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Abstract.  The hyperbola represented by the binary quadratic equation 2332 22 =− yx  is 
analyzed for finding its non-zero distinct integer solutions. A few interesting relations 
among its solutions are presented. Also, knowing an integral solution of the given 
hyperbola, integer solutions for other choices of hyperbolas and parabolas are presented. 
Also, employing the solutions of the given equation, special Pythagorean triangle is 
constructed. 
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1. Introduction 

The binary quadratic Diophantine equations of the form ( )0,,,22 ≠=− NbaNbyax  are 
rich in variety and have been analyzed by many mathematicians for their respective 
integer solutions for particular values of ba, and N . In this context, one may refer [1-
13]. 
  This communication concerns with the problem of obtaining non-zero distinct 

integer solutions to the binary quadratic equation given by 2332 22 =− yx   representing 
hyperbola. A few interesting relations among its solutions are presented. Knowing an 
integral solution of the given hyperbola, integer solutions for other choices of hyperbolas 
and parabolas are presented. Also, employing the solutions of the given equation, special 
Pythagorean triangle is constructed. 
 
2. Method of analysis 
The binary quadratic equation representing hyperbola is given by 

2332 22 =− yx                 (1) 

Taking TXx 3+= , TXy 2+=               (2) 
in (1), it simplifies to the equation 

236 22 −= TX                 (3) 

The smallest positive integer solution ),( 00 XT of (3) is 
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1,2 00 == XT  

To obtain, the other solutions of (3), consider the pellian equation 

16 22 += TX                  (4) 
whose smallest positive integer solution is 

5
~

,2
~

00 == XT  

The general solution )
~

,
~

( nn XT of (4) is given by 

( ) ....2,1,0,625
~

6
~ 1

=+=+
+

nTX
n

nn              (5) 

Since, irrational roots occur in pairs, we have 

( ) ....2,1,0,625
~

6
~ 1

=−=−
+

nTX
n

nn              (6) 

From (5) and (6), solving for nn TX
~

,
~

 ,we have 

( ) ( ) n

nn

n fX
2
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625625
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1~ 11
=





 −++=

++
 

( ) ( ) n

nn

n gT
62
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625625

62

1~ 11
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 −−+=
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Applying Brahmagupta lemma between the solutions ),( 00 XT and )
~

,
~

( nn XT , the 

general solution ),( 11 ++ nn XT of (3) is found to be 

nnn XTTXT
~~

001 +=+  

nnn TTXXX
~

6
~

001 +=+  

nnn fgT +=⇒ +
62

1
1                (7) 

nnn gfX 6
2

1
1 +=+                 (8) 

Using (7) and (8) in (2) we have 

nnnnn gfTXx
62

15

2

7
3 111 +=+= +++               (9) 

nnnnn gfTXy
6

7

2

5
2 111 +=+= +++             (10) 

Thus, (9) and (10) represent the integer solutions of the hyperbola (1). 
A few numerical examples are given in the following table 1. 

       Table 1: Examples 
n  

1+nx  1+ny  

   -1      7     5 
    0      65     53 
    1     643     525 
    2     6365     5197 
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Recurrence relations for x and y are: 

.....1,0,1,010 123 −==+− +++ nxxx nnn   

 .....1,0,1,010 123 −==+− +++ nyyy nnn  

A few interesting relations among the solutions are given below: 

• 065 112 =−− +++ nnn yxx  

• 065 212 =−− +++ nnn yxx  

• 06549 312 =−− +++ nnn yxx  

• 06049 113 =−− +++ nnn yxx  

• 012 213 =−− +++ nnn yxx  

• 06049 313 =−− +++ nnn yxx  

• 06049 311 =−+ +++ nnn xyx  

• 054 211 =−+ +++ nnn yyx  

• 04940 311 =−+ +++ nnn yyx  

• 056 221 =−+ +++ nnn xyx  

• 05494 321 =−+ +++ nnn yyx  

• 04956 213 =−+ +++ nnn xxy  

• 04940 113 =−− +++ nnn yxy  

• 06495 123 =−− +++ nnn yxx  

• 065 223 =−− +++ nnn yxx  

• 065 323 =−− +++ nnn yxx  

• 05649 312 =−+ +++ nnn xyx  

• 054 212 =−+ +++ nnn yyx  

• 08 123 =−− +++ nnn yxy  

• 08 321 =−+ +++ nnn yxy  

• 054 322 =−+ +++ nnn yyx  

• 04954 213 =−+ +++ nnn yyx  

• 04940 313 =−+ +++ nnn yyx  

• 054 323 =−+ +++ nnn yyx  

• 045 323 =−− +++ nnn xyy  

Each of the following expressions represents a cubical integer.   
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� 
( ) ( )[ ]214333 5533553

23

1
++++ −+− nnnn xxxx

 

� ( ) ( )[ ]315333 552535525
300

1
++++ −+− nnnn xxxx  

� ( ) ( )[ ]113333 302833028
23

1
++++ −+− nnnn yxyx  

� ( ) ( )[ ]214333 30260330260
115

1
++++ −+− nnnn yxyx  

� ( ) ( )[ ]315333 3025723302572
1127

1
++++ −+− nnnn yxyx  

� ( ) ( )[ ]325343 318315033183150
138

1
++++ −+− nnnn xxxx  

� ( ) ( )[ ]123343 31828331828
115

1
++++ −+− nnnn yxyx  

� ( ) ( )[ ]224343 3182603318260
23

1
++++ −+− nnnn yxyx  

� ( ) ( )[ ]325343 318257233182572
115

1
++++ −+− nnnn yxyx  

� ( ) ( )[ ]133353 3150283315028
1127

1
++++ −+− nnnn yxyx  

� ( ) ( )[ ]234353 315026033150260
115

1
++++ −+− nnnn yxyx  

� ( ) ( )[ ]335353 31502572331502572
23

1
++++ −+− nnnn yxyx  

� ( ) ( )[ ]123343 26028326028
92

1
++++ −+− nnnn yyyy  

� ( ) ( )[ ]133353 2572283257228
920

1
++++ −+− nnnn yyyy  

� ( ) ( )[ ]234353 257226032572260
92

1
++++ −+− nnnn yyyy  

 
Each of the following expressions represents bi-quadratic integer: 

 

a) ( ) ( )[ ]105855341151219
23

1 2
2154442

−−+− ++++ nnnn xxxx  

b) ( ) ( )[ ]180000552541500157500
300

1 2
3164442

−−+− ++++ nnnn xxxx  
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c) ( ) ( )[ ]105830284690694
23

1 2
1144442

−−+− ++++ nnnn yxyx  

d) ( ) ( )[ ]26450302604345029900
115

1 2
2154442

−−+− ++++ nnnn yxyx  

e) ( ) ( )[ ]25402583025724338102898644
1127

1 2
3164442

−−+− ++++ nnnn yxyx  

f) ( ) ( )[ ]380883183150443884434700
138

1 2
3264542

−−+− ++++ nnnn xxxx  

g) ( ) ( )[ ]26450318284365703220
115

1 2
1244542

−−+− ++++ nnnn yxyx  

h) ( ) ( )[ ]1058318260473145980
23

1 2
2254542

−−+− ++++ nnnn yxyx  

i) ( ) ( )[ ]264503182572436570295780
115

1 2
3264542

−−+− ++++ nnnn yxyx  

j) ( ) ( )[ ]25402583150284355005031556
1127

1 2
1344642

−−+− ++++ nnnn yxyx  

k) ( ) ( )[ ]264503150260436225029900
115

1 2
2354642

−−+− ++++ nnnn yxyx  

l) ( ) ( )[ ]10583150257247545059156
23

1 2
3364642

−−+− ++++ nnnn yxyx  

m) ( ) ( )[ ]16928260284239202576
92

1 2
1244542

−−+− ++++ nnnn yyyy  

n) ( ) ( )[ ]16928002572284236624025760
920

1 2
1344642

−−+− ++++ nnnn yyyy  

o) ( ) ( )[ ]169282572260423662423920
92

1 2
2354642

−−+− ++++ nnnn yyyy  

 
Each of the following expressions represents Nasty number: 

a) [ ]3222 30318276
23

1
++ −+ nn xx  

b) [ ]4222 3031502760
230

1
++ −+ nn xx  

c) [ ]2222 180168276
23

1
++ −+ nn yx  

d) [ ]3222 18015601380
115

1
++ −+ nn yx  
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e) [ ]4222 1801543213524
1127

1
++ −+ nn yx  

f) [ ]4232 1908189001656
138

1
++ −+ nn xx  

g) [ ]2232 19081681380
115

1
++ −+ nn yx  

h) [ ]3232 19081560276
23

1
++ −+ nn yx  

i) [ ]4232 1908154321380
115

1
++ −+ nn yx  

j) [ ]2242 1890016813524
1127

1
++ −+ nn yx  

k) [ ]3242 1890015601380
115

1
++ −+ nn yx  

l) [ ]4242 1890015432276
23

1
++ −+ nn yx  

m) [ ]2232 15601681104
92

1
++ −+ nn yy  

n) [ ]2242 1543216811040
920

1
++ −+ nn yy  

o) [ ]3242 1543215601104
92

1
++ −+ nn yy  

3. Remarkable observations 
Employing linear combinations among the solutions of (1), one may generate integer 
solutions for other choices of hyperbola which are presented in table 2 below 

Table 2: Hyperbola 

Sl.no               Hyperbola ( )nn YX ,  

1 126966 22 =− nn YX  ( ) ( )[ ]1221 13014,553 ++++ −− nnnn xxxx  

2 12696006 22 =− nn YX  ( ) ( )[ ]1331 128614,5525 ++++ −− nnnn xxxx  

3 126966 22 =− nn YX  ( ) ( )[ ]1111 6084,3028 ++++ −− nnnn xyyx  

4 31744006 22 =− nn YX  ( ) ( )[ ]1221 63684,30260 ++++ −− nnnn xyyx  

5 304830966 22 =− nn YX  ( ) ( )[ ]1331 630084,302572 ++++ −− nnnn xyyx  

6 4570566 22 =− nn YX  ( ) ( )[ ]2332 7716780,3183150 ++++ −− nnnn xxxx  

7 3174006 22 =− nn YX  ( ) ( )[ ]2112 60780,31828 ++++ −− nnnn xyyx  
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8 126966 22 =− nn YX  ( ) ( )[ ]2222 636780,318260 ++++ −− nnnn xyyx  

9 3174006 22 =− nn YX  ( ) ( )[ ]2332 6300780,3182572 ++++ −− nnnn xyyx  

10 304830966 22 =− nn YX  ( ) ( )[ ]3113 607716,315028 ++++ −− nnnn xyyx  

11 3174006 22 =− nn YX  ( ) ( )[ ]3223 6367716,3150260 ++++ −− nnnn xyyx  

12 126966 22 =− nn YX  ( ) ( )[ ]3333 63007716,31502572 ++++ −− nnnn xyyx  

13 2031366 22 =− nn YX  ( ) ( )[ ]2112 60636,26028 ++++ −− nnnn yyyy  

14 203136006 22 =− nn YX  ( ) ( )[ ]3113 606300,257228 ++++ −− nnnn yyyy  

15 2031366 22 =− nn YX  ( ) ( )[ ]3223 6366300,2572260 ++++ −− nnnn yyyy  

 
Employing linear combination among the solutions for other choices of parabola which 
are presented in table 3 below 

Table 3: Parabola 
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3.3. Properties 
(i) Let qp,  be two non-zero distinct integers such that 0>> qp , treat qp, as the 

generators of the Pythagorean triangle ( )γβα ,,T  

where 0,,,2 2222 >>+=−== qpqpqppq γβα  

Treating 111 , +++ =+= nnn xqyxp ,  it is observed that ( )γβα ,,T  is satisfied by the 

following relations: 
2323 =−− γβα  

γβα −+=
P

A
4  

112 ++= nn yx
P

A
 

where PA,  represents the area and perimeter of ( )γβα ,,T . 
 
(ii) Let M, N be two non-zero distinct positive integers. 

Consider 
2

1
,

2

1 11 −
=

−
= ++ nn y

M
x

N  

It is observed that 
332 ,3,3 =− MN tt , =Mt ,3  Triangular number of rank M. 

 
4. Conclusion 
In this paper, we have presented infinitely many integer solutions for the Diophantine 

equation, represented by hyperbola is given by 2332 22 =− yx . As the binary quadratic 
Diophantine equations are rich in variety, one may search for the other choices of 
equations and determine their integer solutions along with suitable properties. 
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