediately. This property means that Europeah agtion
price will increase with the stock diffusion.

(v) Since f.(Y,,K,a,8,y) =E[exp ¢rt){, K ) ]is a decreasing function of and

the expected value is independentrofthe result is verified. This means European call
option price will decrease with the riskless ingmate.

(vi) This follows from the fact thatf.(Y,,K,a,5,y) =E[exp rt){, —K ) ] is an
increasing functions of if )y> 0 immediately. This property means that Europeah cal
option price will increase with the stock renewagfficient if )y > 0.

5.2. European Put Option Pricing Formulawith Jumps
A European put option gives the holder the right, fot the obligation, to sell a stock at
a specified time for a specified price. We assuna¢ & European put option has strike

price K and expiration time. If Y is the final price of the underlying stock, théw t
payoff from buying a European put option is given b
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. |K=Y, if Y, <K,t<s
(K-Y)" = .
0, otherwise.
Considering the time value of money resulted thedbdhe present value of this payoff

is exp(-rt)(K —Y,)". The definition is given as follows:

Definition 8. European put option pricing formula with jumpsis given by
fo (Yo, K.a,8.y) =E[ep Crt)K =Y, )]
where K is the strike price at exercise tinse
Let us consider the financial market described hmy stock(5). The European put

option price is given by:

Theorem 4. European put option formula with jumpsfor (5) is

= ep (_rS)YOJ.OK/YO[l-'- o0 IT(O’S+LS/ a\m/g;(sh ¥)—In y)} &y (7

Proof: By the definition of expected value of uncertaamigble, we have
f,= e rS)EIY, (K - e @s+ SC, )(1+y )t ]

=exp(-rs)| M{YO (K —ep @s+C, )y Tt 2 x} dx

=eprs)[ . M{ep(as+AC,) (tyf < yhdy

- exp(—rs)Yo_[OK/YO M{as+BC,++| s/a|In(1+y)< Iny}dy
= exp(—rs)Yo_[OK/Yo M{BC, < Iny-as—|s/a]|In(1+y} dy

n(as+|slalin(l+y)-Iny) N
p i ] dy

K/Y0
=exp (—rs)Y(,J'0 1+ &
This yields the desired result and completes thefp

Theorem 5. European put option formula f_(Y,,K,a,8,y) =E[exp Crt)K -Y, ) ]
has the following properties:
® fp is a decreasing and convex functionYpf

(i) fp is an increasing and convex functionkf,
(iii) fp is a decreasing function @f ;
(iv) f, is an increasing function ¢f;

(v) fp is a decreasing function of;
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(vi) fp is a decreasing function o¢f if y> 0.

Proof: It is clear that the European put option prica idecreasing function of interest
rate r . That is, the European put option price is andasing function of strike pricK ;
the European put option is decreasing functiorheflbg-drift a ; and the European put
option price is an increasing function of the laffecsion £, In addition, the European

put option price is a decreasing function of thg-dlenewal coefficient/ > 0.

6. Extensions of Modelswith Jumps

In stock models with jumps, there are three impurtaonstants: stock drift stoak ,
diffusion 3, stock renewal coefficieny, they play an important role in European option
price which is a major concern to investors. Wevkiibat change process of stock price
is also a dynamic process, this three constantsalib change along with the time
change in European option transactions. We asshateltree items of stock model are
dynamic function with respect to tinte the stock models with jumps naturally became a
general stock models.

6.1. A General Stock M odel with Jumps

In order to adapt the above models to be more stamdi with the general cases, we
introduce an extension of the model with time-dejgeh parameters. The most general
model with jumps satisfies the following uncertdifferential equation

dX, =r,X,dt
dY, =u(t,Y,)dt +v(t,Y,)dC, + m(t,Y, )dN,
wherer,,u(t,Y,),v(t,Y;),m( .Y, ) are deterministic functions of tinte

)

6.2. Uncertain Currency Model with Jumps

We assumed that the exchange rate follows two edasd uncertain process: the
canonical process and the renewal process, thertaimceurrency model with jumps
satisfies the following uncertain differential etjoa

dX, =uX,dt (DomesticCurrency)
dY, =vYdt (ForeignCurrency) 9)
dZ, =eZdt+ [Z,dC, +yZ dN, (ExchangeRate)
where X, represents the domestic currency with domestirast rateu, Y, represents
the foreign currency with foreign interest rateamd Z, represents the exchange rate that

is domestic currency price of one unit of foreigmrency at timet, S is the stock
diffusion andy is the stock renewal coefficient.

7. Conclusion

The uncertain differential equations with jumps evetudied in this paper. Based on this
type of differential equations, a stock model witmps for uncertain European Financial
markets follows two classes of uncertain procdss.canonical process and the renewal
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process were proposed. The European option priéomgulas with jumps were
calculated and extended European option models stedied.
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