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1. Introduction 
The Diophantine equation offer an unlimited field for research due to their variety  [1-3]. 
In particular, one may refer [ ]5,4  for cubic equations with three unknowns. In [6-8] cubic 
equations with four unknowns are studied for its non-trivial solutions. This 
communication concerns with the problem of obtaining non-zero integral solutions of 

cubic equation with four variables given by ( ) 233 23 zwyx =+ . A few properties among 
the solutions and special numbers are presented. 
 
2. Notations  

( )( )







 −−+=
2

21
1,

mn
nt nm  - Polygonal number of rank n with sides m 

( )
2

21
,

+−= nmn
Ct nm   - Centered polygonal number of rank n with sides m 

( ) 116 +−= nnS n  -  Star number of rank n 

( )1+= nnPRn   -  Pronic number of rank n 

12 −= nGn  -  Gnomonic number of rank n 

( )nn
nj 12 −+=  -  Jacbosthal-Lucas number of rank n 
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3. Method of analysis 
The cubic Diophantine equation with four unknowns to be solved is given by                             

( ) 233 23 zwyx =+                                                                                                              (1)  
 
The substitution of the linear transformations 

vux += , vuy −=   ,  uz 3=  , 0≠≠ vu                                                                      (2) 
in (1) leads to 

222 3 wvu =+                                                                                                                    (3) 
(3) is solved through different approaches and the different patterns of solutions of (1) 
obtained are presented below. 
 
3.1. PATTERN  1 
Assume 22 3baw +=  
Write (3) as  

( )( ) ( )( )[ ]23333 biabiaviuviu −+=−+  
Consider the positive factor 

22 3323 babiaviu −+=+  
Equating real and imaginary parts 

 22 3bau −=  
            abv 2=  
Substituting u,v in (2), we obtain the non-zero distinct integral solutions of (1) as 

( )

( )
( ) 22

22

22

22

3,

93,

23),(

23,

babaw

babaz

abbabay

abbabax

+=

−=

−−=

+−=

 

 
PROPERTIES  

1. ( ) ( ) ( )3mod03,3, ,6 ≡−+ btbawbaz  

2. ( ) )9(mod0318,1 ,3 ≡−+ ntnz  

3. ( )[ ]btbay ,44,6 +  is a nasty number 

4. ( ) 0462,2 2 =++ n
nn jz  

5. ( ) 0442,2 2 =+− n
nn jw  

 
3.2. PATTERN  2 
Assume ( ) 1*3 22 baw +=                                                                                                  (4) 
Write  ‘1’ as 

  
( )( )

4

3131
1

ii −+=
                                                                               

(5) 
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Substituting (4) and (5) in (1) and employing the method of factorization, we get 

( )( ) ( )( ) ( )( )[ ]233
4

3131
33 biabia

ii
viuviu −+∗−+=−+  

Consider, 

 
( )( )23

2

31
3 bia

i
viu ++=+

 
Equating real and imaginary parts of the above equation, we get 

 

2

23

2

63

22

22

abba
v

abba
u

+−=

−−=
 

Assume a=2A, b=2B in the above equations and in view of (2) , we obtain the non –zero 
distinct integral solutions of (1) as 

 

( )
( )
( )
( ) 22

22

22

124,

36186,

16,

8124,

BABAw

ABBABAz

ABBAy

ABBABAx

+=

−−=

−=
−−=

 

 
PROPERTIES  

1. ( ) ( ) ( )12mod0128,,2 ,6,4 ≡+−− Bn ttBAyBAx  

2. ( ) 0121224, =++−− AA GPRAAz  

3. ( ) 016162,2 2 =+− n
nn jw  

4. ( )( )[ ]AAw ,6  is a Nasty number 

5. ( ) ( ) 032,, ,4 =−− ntAAyAAx  

 
3.3. PATTERN  3 
Assume ( ) 1*3 22 baw +=                                                                                                  (6) 
 ‘1’ can also be written as 

  
( )( )

49

341341
1

ii −+=
                                                                           

(7) 

Substituting (6) and  (7) in (1) and employing the method of factorization, we get 

 ( )( ) ( )( ) ( )( )[ ]233*
49

341341
33 biabia

ii
viuviu −+−+=−+   

Consider the positive factor 

 ( )23
7

341
3 bia

i
viu ++=+

                                                                            
(8) 

Equating real and imaginary parts on both sides and assume a=7A, b=7B, we get 
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ABBAv

ABBAu

148428

168217
22

22

+−=

−−=
 

Substituting u & v in (2), we obtain the non-zero distinct integral solutions of (1) as 

 

( )
( )
( )
( ) 22

22

22

22

14749,

5046321,

1826321,

15410535,

BABAw

ABBABAz

ABBABAy

ABBABAx

+=

−−=

−+−=

−−=

 

 
PROPERTIES  

1. ( ) ( ) ( )84mod0168,, ,3 ≡−− ntBBxBBy  

2. ( ) ( )441mod02163,1 ≡−+ nPRnz  

3. ( ) ( ) ( )56mod032,, ,50 ≡+−−+ nn SCtnnwnny  

4. ( )[ ]AAw ,6  is a Nasty number 

5. ( ) ( ) 03223222,22,2 2 =+−+ n
nnnn jyz  

 
3.4. PATTERN  4 
Consider the linear transformations 

  




Τ−=
Τ+=

α
α

v

u 3

                                                                                            
(9) 

Substituting (9) in (3) we get, 

 
( ) ( )







=Τ+
=−++

222

222

124

33

w

wTT

α
αα

                                                                         

(10) 

Take  
22 12baw +=                                                                                                     (11) 

 
Using (11) in (10), we get 

 ( )( ) ( )( )[ ]21212122122 biabiaTiTi −+=−+ αα  
 
Equating the positive factor, we get 
 ( ) 22 1212122 babiaTi −+=+α  
 
Equating real and imaginary parts 

 







=

−
=

abT

ba

2
2

12 22

α

                                                                                                

(12) 

 
Substituting (12) in (9), we obtain 
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








−−=

+−=

2

412
2

1212

22

22

abba
v

abba
u

                                                                                      (13) 

To get integer solutions, assume a=2A, b=B in (13) and hence the non-zero distinct 
integer solutions of (1) are given by, 

 

( )
( )
( )
( ) 22

22

22

124,

36186,

16,

8124,

BABAw

ABBABAz

ABBAy

ABBABAx

+=

+−=

=
+−=

 

 
PROPERTIES  

1. ( ) ( ) ( )12mod0128,2, ,6,4 ≡−+− BA ttBAxBAy  

2. ( ) 0121224, =++− AA GPRBAz  

3. ( ) ( ) ( )12mod091229,1, ,6 ≡−−−−+ BAA PRtGBAwAy  

4. ( ) ( ) 024,, ,2 =−+ AtAAzAAx  

5. ( )[ ] ( )[ ]AA,y6  ,AA,w6   is a Nasty number 

 
3.5. PATTERN  5 
Introducing the linear transformations 

 




+=
−=

Tv

Tu

α
α 3

                                                                                                       
(14) 

Substituting (14) in (3), we get 
 ( ) ( ) 22 33 w=Τ++Τ− αα  

222 124 w=Τ+α                                                                                   (15)  
Take 

 22 12baw +=                                                                                                     (16) 
Using (16) in (15), we get 

 ( )( ) ( )( )[ ]21212122122 TiaTiaTiTi −==−+ αα  
 
Equating the positive factor, we get 
 ( ) abibaTi 12212122 22 +−=+α  
 
Equating real and imaginary parts, we get 

 







=

−=

abT

ba

2
2

12 22

α

                                                                                                 

(17) 
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Substituting (17) in (14), we get 

 










+−=

−−=

2

412
2

1212

22

22

abba
v

abba
u

                                                                                      

(18) 

Assume a=2A, b=2B in (18) and in view (2) the non-zero distinct integer solution of (1) 
are as follows 

( )
( )
( )
( ) 22

22

22

484,

72726,

32,

16484,

BABAw

ABBABAz

ABBAy

ABBABAx

+=

−−=

−=
−−=

 

 
PROPERTIES  

1. Each of the following expressions is a Nasty number 

i. ( )[ ]AAz −,  

ii. ( ) ( ) ( )[ ]nnynnxnnw ,,,6 −−  

2. ( ) ( ) 08,, ,4 =−+ ntAAwAAx  

3. ( ) ( ) ( )48mod08)1,(1,1, ,4 ≡−++ ntAwAyAx  

4. ( ) 0210210, 2 =−+ njAAx  

5. ( ) 0444,2 2 =−− n
n jnw  

 
3.6. PATTERN  6 
Write (3) as 
 ( )( ) vvuwuw .3=−+                                                                                           (19) 
It can be written in the form of ratio as 

 
n

m

v

uw

uw

v =+=
− 3                                                                                            

(20) 

which is equivalent to the system of double equations 

 




=+−
=−+

03

0

nwmvnu

mwnvmu

                                                                                            
(21) 

Solving (21) by method of cross multiplication, we get 

, 








=
−=
+=

mnv

nmu

nmw

2

3

3
22

22

                                                                                                   

(22)

 
Substituting (22) in (2), the non-zero distinct  integer solutions of (1) are given by, 
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( )
( )
( )
( ) 22

22

22

22

3,

39,

23,

23,

nmnmw

nmnmz

mnnmnmy

mnnmnmx

+=

−=

−−=

+−=

 

 
PROPERTIES  

1. ( ) ( ) 062,, ,4,4 =−++ mn ttnmynmx  

2. ( ) ( )3mod096,1 ,3 ≡−+ mtnz  

3. 
( ) ( )

04,
2

1
,

2

1 5 =−














 +−






 +
nPn

nn
yn

nn
x  

4. ( ) ( ) ( )[ ]nmwnmynmx ,2,,6 −+  is a Nasty number 

5. ( ) ( ) 012,, ,4 =−+ ntnmynmz  

 
3.7. PATTERN  7 
Equation (20) can be written as  

n

m

v

uw

uw

v =+=
−
3

                                                                                           
(23) 

This is equivalent to the system of double equations 

 




=+−
=−+
0

03

nwmvnu

mwnvmu

                                                                                          
(24) 

 
Solving (24) by method of cross multiplication, we get 

 








−=
−=
−−=

mnv

mnu

nmw

2

3

3
22

22

                                                                                                 

(25) 

 
Substituting (25) in (2), the non-zero distinct integer solutions of (1) are given by, 

 

( )
( )
( )
( ) 22

22

22

22

3,

39,

23,

23,

nmnmw

mnnmz

mnmnnmy

mnmnnmx

−−=

−=

+−=

−−=

 

 
PROPERTIES : 

1. ( ) ( ) ( )12mod0612,3, ,4 ≡+++ mtnmwnmz  

2. ( ) ( ) 0224,, =++−− mm GPRnmxnmy  

3. ( ) 01291,2 2 =+− n
n jz  
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4. ( ) ( ) 04,, ,4 =+− ntnnynnx  

5. ( )[ ]mmz ,  is a Nasty number 

 
4. Conclusion 
In this paper, an attempt has been made to obtain all possible integer solutions to the 

homogeneous ternary cubic  equation with four unknowns. ( ) 233 23 zwyx =+ . One 
may search for other choices of solutions and their corresponding properties. 
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