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Abstract. The ternary quadratic equation given by ( ) 222 7553 ZXYYX =−+  is 
considered and searched for its many different integer solutions.  Four different choices 
of integer solutions to the above equation are presented.  A few interesting relations 
between the solutions and special polygonal numbers are presented. 
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1. Introduction 
The Diophantine equations offer an unlimited field for research due to their variety (1-3).  
In particular, one may refer (4-15) for quadratic equations with three unknowns. 
 This communication concerns with yet another interesting equation 

( ) 222 7553 ZXYYX =−+  representing non-homogeneous quadratic equation with 
three unknowns for determining its infinitely many non-zero integral points.  Also, few 
interesting relations among the solutions are presented. 
 
2. Notations 
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3. Method of analysis 
The ternary quadratic Diophantine equation to be solved for its non-zero distinct integral 
solution is 

( ) 222 7553 ZXYYX =−+             (1) 

The solution of linear transformations ( )0≠≠ vu  
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vuYvuX −=+= ,                (2) 
In (1) leads to 

222 7511 Zvu =+                (3) 
Different patterns of solutions of (1) are presented below: 
 
3.1. PATTERN-1 
Write 75 as 

( )( )11811875 ii −+=               (4) 

Assume 22 11baZ +=                            (5) 
Where a, b are non-zero distinct integers. 
Use (4) and (5) in (3), we get 

( )( )( )2222 1111811811 baiivu +−+=+   
Equating the positive and negative factors, we get 

( )( )21111811 biaiviu ++=+            (5a) 

( )( )21111811 biaiviu −−=−            (5b) 
Equating real and imaginary parts either in (5a) or (5b) we get 

( ) abbabauu 22888, 22 −−==  

( ) abbabavv 1611, 22 +−==  
Substituting the values of u and v in (2) we get 

( ) abbabaXX 6999, 22 −−==             (6) 

( ) abbabaYY 38777, 22 −−==             (7) 
Thus (6), (7) and (5) represents non-zero distinct integral solutions of (1) in two 
parameters. 
Properties observed are as follows: 

1. ( ) ( )2mod0991, ,20 ≡+− ataX  

2. ( ) ( ) ( )5mod01,1,7 ,30 ≡−+ ataYaZ  

3. ( ) ( ) ( )11mod01,1,9 ,38 ≡−+ ataXaZ  

4. ( ) ( ) ( )222
2,30

561,1,76 ααα
α

∗=






 −− YZt   is a nasty number 

5. ( ) ( )3mod0111, ,26 ≡−−+ ataaZ  

6. ( ) ( )5mod0442, ,26 ≡−−+ ataaZ  

3.2. PATTERN-2 

Write 75 as 

( )( )
4

11171117
75

ii −+=               (8) 
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Assume 22 11baZ +=         
where a, b are non-zero distinct integers. 
Use (8) and (5) in (3), we get 

( )( ) ( )2222 11
4

11171117
11 ba

ii
vu +−+=+             (9) 

Equating the positive and negative factors, we get 

( )211
2

1117
11 bia

i
viu +












 +=+            (9a) 

( )211
2

1117
11 bia

i
viu −












 −=−            (9b) 

Equating real and imaginary parts either in (9a) or (9b) we get 

( ) { }abbabauu 22187172
1, 22 −−==  

( ) { }abbabavv 34112
1, 22 +−==  

Substituting the values of u and v in (2) we get 

( ) abbabaXX 6999, 22 +−==            (10) 

( ) abbabaYY 28888, 22 −−==            (11) 
Thus (10), (11) and (5) represents non-zero distinct integral solutions of (1) in two 
parameters. 
Properties observed are as follows: 

1. ( ) ( )14mod0991, ,20 ≡+− ataX  

2. ( ) ( ) ( )13mod01,1,8 ,34 ≡−+ ataYaZ  

3. ( ) ( ) ( )23mod01,1,9 ,38 ≡−+ ataXaZ  

3.3. PATTERN-3 
(3) is written as 

2222 116411 ZZvu +=+  

( )2222 1164 vZZu −=−  

( )( ) ( )( )vZvZZuZu −+=−+ 1188            (12) 
Write (12) as,  

( )
0,

8

118 ≠=
−

−=
+

+ β
β
α

Zu

vZ

vZ

Zu
          (12a)  

we have
β
α=

+
+

vZ

Zu 8
 ( ) 08 =−++⇒ Zvu αβαβ          (13) 

From the 1st and 3rd factors of (12a), we get 
( )

β
α=

−
−
Zu

vZ

8

11
 ( ) 011811 =+−+⇒ Zvu βαβα           (14) 

Applying the method of cross multiplication for solving (13) and (14), we have  
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( ) αββαβα 22888, 22 +−== uu    

( ) αβαββα 1611, 22 +−== vv     

( ) 22 11, βαβα +== ZZ  
Substituting the values of u and v in (2) 

( ) αββαβα 38777, 22 +−== XX  

( ) αββαβα 6999, 22 +−== YY  

( ) 22 11, βαβα +== ZZ  
Properties observed are as follows: 

1. ( ) ( )11mod0771, ,16 ≡+− αα tX  

2. ( ) ( ) ( )23mod01,1,9 ,38 ≡−+ ααα tYZ  

3. ( ) ( ) ( )51mod01,1,7 ,30 ≡−+ ααα tXZ  

4. ( ) ( )2mod0991, ,20 ≡+− αα tY  

3.4.  PATTERN-4 
Write (12) as,  

( ) 0,
811

8 ≠=
−
−=

+
+ β

β
α

Zu

vZ

vZ

Zu
          (12b) 

   
From the 1st and 2nd factors of (12b), we get 

( ) β
α=

+
+

vZ

Zu

11

8
 ( ) 081111 =−−−⇒ Zvu βααβ           (15) 

From the 1st and 3rd factors of (12b), we get 

β
α=

−
−

Zu

vZ

8
 ( ) 08 =+−+⇒ Zvu βαβα           (16) 

Applying the method of cross multiplication for solving (15) and (16), 
we have  

( ) αββαβα 22888, 22 +−== uu    

( ) αβαββα 1611, 22 +−== vv     

( ) 2211, βαβα +== ZZ  
Substituting the values of u and v in (2) 

( ) αββαβα 38777, 22 +−== XX  

( ) αββαβα 6999, 22 +−== YY  

( ) 2211, βαβα +== ZZ  
Properties observed are as follows: 

1. ( ) ( )6mod071, ,156 ≡−− αα tX  

2. ( ) ( )[ ]ααααα ,3,52,60 1801,1,715 tttXZ −−−+  is nasty number 
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3. ( ) ( )[ ]ααα ,3121,1,92 tYZ −+  is a nasty number 

4. ( ) ( )13mod011, ,26 ≡−−+ ααα tZ  

4. Remarkable observations 
4.1. Triple 1 
Let 

 

hZZ

vv

huu

+=
=

+=

01

01

01 9

             (17) 

Substituting in (3) we get 
2
1

2
1

2
1 7511 Zvu =+  

( ) ( )20
2
0

2
0 75119 hZvhu +=++  

00 325 uZh −=  
Substituting h value in (17) we get 

 

001

01

001

326

26225

uZZ

vv

uZu

−=
=

−=
 

Hence the matrix representation of the above solution is 


















−
−

=








0

0

1

1
263

22526

Z

u

Z

u
 

Similarly, to find the nth solution of (3) 

let 








−
−

=
263

22526
A  

To find eigen values of A. 

Consider 0=− IA λ  

0
263

22526
=

−−
−−

λ
λ ( )( ) 06752626 =+−−−⇒ λλ  

1±=λ  
The eigen values are 1=α  and 1−=β  
Substituting α,β and A values in the below equation 

( ) ( ) ( ) ( )IAIAM
nn

n α
αβ

ββ
βα

α −
−

+−
−

=  

We get 

( )









−
−−+









−
−

=
253

22527

2

1

273

22525

2

1 n
nM  
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( ) ( )
( ) ( ) 






















−−−+−
−−−+−=








∴

0

0

25127313

122522527125
2

1
Z

u

Z

u
nn

nn

n

n  

Then we get nth solution, 
 

( )( ) ( )( ){ } 000 225122527125
2

1
vZuvuX nn

nnn +−−+−+−=+=  

( )( ) ( )( ){ } 000 225122527125
2

1
vZuvuY nn

nnn −−−+−+−=−=  

( )( ) ( )( ){ }00 25127313
2

1
ZuZ nn

n −−+−+−=  

 
4.2. Triple 2  
Let 

 

hZZ

hvv

uu

+=
+−=

=

01

01

01

8

38

8

             (18) 

Substituting in (3) we get 
2
1

2
1

2
1 7511 Zvu =+  

( ) ( ) ( )20
2

0
2

0 87538118 hZhvu +=+−+  

00 2250 vZh +=  

Substituting h value in (18) we get 

 
001

001

5822

15058

ZvZ

Zvv

+=
+=

 

Hence the matrix representation of the above solution is 

















=









0

0

1

1
5822

15058

Z

v

Z

v
 

Similarly, to find the nth solution of (3) 

let 







=

5822

15058
A  

To find eigen values of A. 

Consider 0=− IA λ  

0
5822

15058
=

−
−

λ
λ ( )( ) 033005858 =−−−⇒ λλ  

331058 ±=λ  

The eigen values are 331058 +=α  and 331058 −=β  
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( ) ( )














−
−−+










+=∴
331022

1503310

3320

331058

331022

1503310

3320

331058
nn

nM  














=

nn

nn
AB

BA

331022

1503310

3320

1
 

where ( ) ( ) 




 −++=
nn

nA 331058331058  

( ) ( ) 




 −−+=
nn

nB 331058331058  

Thus, 






















=









0

0

331022

1503310

3320

1
Z

v

AB

BA

Z

v

nn

nn

n

n

 
Then we get nth solution, 

{ }000 1503310
3320

1
8 ZBvAuvuX nn

n
nnn ++=+=  

{ }000 1503310
3320

1
8 ZBvAuvuY nn

n
nnn +−=−=  

{ }00 331022
3320

1
ZAvBZ nnn +=

 
 
4.3. Triple 3 
Let 

 

01

01

01

6

6

6

ZZ

vhv

uhu

=
−=
−=

             (19) 

Substituting in (3) we get 
2
1

2
1

2
1 7511 Zvu =+  

( ) ( ) ( )20
2

0
2

0 6756116 Zvhuh =−+−  

00 11vuh +=  

Substituting h value in (19) we get 

 
001

001

5

115

vuv

vuu

+=
+−=

 

Hence the matrix representation of the above solution is 
















−
=









0

0

1

1
51

115

v

u

v

u
 

Similarly, to find the nth solution of (3) 
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let 






−
=

51

115
A  

To find eigen values of A: 

Consider 0=− IA λ  

0
51

115
=

−
−−

λ
λ ( )( ) 01155 =+−−−⇒ λλ

 
6±=λ  

The eigen values are 6=α  and 6−=β  

( )









−
−−+








=∴

11

1111

12

6

111

111

12

6 nn
nM  

Then 

( ) ( )
( ) ( ) 






















−+∗−−
−−∗−+=









0

0

661166

6116116116
12

1
v

u

v

u
nnnn

nnnn

n

n  

Then we get nth solution, 

( )( ) ( )( ){ }00 61062261062
12

1
vuvuX nnnn

nnn −−∗+−+∗=+=  

( )( ) ( )( ){ }00 61062261062
12

1
vuvuY nnnn

nnn −−∗−−+∗=−=
 

06 ZZ n
n =  

 
5. Conclusion 
In this paper, we have presented infinitely many non-zero distinct integer solutions to the 
ternary quadratic equation  

( ) 222 7553 ZXYYX =−+  
representing a homogeneous cone.  As Diophantine  equations are rich in variety. 
 To conclude, one may search for other forms of three dimensional surfaces, 
namely, non-homogeneous cone, paraboloid, ellipsoid, hyperboloid, hyperbolic 
paraboloid and so on for finding integral points on them and corresponding properties 
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