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1. Introduction

The systematic study of number theory was initiaealind 300 B.C. Over a thousand
years later around 972 A.D. Arab mathematiciansnédated the congruent number
problem to decide whether or not a given positiveder n is area of right triangle, all

three of whose sides are rationals. Another 10@@sykater in 1976 Diffie and Hellman

introduced the first ever public-key cryptosysteimich enabled to communicate secretly
over public communication channels. By then the® lbeen a rapid growth of inventions
and the research continues.

For various ideas and problems one may refer Masjous relations between
Pythagorean triangles and special numbers are estuiti [6-16].Relations between
Rectangles and special numbers are studied in§1.7-1

Recently in [19] some observations regarding Tated Octahedral number and
in [20] Correlation of cylinder and frustum of thmone with special numbers are
recorded.

In this paper, we find the relation among the gewital figures cylinder and
frustum of the cone with truncated octahedral nunalmel some special numbers such as
gnomonic humber and polygonal numbers.

2. Method of analysis

Let r, h be the base radius and height of the dglimespectively. Suppose a frustum of
the cone with the same height ‘h’ of the cylinded ¢he circular end at the bottom of this
frustum coincides with the base of the cylindesttached on either of its base.
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This means that the base radius of the cylindeqigl to the radius of the circular end at
the bottom of the frustum. Let R be the radiushefcircular end at the top of the
frustum.
Assume that three times of the difference betwedmme of the frustum of the

cone and lateral surface area of the cylinder imkip
n[TO, + T, —2T,, —Gno, +5]
The mathematical statement of our assumption is
7h [R?+r?+Rr —6r]=7h [L6h*-12]

(1)
This reduces to
R?+r?+Rr—6r +12=16h* @)
Introduce the linear transformation
R=u+v;r=u-v , uz0Qv#0 3)
Therefore (2) reduces to

2 + 2 — 2

X +y =z (4)
wherex=u-1 ; y=v+3 ; z=4h (5)

We present below different methods of solving (Adl ahus obtain different choices of
non-zero integral values of the radii of the ciacuénds at the top and bottom of the
frustum and the height of the cylinder cum frustum

Pattern 1.
Most cited solution to (4) is

x =2ab;y =3a’®-b?*;z=3a’+b’
In view of (5) and (6)

(6)

u=2ab+1
v=3a’-b’-3
3a’ +b’
4

Since our aim is to find integer solution to heightl radius, take
a=2A;b=2B.
Therefore we have,
u=8AB+1 @)
v=12A? -4B? -3 (9)

— 2 2
Using (8) and (9) in (3), the non-zero integraluea of the radii of the circular ends at

the top and bottom of the frustum and the heightefcylinder cum frustum satisfying
(1) are given by

R=12A%-4B* +8AB -2
r=-12A* +4B* +8AB+4

()
h=
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h=3A% + B
Some numerical examples satisfying our assumptietadulated below
Tablel
sno|a|lb|A| B R r h L.H.S of (1) R.H.S of (1)
1 1122 | 4 46 84 28 12544 12544
2 2124 4 254 4 64 65536 65536
3 23|46 238 | 148 | 84 112896 112896
4 34| 6| 8 558 | 212 | 172 473344 473344
5 45| 8| 10| 1006 | 276 | 292 1364224 1364224
Pattern 2:
Let z=a’ +3p° (11)

Therefore (4) become§a® +3b%)? = y* +3x*
Using factorization define

[(a +iv3b)(a ~iv30)]* = (y +iv3x)(y~iv3x)

Equating real and imaginary we get

x = 2ab;y = a’ - 30%; (12)
In view of (5) and (12)

u=2ab+1

V:a2_3b2_3 (13)

a® +3p°
4

Since our aim is to find integer solution to heightl radius, take

a=2A;b=2B.

Therefore we have,

u=8AB+1 (14)

v=4A%-12B*-3 (15)

h= A*+3B? (16)

Using (14) and (15) in (3), the non-zero integraiues of the radii of the circular ends at

the top and bottom of the frustum and the heightefcylinder cum frustum satisfying

(1) are given by

R=4A*-12B*+8AB-2

r=-4A>+12B° +8AB+4

h=A*+3B?

h=

97



G.Janakand P.Saranya

Some numerical examples satisfying our assumptieadulated below.

Table2

shoj a| b |A|B R r h L.H.S of (1) R.H.S of (1)
1 3| 2|6 | 4| 142 | 244 84 112896 112896
2 6 | 4 |12| 8 | 574 | 964 | 336 1806336 1806336
3 6 | 5|12 | 10| 334 | 1588 | 444 3154176 3154176
4 | 12|11 |24 | 22| 718 | 7732 | 2028 65804544 65804544
5 | 13| 9 | 26| 18 | 2558 | 4932 | 1648 43454464 43454464

Pattern 3:

Write (4) as

Z? =1.(y* +3x%) 17]

(L+iv/3)(1-iV3)
Taking z as in (11), write 1= 22

Using factorization define (17) as
[(a +iv3b)(a —i/3p)]? = (1+.J§;§1—|@)
Equating real and imaginary parts we have,

x:%[az _30? + 2al]

[(y+i3x)(y =iv/3X)]

(18)

y=%[a2 _30? — Gal
In view of (5) and (18)
u :%[az -3b% + 2ab+2]
v="1[a? ~30° ~6ab-6]

2 (29)

2 2
hed +3b
4

Since our aim is to find integer solution to heightl radius, takea = 2A;b = 2B
Therefore we have,
u=2A>-6B*+4AB+1
V= 2A2 _682 -12AB -3 (20)
h= A? +3B? (21)
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Using (20) in (3) with (21), the non-zero integvalues of the radii of the circular ends at
the top and bottom of the frustum and the heightefcylinder cum frustum satisfying
(1) are given by

R=4A?-12B*-8AB-2

r=-16AB+4

h=A*+3B?

Some numerical examples satisfying our assumptieadulated below.

Table 3
sno| a |b| A |B R R H L.H.S of (1) R.H.S of (1)
1 6 | 1]12| 2| 334 | 388 | 156 389376 389376
2 7 |1]14| 2| 510 | 452 | 208 692224 692224
3 8 | 2|16 | 4| 318 | 1028 | 304 1478656 1478656
4 9 | 2|18 | 4 | 526 | 1156 | 372 2214144 2214144
5 10| 2| 20| 4 | 766 | 1284 | 448 3211264 3211264
Pattern 4:

Write (4) as in (17)

(L+i4y3)(1-i4V/3)

Taking z as in (11) and write 1= 72

Using factorization define (17) as

[(a +iv3b)(a -iv3D))? = (1+'4“/§;21"4“/§)
Equating real and imaginary parts we have

X = %[4a2 -12b% + 2ab]

[(y+i3x)(y =iv/3X)]

=%[a2 —3b* - 24ab] 22
In view of (5) and (22)
u :%[4a2 —-120% + 2ab+7]
v:%[a2 —-3b® —24ab-21] (23)
h :%[az +307]

Since our aim is to find integer solution to heightl radius, take
a=14A;b =14B.
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Therefore we have,
u=112A> -336B* +56AB +1
v =28A% -84B? —672AB—3} (24)
h=49A% +1478° (25)
Using (24) in (3) with (25), the non-zero integvalues of the radii of the circular ends at

the top and bottom of the frustum and the heighthefcylinder cum frustum satisfying
(1) are given by

R=140A% -420B” -616AB -2
r =84A% - 252B% +728AB +4
h=49A% +1478°

Some numerical examples satisfying our assumptieadulated below.

Table4

alb| A |B R r h L.H.S of (1) R.H.S of (1)

3 5 49 | 7 | 104271 | 439040( | 124852( | 249408350464( | 249408350464(

5 01O 8 4 0 00 00

; 2 186 g 724414 | 5597764| 1498224 35914802466816 35914802466816
3 4 54 | 5| 215843( | 465108( | 150686 | 3633039942287 | 3633039942287

9 6 | 6 2 4 6 20 20

4 5 68 | 7 | 342451: | 732538. | 237795( | 904743696777¢ | 904743696777¢

9 6 |0 8 8 4 60 60

7 11| 98 411, 417086 | 1756164 499408 | 3990533607424 3990533607424

3. Conclusion

In this paper, we expose connections between @jjrfdustum of a cone with truncated
octahedral number and other special numbers arsémied four patterns of solutions. In
this approach, one may also search for variougmattof solutions and compare some
other Geometrical figures with figurate numbers.
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