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Abstract. A search is made for obtaining infinitely many non-zero distinct integer
solutions to the non-homogeneous quadratic equation given by x2-xy+y*+2(x+y)+4=127",
Different choices of integer solution to the above equation are obtained. A few interesting
relations between the sol utions and special polygonal numbers are obtained.
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1. Introduction

The Diophantine equations offer on unlimited field for research due to their variety [1-3].
In particular, one may refer [4-8] for quadratic equations with three unknowns. This
communication concerns with yet another interesting equation x2-xy+y?+2(x+y)+4=127
representing non-homogeneous quadratic equation with three unknowns for determining
its infinitely many non-zero integral points. Also, few interesting relations among the
solutions are presented.

2. Notation
1. Polygonal number of rank n with sidesm

ton = n[1+ (n-2)m-2) _1)gm - 2)}

2. Pronic number of rank n
pRn =n(n+1)

3. Centered hexagonal pyramidal number of rank n
cP,e =n°

4. Square number of rank n

ty, =n?
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3. Method of analysis
Theternary quadratic Diophantine eguation to be solved for its non-zero solution is
X2 = xy+y? +2(x+y)+4=127° 1)
We present below different patterns of integer solutionsto (1)
Introducing the linear transformation (u # v # 0)
X=Uu+Vv,y=u-v 2
in(1), it leadsto U 2 +3v? =1222(3)
whereU =u+2(4)
The above equation (3) is solved through different approaches and then, in view of 2
we obtain different patterns of integer solutionsto (1)

3.1. Pattern-1
Write 12 as

12 = (3+iV3)3-iv/3)(5)

Assume z = a? +3b?(6)

wherea,b >0

Using (5) and (6) in (3)

U +3v2 = [3+iv3)3-iv3Ja? + 302 and

employing the method of factorization define
(u+ivy3)u+iv3)= (3+iv3Ja-iva)a+ivanf [a-ivaof
Equating the real and imaginary parts, we get

U =U(a,b)=3a%-9%? -6ab+2

v=v(a,b) = 6ab+a? - 3b?

Inview of (2) we get

x = x(a,b) = 4a% -12b* - 2(7)

y = y(a,b) = 2a® - 6b* ~12ab - 2(8)

Thus (6),(7),(8) represents non-zero distinct integral solution of (1) in two parameters

Properties:
1. x(a,a+1)-2y(a,a+1)-2=24pR,
2. x(a-1)-z(a-1)-2t,, = 0(mod1l)
3. x(a,b)-2y(a,b)- 24cP, s =0

3.2. Pattern-2
Write (3) inform of ratio as

U+3z_ (z—v) =g”8¢0(9)
z+v U-3z gp
which is equivalent to the following two equations

AU —av+2(38-a)=0(10)
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Xy+yP+2(x+y)+4=127
—aU -3vB+3Z(B+a)=0(11)
Solving (10) and (11) by the method of cross-multiplication, we have
U =U(a,B)=98° -3a° -6af (12)
v=v(a,B)=a?-38% +34-3af (13)
z=12(a,8)=-3B8% -a?(14)
Substituting U andV valuesin (4) and (2), we get
x=x(a,8)=68%-2a* -38-9ap - 2(15)
y = y(a,8)=124% - 4a* + 38 - 3a - 2(16)
Thus (14),(15),(16) represents non-zero distinct integral solution of (1) in two parameters.

Properties:
1 y{L.B)-2x(1, B) -ty = 24(mod29)
2. Za,a)+ 2t,, =0
3. xla,a+1)+y(a,a+1)=14(mod24)

3.3. Pattern-3

Consider

z=X+3T (17)

v=X+12T (18)

U =3w(19)

Substituting (17),(18),(19) in (3), we get

X2 =36T2 +w?(20)

which isin the form of Pythagorean equation and is satisfied by
X =9R?*+S?

T=RS

w=9R? - &?

In view of (2), the integer solutions are given by
x =36R* - 2S? +12RS -2

y =18R? —4S? -12RS-2

z2=9R*+S”+3RS

Properties:
1. x(RR)+y(RR)-48t,; =0(mod2)

2. z(R1) -ty -1=0(mod11)
3. x(1S)-y(LS)-2t,s=18(mod 24)

Also, notethat (20) is satisfied by
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X =36(R? + S?)

T= 6(R2 - 52)

w =T72RS

in this case the corresponding solutions to (1) are given by
x = 216RS - 2 +108R? - 36S°

y =126R-2-108R? + 3652
z=54R? +18S°
Properties:
1. zRR)-72t,z =0
2. x(S,S)-22(S,S)-144t, s +2=0
3. y(LS)+y(LS)-tss =69(mod 233)

3.4. Pattern- 4

Note that (20) is expressed as the system of double equations as follows:
Systeml System?2 System3

X +w T2 6T 2 12T

X-w 36 6 3r

Solving each of the above systems, the corresponding solutions to (1) are given below

Solution for system 1.
Solving the doubl e equations, we have

X =2k? +18
w=2k?-18
T =2k

In view of (2), the integer solutions are given by
x =8k + 24k - 38
y =4k? - 24k - 74

z=2k? +6k +18
Properties:

1. x(k)+y(k)-12t,, +112=0
2. z(k) —tex = 4(mod 7)
3. x(k)-2z(k)- tox = 14(mod15)

Solution for system 2:
Solving the double equations, we have
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X =3T%+3
w=3T?-3
U=9T?-9
In view of (2) ,the integer solutions are given by
x=12T? +12k -8
y=6T2-24T -14
z2=3T2+3T +3
Properties:
1. ZAT)- 6ty = 0(mod 3)
2. x(T)+y(T)-17t,; =0(mod7)
3. x(T)-22(T)-ty,; =6(mod10)

Solution for system 3:
Solving the doubl e equations, we have
X =15k

w =9k
T=2k
In view of (2), the integer solutions are given by
X =66k —2
y=-12k -2
2=21k

4, Conclusion

In this paper, we have made an attempt of find all integer solutions to the ternary
quadratic equation given by x? — xy + y? + 2(x + y)+ 4 =127 .As quadratic equationsin
three unknowns are rich in variety, one way attempt to find integer solutions to other

choices of ternary quadratic equations aong with suitable properties.
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