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Abstract. The ternary quadratic equation given by 3(X2 +Y2)—5XY =752% is
considered and searched for its many different integer solutions. Four different choices
of integer solutions to the above equation are presented. A few interesting relations
between the solutions and special polygonal numbers are presented.
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1. Introduction
The Diophantine equations offer an unlimited field for research due to their variety (1-3).
In particular, one may refer (4-15) for quadratic equations with three unknowns.

This communication concerns with yet another interesting equation
3(X2 +Y2)—5XY =75Z° representing non-homogeneous quadratic equation with
three unknowns for determining its infinitely many non-zero integral points. Also, few
interesting rel ations among the solutions are presented.

2. Notations
* tmn = nt" term of a regular polygon with m sides

_ n(l+ (n-1)(m- 2))

2

*  Triangular number of rank n, T3 , = n(n+1)

3. Method of analysis
Theternary quadratic Diophantine equation to be solved for its non-zero distinct integral
solution is

3(X2+Y2)—5XY:7522 (1)
The solution of linear transformations(u ZVZE O)
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X=u+v,Y=u-vVv ()]
In (1) leadsto
u2 +1v2 = 7572 ?)

Different patterns of solutions of (1) are presented below:

3.1. PATTERN-1

Write 75 as
= (g +iv11)g-iv11) (4
Assume Z = a2 +11b? (5)

Where a, b are non-zero distinct integers.

Use (4) and (5) in (3), we get

02 +11v2 = (g +iVIL)- V11 fa2 +1102)
Equating the positive and negative factors, we get

u+ivIly = (8+ivIL a+iviib) (59
u-ivTiv = (8-iviL|a-ivit) (5b)

Equating real and imaginary parts either in (5a) or (5b) we get

u =u(a,b) =8a” - 88b2 - 22ab

v=v(a,b)=a? -11b? +16ab

Substituting the values of u and v in (2) we get

X = X (a,b) = 9a% - 99b? - 6ab (6)
Y =Y(a,b) = 7a® - 77b% -38ab ©
Thus (6), (7) and (5) represents non-zero distinct integral solutions of (1) in two

parameters.
Properties observed are as follows:

1. X(al)-tyg 4 +99=0(mod2)
2. 72(a1)+Y(al) -tz 4 = 0(mod5)
3. 9Z(a1)+ X(a, 1) ~t3g 4 = 0(mod11)

4, 6(t 30,0 2 — 7Za 1) Y(az,l)):GDS(az) is anasty number

(
(

Z
Z

a,a+1)-tyg 5 —11=0(mod3)
a,a+t 2) trea —44= O(mod5)

3.2. PATTERN-2
Write 75 as

— (17+i\/1_121(17—i\/ﬁ) ®
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Assume Z = a2 +11Ib2
where g, b are non-zero distinct integers.
Use (8) and (5) in (3), we get

u2 +11v2 = (17+|\/_)(17—I\/_)( +1]b2) ©

Equating the positive and negative factors, we get

AN [ 7+'J_1J( +iVTIb) (9%)
.ﬂv-(”_—'ﬂj( Mo (9b)

Equating real and imaginary parts either in (9a) or (9b) we get
u=ula,b)= %{178.2 —~187b2 - 22ab

v=v(a,b):%{a2 ~11b? +34ab}

Substituting the values of u and v in (2) we get

X = X(a,b) =9a® - 9%? + 6ab (10)
Y =Y(a,b) =8a® -88b* - 28ab (12)
Thus (10), (11) and (5) represents non-zero distinct integral solutions of (1) in two

parameters.
Properties observed are as follows:

1. X(a2)-tpgq +99=0(mod14)
2. 8Z(al)+Y(al)-tzg 54 =0(mod13)
3. 9Z(a,1) + X(a,l) —t38a = O(mod23)
3.3. PATTERN-3
(3) iswritten as
u? +11v2 = 6422 +1122
~647°2 :11(22 —v2)

(u+8z)(u-8z)=11z +v)(z -v) (12)
Write (12) as,
u+8Z _11Z-v) _

== 0 12
Z+v u-82 g’ ﬁ * (129
we have u;ff = % = uB+va+(8p-a)z=0 (13)
From the 1% and 3" factors of (12a), we get
wz-v)_a = ua +1WvB-(8a+118)2 =0 (14)

u-8Z
Applying the method of cross multiplication for solving (13) and (14), we have
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u=u(a, B)=8a? -88B3% + 2208
v=v(a, B)=118% - a? +16ap
Z=2(a,p)=a?+118°
Substituting the valuesof uand v in (2)
X = X(a,B) = 7a® - 7782 + 38ap
Y =Y(a,B) = 9a? - 9952 + 6a3
Z=2(a,B)=a?+1182
Properties observed are as follows:

1. X(@)) -4 +77=0(mod1)

2. 9z(a)+Y(a)-tag 7 =0(mod23)

3. 7Z(a1)+ X(a,1)-tzq ¢ =0(mod51)
4 Y(a,l) —tp0,g t99= O(mod 2)

3.4. PATTERN-4

Write (12) as,

u+8z Z-v _«a
= =—,B8%0 12b
11z +v) u-82 g d (120)

From the 1% and 2™ factors of (12b), we get

u+8z2 a
———=— =>Uf-1lva-{110-8L)Z=0 15
Nz =W (117 -85) (15)
From the 1% and 3" factors of (12b), we get
Z-v _«a

=— =ua+vp-8a+p£)2=0 16
ez B-(8a+p) (16)

Applying the method of cross multiplication for solving (15) and (16),
we have

u=u(a, B)=88a% -8B + 2208
v=v(a, B)= % -11a? +16ap
Z =Z(a, B)=11a? + g2
Substituting the valuesof uand v in (2)
X = X(a,B) = 77a® - 782 + 38ap
Y =Y(a, B) = 9902 - 982 + 6ap3
Z=2(a,B)=112% + g2
Properties observed are as follows:

1. X (a,l) ~YUsgq — 7= 0(mod6)

2. 15[72(0',1) + X(a,l)—t60,a 52 ¢ —18(13,aJ is nasty number
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3. 2[92(0,1) + Y(a,l) 123 aJ is anasty number
4. Zla,a+1)-tpg 4 —1=0(mod13)

4, Remarkable observations

4.1. Triplel

Let
U =Up +9h
V1 =V 17
Z1=Zg+h

Substituting in (3) we get
u? +11v2 = 7522
(ug +9h)? +11v3 = 75(Zg +h)?
h=25Zq -3ug
Substituting h valuein (17) we get
up = 2257 - 26ug
V1 =Vo
Z1 =26Zp —3ug
Hence the matrix representation of the above solutionis
W | |—26 225| ug
575 Wl
Similarly, to find the ™ solution of (3)
[-26 225
| -3 26}
To find eigen values of A.
Consider |A=Al|=0
-26-A1 225
‘ -3 26— /1‘
A==1
Theeigenvaluesare a =1 and S =-1
Substituting o, and A valuesin the below equation

let A=

=0=(-26-1)26-4)+675=0

n_ a” A"
M —(a_ﬂ)(A—[ﬂ)+(IB_a)(A—aI)
We get
M0 :1(— 25 225J L0 [27 —225)
2\ -3 27 2 (3 -25
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D{Un}zl ~25+(-1)"27 225-225(-1)" {UO}
Zn| 2( -3+(-1)"3 27-(-1)"25 ) Zo
Then we get n" solution,

Xy =Up +Vp =%{(— 25+ (-1)" 27)u0 +(225—(—1)”225)zo}+v0
Yy =up - Vp, =%{(— 25+(—1)”27)u0 + (225—(—1)”225)20]—v0

Zn :%{(—3+ (—1)“3)u0 + (27 -(- 1)”25)20}

4.2 . Triple2

Let
ug =8U0
v1 =-8vg +3h (18)
Zl = 820 +h

Substituting in (3) we get
u? +11v2 = 7522
(8ug)? +11(-8vg +3h)? = 75(8Z¢ + h)?
h=50Z, + 22y,
Substituting h value in (18) we get
v, =58y, +150Z,,
Z, =22v,+58Z,
Hence the matrix representation of the above solutionis
v1 | |58 150] vg
51z sl
Similarly, to find the ™ solution of (3)

58 150
let A=
22 58

To find eigen values of A.
Consider [A=Al|=0

58-1 150
‘22 58—/1‘
A =58+10/33

The eigen values are a =58+104/33 and ,8=58—10\/3_3

=0 = (58-1)(58-1)-3300=0
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omn =M[10\/3_3 150 j+ [s8-10/33)" [10\/3_3 —150)

20133 22 10J33 20¥33 | -22 10/33
_ 1 (10V33A, 1508,
20V33( 22B, 10V33A,

where Ay, = [(58 +10v33)" + [s8- 10@)”}
By = {(58 +10v33)" - (58 - 1@)”}

Thus,
[vn } _ 1 (10433A, 1508, {vo}
Zn| 20¥33| 22B, 10v33A, ) Zo

Then we get n" solution,

X =up +vp, =8"ug + {10\/§Anvo +15Oano}

1
20/33

1
Y, =up —vp =8"ug - 10+/33AVvq +150B,Z
n n n 0 20@{ nvo n O}
1
Zn =——122B v +10v33A.Z
n 20\/@{ nVvo Af‘l 0}
4.3. Triple 3
Let
u =h-6ug
V1=h—6V0
Zl=6ZO

Substituting in (3) we get
u? +11v2 = 7522
(h-6ug)? +11(h - 6vg)? = 75(62¢)?
h=u, +1lv,
Substituting h value in (19) we get
up =-5ug +11vg
Vi =Ugt 5V0
Hence the matrix representation of the above solutionis
w|_ |5 11|ug
b L)

Similarly, to find the n solution of (3)

17
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1 5

To find eigen values of A:
Consider [A=Al|=0
-5-1 11
T
A =16
Theeigenvaluesare @ =6 and =-6

0 M”:ﬂ(l 11},(—6)” (11 —11J

IetA={_5 11}

=0=(-5-4)5-4)+11=0

1211 11 12 (-1 1
Then

{Un} 1 {6” +11(-6)" 1106" -11(- 6)”}{“0}

12
Then we get n™ solution,

Xpy =Up +Vp =1—12[(2 06" +10(- 6)”)uo + (22 06" -10(- 6)n)vo}

Vo] 12 6"-(-6)" 1106" +(-6)" ) Vo

Yn =up - Vpy =1—12[(2 06" +10(- 6)”)u0 —(22 06" -10(- 6)”)v0}
Z,=6"2g

5. Conclusion
In this paper, we have presented infinitely many non-zero distinct integer solutions to the
ternary quadratic equation
3(x? +Y2)-5XY = 7522

representing a homogeneous cone. As Diophantine equations are rich in variety.

To conclude, one may search for other forms of three dimensiona surfaces,
namely, non-homogeneous cone, paraboloid, dlipsoid, hyperboloid, hyperbolic
paraboloid and so on for finding integral points on them and corresponding properties
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