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Abstract. In this paper, we study the star-shapedness faryfgets. Particularly, we
clarify the exact relationships among the conceptstar-shaped fuzzy sets, quasi-star-
shaped fuzzy sets, pseudo-star-shaped fuzzy setgemeralized star-shaped fuzzy star-
shaped sets, and we obtain some important propesfiehese different types of star-
shapedness.
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1. Introduction

The fuzzy set theory was introduced initially bydéa [32] in 1965. In the theory and
applications of fuzzy sets, convexity plays a masful role. From the very first, Zadeh
[32] recognised its importance, and the propertg baen exploited in many ways
involving convex fuzzy set. For example, convexitygentral to the metric definitions of

Klement, Puri and Ralescu [14] and Diamond and #éwe [6, 7, 8], and to the

topological properties of the corresponding metpaces of fuzzy convex sets [10, 13].
Following the seminal work of Zadeh on the defonitiof a convex fuzzy set, Ammar and
Metz defined another type of convex fuzzy sets ih [To avoid misunderstanding,

Zadeh's convex fuzzy sets were called quasi-colfivezy sets. A lot of scholars have
discussed various aspects of the theory and apiplisaof fuzzy convex analysis [4, 5,

11, 12, 17, 18, 19, 20, 23, 24, 26, 27, 31].

However, Nature is not convex and, apart from pussapplications, it is of
independent interest to see how far the suppogifi@onvexity can be weakened without
losing too much structure. Star-shaped sets amgrlg hatural extension and this note
defines the notion of fuzzy star-shaped sets aptbees some of their properties. In [2],
Brown introduced the concept of star-shaped fuety, sn [9] Diamond defined another
type of star-shaped fuzzy sets (f.s., for shorjl s [22] Qiu given a new type of star-
shaped fuzzy sets is different with the other tvmal &stablished some of the basic
properties of this family of fuzzy sets. In orderdistinguish between these three star-
shaped fuzzy sets, Brown's star-shaped fuzzy sets walled quasi-star-shaped fuzzy
sets (f.g-s., for short) and Qiu's star-shapedyfisats were called pseudo-star-shaped
fuzzy sets (f.p-s., for short). Recently, the resleaf fuzzy star-shaped (f.s.) sets have
been again attracting the deserving attention §3,33], motivated both by Diamond's

76



Some properties of fuzzy star-shaped sets

research and by the importance of the conceptazfyfaonvexity [15, 16, 25, 29, 30].

In this paper, for simplicity, we consider only thiar-shaped fuzzy sets defined on
the Euclidean space. But it is not difficult to geslize most of the results obtained in the
paper to the case that starshaped fuzzy sets finedién linear space over real field or
complex field. In Section 2, we will recall somesltaconcepts related to this paper and
generalize star-shapedness of the normal fuzzyseeneral fuzzy sets. In Section 3, we
clarify the exact relationships among the conceptks. sets, f.g-s. sets and f.p-s. sets,
and we will study some important properties of éhdiferent types of star-shapedness.

2. Preliminaries
Letx,yOR", the line segmer)Tyjoining xandyis the set of all points of the form
ax+ pywhered 20,200+ (=1

(1) A setSOR"is said to be convex if for each pair pointg1S, it is true that
xyOS.

(2) A setSOR"is said to be star-shaped with respect to a padii" if for each
pointydS, it is true thak_y O0S. A setSis simply said to be star-shaped, which means
that there is some poirin R" such thaSis star-shaped with respect to it. The kernel
kerS of Sis the set of all points[1Ssuch thak_y O Sfor eachydS. For convenience, we

assume the empty sefl R"is also a convex set and a star-shaped set.
Most results on ordinary convex sets which are usdtlis paper can be found in
[11,24]. A fuzzy sejzon X is defined by its membership functigiix) which is a

mapping fromX into [0,1]. Ana -cut set ofuis

[ ={xOX: U} 2 ,
where a 0(0,1], and we separately specify the supportgéof ito be the closure of
the union of[ 4]? fora 0(0,1], i.e.,[4]° = Umlm a,

Denote byF (X), the family of all fuzzy subsets of . Let 14,1, 0F (X), theny,is
said to be included in,, denoted by, O 1, , if and only if 24 (X) < 1,(X) for eachx 0 X .
Thus we have that, O g, if and only if [14]? O[ 44 “ for alla O[0,1].

Definition 2.1. [1] A fuzzy selwOF(R") is quasi-convex if
HAX+(A=A)y)2 u(x) D u(y)
for all x, ydOR"andA 0[0,1], and a fuzzy set0F(R") is convex if
HAX+A=A)y)2 Au(x)+ 1= A)u(y)
for all x, yO[]°andA 0[0,1].

It is obvious that every convex fuzzy g&il F(R") is quasi-convex.

Definition 2.2. [28] A fuzzy setuOF(R") is said to be fuzzy star-shaped (f.s. for short)
with respect toyOR", if

HAX+ (A= A)y) 2 p(x)
for allxOR"andA O[0,1] .
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The following describes two more other types of-steapedness are derived from
the concepts quasi-convex fuzzy sets and conveny feets.

Definition 2.3. [2] A fuzzy setwOF(R") is said to be fuzzy quasi-star-shaped (f.g-s. for
short) with respect tp(OR", if
HAX+(A=A)y)2 u(x) O u(y)

for allxOR"andA [0,1].
Definition 2.4. [22] A fuzzy setw O F (R") is said to be fuzzy pseudo-star-shaped sets
(f.p-s. for short) with respect §o1[4]°, if

HAX+(A=A)y)2 Au(x)+ 1=A)u(y)
for for allxO[£]° andA 0[0,1].
Definition 2.5. [22] Let ker(i) (respectivelyp - ker(i), g -ker(i)) be the totality of
yOR"such thapis f.s. (respectively, f.p-s., f.q-s.) with resptxy .
Definition 2.6. [22] The fuzzy hypograph qgf denoted byf .hpy(y), is defined as

fhpy () ={(x ) : xO[ A5 tT0, LR} -

3. Main results
Now we will establish our main theorems.

Lemma3.1. [21] LetxOF(R") be f.s. with respect tOR". Thenu(y) =sup, .. 4 ).

Lemma 3.2. [21] If a setAOR"is star-shaped with respect@RR", thenAis star-
shaped with respect ta

Lemma 3.3. [21] A fuzzy setuOF(R")is f.s. with respect tgif and only if its each
non- emptyr -cut set is star-shaped with respeqy for all o 0[0,1]or[£]° = @.

Lemma 3.4. [21] Let a fuzzy seiwOF(R") be f.s. with respect to some pointsRihand

B=sup . 1K) If [4]° # @, thenker(u) O ker[uT for alla [0, B] -

Theorem 3.1. For a fuzzy setJF(R") , the following statements hold:

(1) if wis f.s. with respect tg, then it is f.g-s. with respect to the same point;

(2) if pis f.p-s. with respect tp, then it is f.g-s. with respect to the same point;

(3) uis f.g-s. with respect tpandu(y) =sup,,. # K)if and only if it is f.s. with
respect to the same point;

(4) if uis f.p-s. with respect tpandu(y) =sup,
to the same point.
Proof. (1) Letuis f.s. with respect tg. By Lemma 3.1, we havg(y) = u(x) for all
xOR". Thus, we get that

HAX+A=A)y)2 u(x) = u(x) D u(y)

for all xOR"andA 0J[0,1] .

(2) IfxOR" -[14°, thenu(x) =0, that is, (x) Ou(y) =0. Thus, we get that

HAX+(A=A)y)z 0= pu(x)0u(y)

for all A0[0,1]. If xO[£]°, then

OR"

e M &), then it is f.s. with respect
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HAX+A=A)y)2 Apu(x)+ A= A)u(y)z p(x) D u(y)
for allA0[0,1].
(3) Sufficiency. It is obvious from (1) and Lemma 3.1.
Necessity. If uis f.q-s. with respect tpandu(y) =sup_. # &), then we have
HAX+A=A)y)2 p(x)Du(y) = u(x)
for allxOR"andA O[0,1].
(4) It is obvious from (2) and (3).

Remark 3.1. The inverse statements of (1), (2) and (4) do otd ln general as shown in
the following examples.

Example 3.1. The fuzzy set/0F (R) with
|sinx) |
HX)=1 2
0, otherwise
is f.p-s. and f.g-s with respectya=0. But it is not f.s. with respect §0=0, because of

yO[ ) and y]? # gfor alla 0(0,1/ 2].

if xO[-7, 7,

Example 3.2. The fuzzy setw O F (R) with (x) =e ™/ 2is f.s. and f.g-s. with respect to
y=0. But it is not f.p-s. with respect §o=0.

Theorem 3.2. A fuzzy seiwOF(R")is f.q-s. with respect tp0[£]° andu(y) # 0if and
only if itsa -cut sets are star-shaped with respegtfto all o 0 (0, 1£(y)].

Proof: Necessity. If i/is f.g-s. with respect to is f.g-s. with respecyfa[£]°, then

HAX+(A=A)y)2 u(x) O u(y)
for allxOR"andA O[0,1]. For anyxr O0(0,u(y)], letxO[4]®. Then we have thatyLl
[4]? . From the above inequality we get that

HAX+(1-ADy)=za, A0[0,]]
that is, xy 0[]
Sufficiency. For anyxOR", if (x) =0, then

HAX+(L=A)y) 2 0= p(X)=pXx)Ouy)
for allA0O[0,1]. IfO< u(X)< u(y), then letr = 4(X)d(0,u(y)]. Thus, we have that,
yO[4]“ . Sincex -cut set is star-shaped with respecy tdhat is,
HAX+A=A)y)za = p(x) D u(y)

for allA0[0,1]. If u(x) > u(y), leta = u(y)J(0,u(y)]. Thus, we have thatyO[4]“.
Sinceg -cut set is star-shaped with respecy tdhat is,

HAX+A=A)y)za = p(x) D u(y)
for allA0J[0,1].
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Theorem 3.3. If a fuzzy seOF (R") is f.g-s. with respect tp[]° andu(y) # 0, then

[1]°is star-shaped with respectyto
Proof: Let

A== U 14"

at(0,1] ab(0.u (y)]
By Theorme 3.2, we have thats star-shaped with respectytoBy Lemma 3.2, we get
thatA= [4]°is star-shaped with respectyto
Remark 3.2. In Theorem 3.3, the conditigrn(y) # 0is necessary.
Example 3.3. The fuzzy set/0F (R) with

0, if xO[-1,1],

X) =
HX) Earctan(lx + Oif xOR- £ 11

Vg
is f.g-s. with respect tg=10[x]°. But[£]°is not star-shaped with respectyte1,
because q¢f]° =R -[-1,1] .

Corollary 3.1. Let a fuzzy set0F (R") be f.g-s. with respect to some pointRihand
A={xOR"| (X =0} . If q-ker(u) A=@, theng-ker(u) O ker[u T for alla [0, 5],
whereg =inf{ 4 y)| yOq-ker(u)}.

Proof: By Thoerem 3.2 and 3.3, we have thaker(x) 0 ﬂ

alla0[0, 4] .

ker[uT O ker[u T for

at]0,5]

Theorem 3.4. If for a fuzzy sejzOF (R") , the pointy OR"satisfies that
ply) =inf . 0.

Thenuis f.g-s. with respect tg, that is, yLIg- ker(u).

Proof: By Definition 2.4, this statement is true, becaobe/(y) =inf . 1(x) .

Remark 3.3 The inverse statements of Theorem 3.4 do not holExample 3.2, we can
get thajuis f.g-s. with respect tp=0. Butu(y) =1/2= u(x)for allxOR .

Theorem 3.5. If a fuzzy sewOF(R")is f.p-s. with respect tpJ[£]°, then itsr -cut
sets are star-shaped with respeactfir alla O[O, (y)] .-

Proof: Supposes(y) #0. By (2) of Theorem 3.1, Theorem3.2 and 3.3, weehiair -
cut sets ofz are star-shaped with respecytor alla [0, t(y)]. Suppose:(y) =0. Let

AzUaD(o,ll[’u]a' i.e.,z=[,u]°.
If xOA, that is, (x) >0, then we have
HAX+(A=A)y)2 Au(x)>0
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for all A00(0,1], which implies thalx+(1-A)yOAOA. Sincel=0, we havelx+
(1-A)y=yOA=[4]°. Thus, we get thaty 0 A=[1]°.
If x, O[4]° - A, that is, u(x,) =0, then for each neighborhoadof x,, we have

V(A% @. Chooseldx, +(1-A)ywith A[0(0,1]. Since the mapping

f(X)=Ax+(1-A)y
is continuous irx,, for each neighborhood of Ax, + (1-A)yinR", there exists a neigh-
borhoodV of x, such that ifxOV , thendx+(1-A)yOU , for allA0(0,1]. SinceV 1 A
# @, letxdV (N A. Then, we have thdix + (1- A1)y ANU , which implies that

A%, + (L= A)yOA=[4]’,

for all1[0(0,1]. SinceA =0, we havelx, +(1-A)y=y=[u]°. Thus, we get th@m
[4]°. Consequently, we obtain thatcut sets ofyare star-shaped with respectytior
allaO[0, u(y)] -

Corollary 3.2. Let a fuzzy seiz0F (R") be f.p-s. with respect to some point$if’ and

B=inf{ Y] yOp-ker(u)}. Thenp-ker(u)O ker[u T for alla O[0, 8] .
Proof: By Theorem 3.5, we have that

p-ker(u)O ﬂau[o’ﬂ] kerfuT O ker[uF
for all ¢[0,4].

Theorem 3.6. A fuzzy sefwOF(R")is f.p-s. with respect tp[£]°if and only if its
f .hpy(u)is star-shaped with respect(g 1(y)) .
Proof: Necessity. Letybe f.p-s. with respect tpand(x,t) 0 f hyp(x), that isxO[4]°,
t O[O0, u(x)] . Sinceuis f.p-s. with respect tp, for each 0[0,1], we have
HAX+A=A)Y)ZAu(X)+ (L=)u(y)zAt+ 1-A)uy),
And by Theorem 3.5, we havex+ (1-A)yO[u]°. Hence, we get that
A, t) + @=A)(y,u4(y)O f hyp ).
Sufficiency. LetxO[£]° and(x, #(x)) O f .hyp(w) . By the star-shapedness bhyp (u),
for eacm J[0,1], we have
(Ax+@=A)y,Au(x)+ 1= A)uy)d f hyp ).

Hence, we get that

HAX+ (A= A)y)2 Au(x)+ 1= A)u(y)
for allA0J[0,1].

Corollary 3.3. Letube a fuzzy set. Iff .hpy(u) of uis star-shaped with respect g,

H(y)) andu(y) =sup,_ .. ¢ &), thenuis f.s. with respect tg.
Proof: By Theorem 3.6, we get thats f.p-s. with respect tp. By (4) of Theorem 3.1,
we obtain that/is f.s. with respect tg, because of«(y) =sup,,. 4 ).
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Corollary 3.4. Letube a fuzzy set. Iff .hpy(u) of uis star-shaped with respect (g,
U(Y)), thenuis f.g-s. with respect tg.

Proof: By Theorem 3.6, we get thats f.p-s. with respect tp. By (2) of Theorem 3.1,
we obtain that/is f.g-s. with respect tg.

Theorem 3.7. Let s, 1, OF (R")be f.g-s. (respectively, f.p-s.) with respectyalR".
Then 1, N w,is f.g-s. (respectively, f.p-s.) with respectto
Proof: Lety, 1, F (R") be f.g-s. with respect pJR". For allxOR", we have
HAXFL=A)Y)2 4 00 D4 (y), =12,
for allAd[0,1]. Hence, we get that
(th N ) (Ax+ (A= A)Y) = (Ax+ (1= A)y) O g1, (Ax+ A= A)y)
2 (14,(%) D (¥)) Ot D(y))
= (14,(x) O 14,(X)) D(e,(y) D p2(y))
= (446N £4,)(X) O N p)(Y)
for all xOR"andA (J[0,1] .
Let, 1, OF (R") be f.p-s. with respect t0[£]°. For all xO[z N ,]° O[] °N
[1,]°, we have
A+ A= A)y) 2 Mg () + A=)t (), 1 =1,2,
for allA0[0,1]. Hence, we get that
(N p)AX+ (A= A)y) = (Ax+ (1= A)y) O p,Ax+ 1= A)y)
2 (At (%) + (1= A () O (A () + (1= A, ()
= A () O (X)) + (A= A)(a (y) D ()
= A0 0 1)) + @ = A) (e N p2)(y)
for all xO[ 1, N w,]°andA 0[0,1] .

Theorem 3.8. Let s, 1, OF (R")be f.g-s. (respectively, f.p-s.) with respectyt@lR" and
1Y) = 1,(y) - Then i, U ,is f.g-s. (respectively, f.p-s.) with respectto
Proof: Lety, 1, F (R") be f.g-s. with respect tg[JR". For allxOR", we have
HAX+A=A)Y)2 4 () O (y), 1=1,2,
for allA[0,1]. Thus, we get that
(U )(Ax+ (L= A)y) = ty(Ax+ 1= A)y) O, (Ax + (1= A)y)
2 (14(X) Ui (y)) O (X) Or(y)
for allxOR"andA 0O[0,1] . Sincew,(y) = 14,(y), we have
(t4.(%) O 2(y)) D (1) O pa(y))
= (14,9 0 ,(x) D(e4(y) D ,(y))
= (14U 11,)(¥) D(,U p1)(y)
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for allxOR"andA [0,1] . Hence, we obtain that
(14 U 1)(Ax+ 0= A)y) = (1, U 11,)(x) O (13U p2,)(y)
for allxOR"andA O[0,1]
Let, 1, OF (R") be f.p-s. with respect $0[4]°. For all xO[ g U 1,]° =[ 1] °U
[1,]°, we have
1 (AX+@A=2)Y) = Mg () + (L= A (y), i = 1,2
for allA0[0,1]. Hence, we get that
(14 U 1L)Ax+ A= A)y) = ,(Ax+ (1= A)y) D gz, (Ax+ (1= A)y)
= (M4 () + (1= )4 (¥) D Aty () + (1= )it ()
for all xO[ 14 U p,]°andA 0[0,1] . Sincew,(y) = 4,(y), we have
(Ah(X) + A=), (¥)) O A, () + (A= D)z, ()
= A(14(%) D, (%) + 0= A (Y) D 1,(y))
= 204U 11,)(%) + @=2)(,U 12,)(y)
for all xO[ 14, U p,]°andA 0[0,1] . Hence, we obtain that
(14 U 15)(Ax+ 0= A)y) = (1, U 11,)(x) O (13U p2,)(y)
for all xO[ 4, U p,]°andA 0[0,1] .
Letx,be some point iR" andy some fuzzy set then the translationuddy x,is the
fuzzy setx, + pdefined agx, + t)(x) = u(x—%,) [13].

Theorem 3.9. Let uOF(R") be f.g-s. (respectively, f.p-s.) with respectytdR" and
there is a point, OR". Thenx, + iis f.g-s. (respectively, f.p-s.) with respectyt® x, .
Proof: Supposguis f.g-s. with respect tp(IR". For anyx[(OR", we get that
(% + )AX+A=A)(X +Y)) = H(A (X~ X;) + 1= A)y)
2 {(X =) D p(y)
= (X% T U+ 1) (X +Y)
for all A[0[0,1] . Hencex, + uis f.g-s. with respect tg + y.
Supposeuis f.p-s. with respect tp[0[£]° . Let
A= soul A7 and B={J o [+ A"
Now we show thax(A=[z]°if and only ifx+x, OB =[x, +4]°. LetxOA=[z]°. If
xOA, then there exists(0,1]such thakO[4]“, that isu(x) = a . Thus, we have
(% + )X+ Xp) = H(X+X,=Xp) = () 2 @,
that is, x+x, O[%, + 4] OB. If xO[]° - A, that is, 4(x) =0, then for each neighbor-
hooaV of x, we haveV () AZ @. Since the mappinf(x) = X + x,is continuous i, for

each neighborhodd of x+x,inR", there exists a neighborhodof xsuch that if
zOV, thenz+x,0U . Since/ N Az @, letzOVN A. Then, we have+x, 00U B,
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which implies thak + x, 0B =[x, + ]°. Similarly, we can get that &+ x, 0B =[x, +
u]°, thenxOA=[1]°. Hence,y+x, [, +4]°, and for ank[[x, + ]°, we havex -
%, O[1°. Sinceuis f.p-s. with respect tp, we get that
(% + ) (AX+(A=A) (% +¥)) = H(A(X=X) + (1= A)y)

2 Ap(X=%) +@=A)u(y)

=A% + ()(X) + (1= A) (% + L)Y + %)
for all xO[x, +4]°andA0[0,1]. Hence, we obtain that, + iis f.p-s. with respect to
X+

Remark 3.4. Since the property of being star-shaped is translahvariant inR", this
proposition also holds for fuzzy general star-sklapss.

LetT be a linear invertible transformation Biandu a fuzzy set. Then by the
Extension Principle we have tH@{(1/))(x) = u(T (X)) [22].

Theorem 3.10. Let wOF(R") be f.g-s. (respectively, f.p-s.) with respect
toyOR"andT a linear invertible transformation &\ . ThenT (u) is f.g-s. (respectively,
f.p-s.) with respect to(y) .
Proof: Supposeis f.g-s. with respect tp(1R". For anyx[OR", we get that
(TE)AX+ A=) +Y)) = AT () + (A= A)y)
2 p(T7(x)) D p(y)
= (T ) ) OT )T (y)
for all A d[0,1]. HenceT () is f.g-s. with respect tB(y) .
Supposeis f.p-s. with respect tp[1]°. Let

A=, oul A andB=J__ [T(4]".

Now we show thakOA=[z]°if and only fT(X)OB=[T(4)]°. LetxOA=[4]°. If
x[OA, then there exists1(0,1]such thak [ 4]“, that isy & = a . Thus, we have
T)TX) =u(x)za,
that is, T(x) O[T()] OB. If x,0[4]° - A, that is, (%) =0, then for each neighbor-
hoodV of x,, we haveV (1 A# ¢. SinceT a linear invertible transformation dR", for
each neighborhodd of T(x,) inR", there exists a neighborhoatiof x,such that if
xOV , thenT(x)0OU . SinceV N AZ¢, letxOVNA. Then, we havé(x)OUNB,
which implies thaT (x,) DB =[T(x)]°. Similarly, we can get that if(x) 0B =[T()]°,
thenxdA=[£]°. Hence,T(y) O[T()]°, and for ankO[T(£)]°, we haveT *(x) O[£]°.
Sinceu s f.p-s. with respect tp, we get that
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(TE)AX+A=T () = p@A T (x) + 1= A)y)
2 AU(T(¥)) + (1= A)u(y)
= AT (W) +@=A)T @) ()
for all xO[T(x)]°andA 0[0,1]. Hence, we obtain that(u) is f.p-s. with respect ta (y) .

Remark 3.5. Since rotation and mirror image transformation #near invertible
transformations, this proposition holds for them.orkbver, the linear invertible

transformation invariant of the star-shapednegt@brdinary star-shaped seffih, this
proposition also holds for fuzzy general star-skapss.

For a star-shaped fuzzy getl F(R"), if for anya,0[0,1],a <3, we have that
ker[u]? O ker[u]” . Define a fuzzy sef ker(u)by[ f ker(1)]” = ker[u]” [22].

Theorem 3.11. If a fuzzy sewOF(R") is f.s. with respect tg[1R", thenf ker(u)is a
guasi-convex fuzzy set.

Proof: Since the kerneker[u]” of [1]? is convex set for alrJ[0,1], we have that
f ker(u)is a fuzzy quasi-convex set, because of a fuzzissptasi-convex if and only if
its nonempty cut sets are convex sets.

Thoerem 3.12. Let i be a fuzzy set. Theker(u)is a convex set iR".

Proof: If[1]° =@, thenu(x) =0for allxOR", which implies thatkeg¢ ¥R". Thus, we
haveker(u/)is a convex set. lker(u)=¢, it is obvious thaker(x)is a convex set.

Supposgy]® # pandker(u)# . LetB = sup, .. 4 K)andy,,y, Oker(y). By Lemma 3.4,
we havey,, y, Oker[u]” for alla O[O, 5] . Sinceker[u]” is convex set for aly [0, 5], we
havey,y, O ker[u]” for all @ 0[0,3] , which implies thaty,y, O Moo s ker[u]” . By

Lemma 3.3, we havier(u)=|") ker[uT . Thus, we get thaty, O ker(u). Hence,

atio,A]
we obtain thaker(¢)is a convex set iR".

Remark 3.6. The conclusion of Theorem 3.12 does not hold fipisf.set.

Example 3.4. Let S" ={(x, X,,--+, X)) OR": X2 + X5 +---+x? =1} . Define the fuzzy set
LOF(R") as

0.5, if (., ;- x,)2S",

0, otherwise.

Then uis f.g-s. set and f.p-s. set but gs ker(u)=R" —S"andp-ker(u)=R" - S"are
not convex.

u(xl,xz----,xn)={
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Theorem 3.13. If a fuzzy setwOF(R") is f.s. with respect tg and is upper semi-
continu- ous, theker()is closed iR" .

Proof: If [1]° =¢, thenu(x)=0for all xOR", which implies thatkeg¢ ¥R", it is
obvious thaker(u)is closed. Suppo$g]® # ¢. Let3 =sup_ .. 4 &). For arbitrary given

ad(0,5], if y,Oker[u]”, then for each neighborhoadof y,, we haveV (ker[u]” #
@. Chooselx + (1- A)y,with AJ[0,1], wherexO[]“ . Since the mapping
f(y)=Ax+@1-A)y

Is continuous iry,, for each neighborhood of Ax+(1-A)y,inRR", there exists a neigh-
borhoodV of y,such that ifyOV , thendx+ (A yOU . SinceV kerft 1 # ¢, let
yOVv Nker[u]”. Then we havéx+ (1-A)yOU N[u]?, which implies that/(Ax+ (1-
A)y)=a . Since yis upper semi-continuous, we get that

HAX+(A-A)y,)2a,
That is,Ax+(1-A)y, 0[x]". Thus, we have thpt]?is star-shaped with respectyp
i.e., y, Oker[u]” . Hence, we get thdter[u]” is closed iR"for allaT(0,5], that is,
ﬂam(o, kerlul is closed irR". For annyﬂnD(ov skerlul”, we get that

YOU ol M°
and UGD(O m[ H]° is star-shaped with respectytoBy Lemma 3.2, we have that

0 _ a _ a
(4" = UaD(O,l{M - Uau(o,ﬂg A
is star-shaped with respectytothat is, yOker[u]°. Thus, we have
ﬂam(o, akerlul” O ker[u]°.

Hence, by Lemma 3.3, we obtain that

ker(u)= ﬂaqovm ker[uT = ﬂam(o,m ker[uT ,

Is closed iR".

4. Conclusions

In this paper, we have considered the star-shapedyfsets. We have discuss
relationships among the concepts of star-shapery feets, quasi-star-shaped fuzzy sets,
pseudo-starshaped fuzzy sets and generalizedhstped fuzzy star-shaped sets. Fuzzy
star-shaped sets were defined above as a gentoalisd fuzzy convex fuzzy sets. In
[21], Qiu have extended convexity in important wapsl have got that some propositions
are untrue for fuzzy convex sets for f.s. set. Fors. set and f.g-s. set, we also have
obtained that some corresponding propositionsefample, the intersection of two f.g-s.
(respectively, f.p-s.) sets is also f.g-s. (respebt, f.p-s.) set, if the intersection of their
kernel is not empty set, and the unions of twast.{respectively, f.p-s.) sets is also f.g-s.
(respectively, f.p-s.) set, if the intersectiontloéir kernel is nonempty set and they have
the same membership function values for the comkeomel points.

86



Some properties of fuzzy star-shaped sets

Acknowledgements

Th
no

is work was supported by The National NaturakS8ce Foundation of China (Grant
.11201512) and The Natural Science Foundatioje&rof CQ CSTC (cstc2012jjA000

01).

wn

10.

11

12.

13.

14.

15.

16.

17.

18.
19.
20.

21

REFERENCES

E. Ammar and J. Metz, On fuzzy convexity and pataiméuzzy optimizationFuzzy
Setsand Systems, 49 (1992) 135-141.

J. G. Brown, A note on fuzzy setsformation and Control, 18 (1971) 32-39.

J. Chanussot, I. Nystrom and NataSa Sladoje, Ssigpatures of fuzzy star-shaped
sets based on distance from the centf@adtern Recognition Letters, 26 (2005) 735-
746.

Y. Chalco-Cano, M. A. Rojas-Medar and R. Osuna-GgreeConvex fuzzy process-
es,Computers and Mathematics with Applications, 47 (2004) 1411-1418.

J. Chen, Y. R. Syau and C. J. Ting, Convexity amchisontinuity of fuzzy sets,
Fuzzy Sets and Systems, 143 (2004) 459-469.

P. Diamond and P. Kloeden, Characterization of @onhpubsets of fuzzy sefzzy
Setsand Systems, 29 (1989) 341-348.

P. Diamond and P. Kloeden, Metric spaces of fuety,Buzzy Sets and Systems, 35
(1990) 241-249.

P. Diamond and P. Kloeden, Metric spaces of fuztg: scorrigendumiruzzy Sets
and Systems, 45 (1992) 123.

P. Diamond, A note on fuzzy starshaped datgzy Sets and Systems, 37 (1990) 193-
199.

W. Fulton,Algebraic Topology: A First Course, Springer, New York, 1995.

.J. B. Hiriart-Urruty and C. Lemarchafundamentals of Convex Analysis, Springer,
Berlin, 2001.

H. Huang and C. X. Wu, A new characterization ofpact sets in fuzzy number
spacesAbstract and Applied Analysis Volume 2013, Article ID 820141, 6 pages.

A. K. Katsaras and D. B. Liu, Fuzzy vector spaced &izzy topological vector
spacesJournal of Mathematical Analysis and Applications, 58 (1977) 135-147.

E. P. Klement, M. L. Puri and D. A. Ralescu, Lintiteorems for fuzzy random
variablesProceedings of The Royal Society of London. Series A 407 (1986) 171-182.
Z. H. Liao, C. Y. Hao and X. Y. zh(J00,, ,) -starshaped fuzzy se@)12 Fifth

International Conference on Information and Computing Science, (2012) 124-127.

Z. H. Liao, C. Y. Hao, W. L. Liu and C. Z. Liu, Regeralized starshaped fuzzy sets,
2012 Fifth International Conference on Information and Computing Science, (2012)
120-123.

Y. M, Liu. Some properties of convex fuzzy selarnal of Mathematical Analysis
and Applications, 111 (1985) 119-129.

R. Lowen, Convex fuzzy setBuzzy Sets and Systems, 3 (1980) 291-310.

M. Matloka, Convex fuzzy processésjzzy Sets and Systems, 110 (2000) 109-114.

M. Ma, Some notes on the characterization of compats in(En,dp), Fuzzy Sets

and Systems, 56 (1993) 297-301.
. D. Qiu, C. X. Lu, On star-shapedness of fuzzy aMslfenia, 2014 Accepted.

87



22

23

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.

Dong Qiu and Chong-xia Lu

. D. Qiu, L. Shu and Z. W. Mo, On starshaped fuzag,$aizzy Sets and Systems, 160
(2009) 1563-1577.

.D. Qiu, F. P. Yang and L. Shu, On convex fuzzy peses and their generalizations,
International Journal of Fuzzy Systems, 12 (2010) 267-172.

R. T. Rockafellar,Convex Analysis (second printing), Princeton University Press,
Princeton, 1972.

A. Shveidel, Separability of star-shaped sets am@pplication to an optimization

problem,Optimization, 40 (1997) 207-227.

Y. Syau, C. Low and T. Wu, A note on convex fuzzggessesApplied Mathemat-
ics Letters, 15 (2002) 193-196.

Y. R. Syau, Closed and convex fuzzy s€tszy Sets and Systems, 110 (2000) 287-
291.

C. Wu and Z. Zhao, Some notes on the charactenraficompact sets of fuzzy sets

with L, metric,Fuzzy Sets and Systems, 159 (2008) 2104-2115.

W. H. Xu, Y. F. Liu and W. X. Sun, On starshapetlitionistic fuzzy setsApplied
Mathematics, 2011 (2011) 1051-1058.

W. H. Xu, W. X. Sun and Y. F. Liu, The research sgfveral propositions on

starshaped fuzzy setperations Research and Fuzziology, 2011 (2011) 6-10.

X. M. Yang and F. M. Yang, Aproperty on convex fuzgets,Fuzzy Sats and
Systems, 126 (2002) 269-271.

L. A. Zadeh, Fuzzy settnformation and Control, 8 (1965) 338-353.

Z. T. Zhao and C. X. Wu, A characterization for g@mt sets in the space of fuzzy
star-shaped numbers withy metric, Abstract and Applied Analysis Volume 2013,

Article ID 627314, 6 pages.

88



