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1. Notations
1.[a,,8,,8,,a,,--a,] :Continued fraction expansion.

2. [xk] - Integer part &f
3. P,(n) : Polygonal number of ordeardi rank n.

2. Introduction

The ancient Greek mathematician Diophantos wasabrtee first to study polygonal
numbers. A polygonal number can be defined as a sumquidistant dots used to
represent a polygon of a certain size. For exanifpjeu have a square number with rank
one it is one, rank two is four because you exghrdength and width by one dot each
and fill in the outer layer, then rank three wobke nine and it continues in this fashion.
The rank of a polygonal numbers is the number ¢ da a side of the outermost layer of
the polygonal number. This holds true for all palggl numbers.

A polygonal number is denoted i, (n) where d is the number of sides to the
corresponding polygon and n is the rank, or ordethe polygonal number. For instance
P, (4)would be a pentagonal number with rank four. Allygonal numbers with rank

one equals one, and all polygonal numbers of ramkare equal to the number of sides
on the corresponding polygon.

P,Q3)=6 P,3=9PR Q=12
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Furthermore, you can find any polygonal number &ing the formula
2
— + —
)= (d=-2)n“+@-n)n
2
not form a polygon.

P, ( . Note thatd ,nCJN and, since less than three sides would

Table 1: Values of some polygonal numbers

Sides Rank of polygonal numbers
d 1] 2 3 4 5 6 7 8 9 10 11 12
3 1| 3 6 | 10 | 15 | 21 | 28 | 36 | 45 55 66 78
4 1| 4 9 | 16 | 25 | 36 | 49 | 64 81 10C | 121 | 144
5 1|5 |12 ] 22| 35 | 51 | 70 | 92 | 117 | 145 | 17€ | 21C
6 1| 6 | 15| 28 | 45 | 66 | 91 | 12C | 15% | 19C | 231 | 27¢
7 1| 7 | 18| 34 | 55 | 81 | 112z | 14€ | 18C | 23E | 28€ | 34z
8 1| 8 | 21| 40 | 65 | 96 | 133 | 17€ | 22F | 28C | 341 | 40¢
9 1| 9 | 24| 46 | 75 | 111 | 154 | 204 | 261 | 32E | 39€ | 474
10 1|10 |27 | 52 | 8 | 12€ | 175 | 232 | 297 | 37C | 451 | 54C
11 1|11 ] 30| 58 | 95 | 141 | 19€ | 26C | 33% | 41t | 50€ | 60¢€
12 1|12 | 33| 64 | 105 | 15€ | 217 | 28€ | 36€ | 46C | 561 | 672
13 1|13 | 36| 70 | 115 | 171 | 23€ | 31€ | 40E | 505 | 61€ | 73¢
14 1|14 |39 | 76 | 125 | 18€ | 25€ | 344 | 441 | 55C | 671 | 804
15 1 |15 | 42 | 82 | 135 | 201 | 28C | 37z | 477 | 59t | 72€ | 87C
16 1|16 | 45 | 88 | 145 | 21€ | 301 | 40C | 51% | 64C | 781 | 93¢
17 1 |17 | 48 | 94 | 15E | 231 | 32z | 42€ | 54¢ | 68t | 83€ | 100z
18 1 |18 | 51 | 10C | 16E | 24€ | 34= | 45€ | 585 | 73C | 891 | 106¢
19 1 |19 | 54 | 10€ | 175 | 261 | 364 | 484 | 621 | 775 | 94€ | 1134
20 1|20 | 57|11z | 185 | 27€ | 38t | 51z | 657 | 82C | 1001 | 120C
21 1|21 | 60 | 11€ | 195 | 291 | 40€ | 54C | 69% | 86t | 105€ | 126¢
22 1| 22| 63| 124 | 205 | 30€ | 427 | 56€ | 72¢ | 91C | 11171 | 133z
23 1 |23 | 66 | 13C | 215 | 321 | 44E€ | 59€ | 76E | 95E | 116€ | 139¢
24 1|24 | 69 | 13€ | 225 | 33€ | 46C | 624 | 801 | 100( | 12271 | 146¢
25 1 |25 | 72| 14z | 235 | 351 | 49C | 652 | 837 | 104f | 127¢ | 153(
26 1 |26 | 75 | 14| 245 | 36€ | 511 | 68C | 87% | 109( | 1331 | 159¢
27 1| 27| 78 | 154 | 25E | 381 | 53z | 70€ | 90€ | 113t | 138¢€ | 166z
28 1 | 28 | 81 | 16C | 265 | 39€ | 555 | 73€ | 94F | 118( | 1441 | 172¢
29 1 | 29| 84 | 16€ | 275 | 411 | 574 | 764 | 981 | 122F | 149¢ | 1794
30 1| 30| 87 | 17z | 285 | 42€ | 59t | 792z | 1017 | 127( | 15571 | 186(
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Continued fraction plays an important role in numtbesory. It is used to represent the
rational numbers to an another form by using Eeelidalgorithm.
An expression of the form

P
g a, +

wherea, ,ly are real or complex numbers is called a contirfastion.

An expression of the form

P g 1
q Q. + 1
! 1
a, + 1
a, + —
whereh =10, and a,,a,,,,--- are each positive integers is called a simple

continued fraction.
The continued fraction is commonly expressed as

P, 1T 1 s
q_a°+a1+a2+a3+ or simply ada,,8,,8,,8,, .

The elementsa,,a,,a,,3,, -+ are called the partial quotients. If there anétdi number
of partial quotients, we call it finite simplerttinued fraction, otherwise it is infinite.

The continued fraction expansion of 22/7 is [3; Herea, =3.
3. The continued fraction algorithm
Suppose we wish to find continued fraction expamsiox [1R.
Let X, =xandseta, =[x,

. 1
Definex, =————=and set a, =|x |.
S a, =[]
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1 - _ _
andxz—ﬁ:az—[xz], ..... X = ]:>ak—[xk],....

X1~ [Xk—l
This process is continued infinitely or to someté stage till arx LIN exists such that
3 =[x]

Examples

1. Continued fraction expansion of 414/283 = 1.48291; 2, 6, 4, 5]

2. Continued fraction expansion af§ and ﬁare [1;1,2,1,2,1,2,..]and
[2;1,1,1,4,1,1, 1, 4,...]. Which are knownsiodic continued fractions.
The above periodic continued fractions are alsootéh by [1,1,2]and

[2,1,11,4].

In this paper we try to find some patterns of b consecutive polygonal numbers of
different sides and different orders using contthfractions.

Theorem 1. The continued fraction of ratio of consecutiveygalnal number of rank 2
is [O;ld ]whered is the sides of a polygon art:>3 .

P, (2
In other wordsﬁ =[0;1,d] , whered >3 .
P (@
Proof: Taked =3 .
Therefore Pd—(z) :§.
Pia(@ 4
Using continued fraction algorithm,
Take X, = 3 soa, =0.Thenx, = ;—§—1+£:> a=1
° 4 ' -] 4 7 3 '
X, 1 - 3=>a,=3
X 1%
P, (2
Therefore R@ _3_ [0;13].
R@ 4

The result is true whed =3 .

Assume the result is true fakr=k -1,k = 4.
P_(2

ThereforeL() = [O;ZL k —1].
P2

k
We prove the result fod =k .

P2 _(k-24+k-22 (k-22+(k-2)_ k
P.@? (k-14+@B-k)2 (k-12+@B@-k) k+1
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Take
%, = —F—
° k+1
so 8,=0.
Then x, = 1 k+1—1+1:a1 1
o=lx]
xzz;:k:azzk.
xl-[X]
P
Therefore [O 1, k]
k+l()

Hence by induction the result is true for all valwé d, whered >3.

Theorem 2. The continued fraction of ratio of consecutive galgal number of rank 3 is
[O;ZLd —1]whered is the sides of a polygon ant:>3 .

S
Pin G

Proof: Similar to the proof of theorem 1.

In other words = [O;ld —1] , Whered >3 .

Theorem 3. The continued fraction of ratio of consecutive gulyal number of side4
and order=3 is

[0;ld—2,RT_1}ifRis odd ana[o;ld 2 RTZ 2} if Ris even.

qq_o R
P.(R) _ [O,ld 2,—2 } if Risodd

In other words P (R R-2
wi (R) {o 1d -2, 5 Z}f Riseven

Proof:
Case (i): WherRis odd ie.R=2n+1n =2.
Taked=3and R=5.

Therefore -~ RO _
A 25
Using continued fraction algorithm,
Take X, = E soa, =0. Thenx, = —:§_1+E: a, =1
25 -[x] 15 7 15
X, = 1 —1—5—1+i =a,=1
—[x] 10 7 10
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xg=;=£)=2:>a3=2
X =] 5
Therefore RO _15, [O;:LJ,Z]
PG 25

Therefore the result is true faf= 3and R=5.
Assume the result is true fak= k —1and R=2n-1.

P,@n-1 | 2N=2| 1.
B ———— k- = k-3 n-1.
R (2n-1) {0,1 3 > } [0,1 3n J]

Prove the result is true fat = kand R=2n+1.
Therefore

P.2n+) (k-2(2n+D)*+(4-k)(2n+1D) (k-2)(2n+1)+ (4-K)
P.(@2n+1) - (k-1)(2n+1)? + (3-k)(2n+1) - (k=-D(2n+D)+ (3B-k)
_2kn=-4n+2
2kn-2n+2
_kn-2n+1
" kn-n+1
R(2n+1) _kn-2n+1
P.,(@2n+1 ~ kn-n+1
Using continued fraction algorithm,

Therefore

_kn-2n+1

Takex, =—=a, =0. Then
° T n—n+1 o
_ 1 _ kn—-n+l1 _ n _
X, = = =1+ =a-=1
xO—[xo] kn-2n+1 kn-2n+1
X, = 1 :kn_2n+1:k—2+1:a2=k—2.
X =[x n n
1
X, = =n=a,=n
’ Xz_[xz]
P (2n+1
Therefore& = [0;lk—2,n].
I:)k+1(2n+1)

Hence by induction the result is true for all vabie and R when R is odd andd > 3.
Case (ii): WhenR is even ie.R=2n, n=2.

Taked=3and R=4.

P;(4) _10

P,4) 16

Using continued fraction algorithm,

Therefore
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Takex0=£),soao=0.Thenxl=;=E:1+£:>al=l.
16 . —[%] 10 0
X, = 1 :E):1+ﬂ:>a2:1.
x-[x] 6 "6
R S R SN
X, =[x] 4
x4—;=£’=2:a4—2
X =[x 2
Therefore R@) _10_ [O;:LliL 2].
P,(@4) 16

Therefore the result is true fak= 3and R=4.
Assume the result is true fak= k —1and R=2n-1.

Pa@n-1) | . 2n=2| _rn.
LS S A k- = k-3 n-1.
P (2n-1) {0,1 3 5 } [O,ZL 3n ]]

Prove the result is true fat = kand R=2n.

P.(2n) _(k-2)(2n)*+@-k)(2n) _(k—2)(2n)+ (4-k)
Paa@n)  (k-D(2n)?+@E-K)(2n)  (k-D(2n)+(3-K)
_2kn-4n-k+4
~2kn-2n-k+3

Therefore

P.(2n) _2kn-4n-k+4
P.(@n) 2kn-2n-k+3
Using continued fraction algorithm,

_2kn-4n-k+4

Therefore

Take X, = =a,=0.Then
2kn-2n-k+3
_ 1 _2kn-2n-k+3_ 2n-1 _

X = = =1+ =a-=1

xo—[xo] 2kn-4n-k+4 2kn-4n-k+4
. = 1 _2kn—4n—k+4_k_2+ e Aa—k-2
2 x - [x] 2n-1 2n-1 " ° '
X3 = 1 :2n—1:> n—1+1a3:n—1

Xz_[xz] 2 2

_—1 = =
X, = xs—[xg] 2=>a,=2

P, (2n)
I:)k+l (Zn)

Therefore = [0;1,k—2,n—12].
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Hence by induction the result is true for all valwéd and R when R is even and
d=3.

{O;J,d—z,R—_l} if Risodd
PR _ 2
Hence =) R - R-2

i (R) [o;ld—z,T,z}if Riseven
4. [llustration

The following table gives the patterns of continfredtions of consecutive polygonal
numbers of different orders and ranks.

Consecutive fractions of polygonal Continued fraction expansion
numbers

P.(2 [0; 1, 5]
R

P.() [0:1,12
R:(2)

P.G3) 013
=)

Rs® [0;1,14
Rs(3)

P,(5) [0;1,7,2
Ro ()

P, (6) [0;1,15,2,2
Rs(6)

Ro(9) [0: 1.8, 4
R )

P, (LO) [0;1, 24,4,z
I:)271 (10)

P, (L2) [0;1,27,5, 2
I:)30 (12)

5. Conclusion

In this paper, we have identified various patteofiscontinued fractions of ratios of
polygonal numbers of consecutive sizes. This woey me extended to higher order
figurate numbers like pyramidal numbers.
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