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Abstract. The ternary homogeneous quadratic equation given by 5y? =3x? +2z2% is

anaysed for its non-zero distinct integer solutions. A few interesting relations between
the solutions and specia polygona and pyramidal numbers are presented. Also, given a
solution, ageneration of sequence of solution based on the given solutions are presented.
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1. Introduction
The Diophantine eguations offer an unlimited field for research due to their variety [1-3].
In particular, one may refer [4-9] for quadratic equations with three unknowns. This

communication concerns with yet another interesting equation 5y? =3x* +2z°

representing homogeneous quadratic equation with three unknowns for determining its
infinitely many non-zero integral points. Also, a few interesting relations among the
solutions are presented.

2. Notations

Ton = n(1+ %;_Z)J - Polygonal number of rank n with sidesm

Ct,, = M - Centered Polygonal number of rank n with sidesm
S, =6n(n-1)+1 - Star number of rank n

PR, =n(n+1) - Pronic number of rank n

G,=2n-1 - Gnomonic number of rank n

S, = n(2n2 —1) - Stella octangular number of rank n

CR,¢ = n® - Centered hexagonal pyramidal number of rank n
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3. Method of analysis
Theternary quadratic equation under consideration is
5y? =3x? + 27° (1)
It is observed that (1) is satisfied by
(5k,5k,~5k), (- 3,5k, 7k), (3K, 11k 17k), (3k,3k,~3K), (18K 14k, 2k ) and(-2k, 2k, 2k )
However, we have other patterns of solutions of (1) which we present below.

3.1 PATTERNI
The substitution of linear transformation
x=X+2Z2Tandz=X-3T 2
in (1) leadsto
y? - X2 =6T? 3
Write (3) as
(y+X)y-X)=6T? ©)
The equation (4) is written as the system of 2 equations as follows
Cases y+ X y—-X
1 T2 6
2 37?2 2
CASE 1
Consider,

y+X=T?y-X=6
and solving we get

y=2k?+3

X =2k?-3 (5)

T =2k

Substituting (5) in (2), we get the corresponding non zero distinct integer solution to (1)
asfollows.

x(K) = 2k? + 4k -3 y(k) = 2k? + 3 z(k) = 2k* -6k — 3

PROPERTIES:

1.x(n)+ y(n)-4PR, =0

2.x(1)+ y(1)-cP,s =0

3.x(a) - z(a) -10PR, +10t,, =0

4. z(n) + y(n) -S,+PR, +1= O(mod n)
5.9 y(n) - 3]is anasty number

Note: In addition to (2), one may aso consider the linear transformation x = X —2T and
z = X + 3T and get the different set of non zero distinct integer solution of (1) as

158



On the Ternary Quadratic Diophantine Equation 5y* = 3x*+27°
x=2k?-4k-3y=2k?+3z=2k?+6k-3

CASE 2
Consider,

y+X=3T"y-X=2
and solving we get

y=6k?+1

X =6k?-1 (6)

T =2k

Substituting (6) in (2), we get the corresponding non zero distinct integer solution to (1)
asfollows.

x(K) = 6k? + 4k =1 y(k) = 6k? +1 z(k) = 6k* -6k -1

PROPERTIES
1.y(n)+ z(n)-S, —6t,, +1=0

2.x(n)- z(n)- G, —1=0(mod 8)

3.x(b) + y(b) - 2ct,, - 2PR, +2=0(mod 6)
4.x(n)-2t,,-4PR, +1=0

5.[y(n) =1 is a nasty number

Note: In addition to (2), one may aso consider the linear transformation x =X —2T and
z= X +3T and get different set of non zero distinct integer solution of (1) as

x=6k? -4k -1y=6k*+1z=6k?+6k-1

3.2. PATTERNI I
Equation (1) can be written as

3x% =5y? -27° (7)

The substitution of linear transformation
y=X+2Tandz= X +5T (8
in(7) leadsto
X% -x?=10T2 9)
Write (9) as
(X +x)(X - x)=10T? (10)
The equation (10) is written as the system of 2 equations as follows
Cases X +X X=X
1 T2 10
2 5T 2 2

CASE 1.
Consider,
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X+x=T?X-x=10
and solving we get

X =2k*+5

x=2k?-5 (1)

T=2k

Substituting (11) in (8), we get the corresponding non zero distinct integer solution to (7)
asfollows.

x(K) = 2k? =5 y(K) = 2k? + 4k +5 z(k) = 2k®> +10K +5

PROPERTIES
1.z(a)- y(a)- G, —1=0(mod 4)
2.y(n)-x(n)-4PR, +4t,,-10=0

3.x(1) + z(1)- S0, =0
4.y(n)+z(n)- 2tg, —10= 0(mod16)
5.[3(x(n) +5)]is anasty number

Note: In addition to (8), one may also consider the linear transformation y = X — 2T and
z= X —5T and get different set of non zero distinct integer solution of (7) as
x=2k?-5y=2k*-4k+5z=2k?-10k +5

CASE 2:
Consider,

X+x=5T? X-x=2
and solving we get

X =10k? +1

x =10k* -1 (12)

T =2k

Substituting (12) in (8), we get the corresponding non zero distinct integer solution to (7)
asfollows.

x(k) =10k -1 y(k) =10k + 4k +1 z(k) =10k? +10k +1

PROPERTIES
1.x(n) + y(n) - 2t,,, = 0(mod 22)

2.2(n)- x(n)- G, -3=0(mod8) 3.z(b) -10PR, -1=0
4.y(a)- x(a)- S, +6t, , 1= 0(mod10)

5.[y(a) - z(a) + 6PR, ]is anasty number

Note: In addition to (8), one may also consider the linear transformation y = X — 2T and
z= X —5T and get different set of non zero distinct integer solution of (7) as
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x =10k? -1 y=10k? — 4k +1 z=10k? -10k +1

3.3. PATTERN Il
Equation (1) can also be written as

27° =5y? - 3x? (13)
The substitution of linear transformation

y=X+3Tandx= X +5T 14
in (13) leads to
X?%-2z?=15T?2 (15)
Write (15) as

(X + z)(X —z):15|'2(16) The equation (16) is written as the system of 2
equations as follows.

Cases X+z X-z
1 T2 15
2 372 5
3 5T 2 3
CASE 1:
Consider,

X+z=T?X-2z=15
and solving we get

X =2k?+2k +8

z=2k?>+2k-7 an

T=2k+1

Substituting (17) in (14), we get the corresponding non zero distinct integer solution to
(13) asfollows.

x(K) = 2k? +12k +13 y(k) = 2k? + 8k +11 z(k) = 2k? + 2k - 7

PROPERTIES
1. x( )-y(a)- G, - 3=0(mod 2)
2.y(n)+z(n)-4PR, + S, - 6t,, -5=0
3.27(b)-2PR, +7=0

4. z(n) - x(n) - 2ct,, , +10PR, + 22 = 0(mod10)
5. 3[z(n 2n+ 7]isanasty number

Note: In addition to (14), one may aso consider the linear transformation y = X —3T

and x = X —5T and get different set of non zero distinct integer solution of (13) as
x=2k?-8k+3y=2k?>-4k+5z=2k?>+2k -7

CASE 2:
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Consider ,
X+z=3T?X-2z=5
and solving we get
X =6k*+6k+4
y=6k?+6k-1 (18)
T=2k+1
Substituting (18) in (14), we get the corresponding non zero distinct integer solution to
(13) asfollows.
x(k) = 6k? +16k +9 y(k) = 6k +12+7 z(k) = 6k? + 6k -1

PROPERTIES
1.z(a)-6PR, +1=0

2.y(n)- z(n)+ 2ctg,, - S, =9 = 0(mod 6)

3.x(n)- z(n)- G, —11=0(mod 8)

4.x(n)+ y(n)-12PR, - 2t,g , + 2ct;;,, —18 = 0(mod 14)
5. [y(n) =12n - 7] isanasty number

Note: In addition to (14), one may aso consider the linear transformation y =X —3T
and x = X —5T and get different set of non zero distinct integer solution of (13) as
x=6k®>-4k-1y=6k*+1z=6k?+6k-1

CASE 3
Consider,

X+2z=5I*X-z=3
and solving we get

X =10k? +10k + 4

z=10k? +10k +1 (19)

T=2k+1

Substituting (19) in (14), we get the corresponding non zero distinct integer solution to
(13) asfollows.

x(K) =10k? + 20k +9 y(k) =10k? +16k + 7 z(k) =10k? +10k +1

PROPERTIES

1. z(b) -10PR,-1=0

(n) - z(n) + 2ct,, , -20t, , -20=0

3.x(a)+ y(a)- S, -14t,,, —-15=0(mod 42)
+2(n)-2t,,,, -8=0(mod 44)

-10t,, - G, -8=0(mod14)
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Note: In addition to (14), one may also consider the linear transformation y = X — 3T and
X = X —5T and get different set of non zero distinct integer solution of (13) as
x =10k? -1 y =10k? + 4k +1 z =10k? +10k +1

4. Remarkable observations
Let (X, Y,.2,) bethegiveninitial integer solution of (1).

41 TRIPLE 1
Letx, =3X,,Y, =3y, +h,z =3z, +h (20)
be the second solution of (1), where his anon zero integer to be determined.
Substituting (20) in (1) and simplifying, we get

h =4z, -10y,
Therefore, the second solution of (1) expressed in the matrix formiis,

(3/1121)t = M(YO:ZO)t , % =3Xg
o7
where, M =

-10 7
Repeating the above process, we have, in general
(yn 12y )t =M (y0’ Zo)t X, =3" X (21)

6

Giving n=1,2,3,...in turn in (21), one obtains sequence of integer solutions to (1) based
on the given solution (x,, Yo, 2) -

1 —al)10(-3) Ay a3y
where, M™ = _{—10((3”))+10(— 3 10@)-4(-3r

42TRIPLE 2
Letx, =5x%, +h,y, =5y,,z =5z, +h (22)
be the second solution of (1), where hiis anon zero integer to be determined.
Substituting (22) in (1) and simplifying, we get

h=-6x, — 4z,
Therefore, the second solution of (1) expressed in the matrix formiis,

(Xlizl)t =M (Xo'zo)t » Y1 =90

o
where, M =
-6 1

Repeating the above process, we have, in general

(%n:20) =M (x5,2)" ¥ =5"q (23)

L[ d)+e(-5)  -dls")+ 4(-5)

where, M7 :E{—a( ")eo(-5)  6ls)+4(-5)"

Giving n=1,2,3,...inturn in (23), one obtains sequence of integer solutions to (1) based
on the given solution (x,, Yo, 2,) -
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4.3. TRIPLE 3
Letx, =%, +h,y, =y, +h,z =z, (24)
be the second solution of (1), where his anon zero integer to be determined.
Substituting (24) in (1) and simplifying, we get

h=3x, -5y,
Therefore, the second solution of (1) expressed in the matrix formiis,

()(113/1)t = M(XO'yO)t 1 4 =2
b
where, M =
3

Repeating the above process, we have, in genera
(Xn ' Yn )t =M (XO’ YO)t 12y = 2y (25)
1[5-3-1) —5+5(—1)“}

where, M" ==
2[3—3(—1)” -3+5(-1)"

Giving n=1,2,3,...inturn in (25), one obtains sequence of integer solutions to (1) based
on the given solution (x,, Yo, Z,)

5. Conclusion

In this paper, we have made an attempt to obtain all integer solutions to the ternary
quadratic equation 5y? = 3x? + 2z?. One may search for other patterns of solutions and
their corresponding properties.

REFERENCES

1. L.E.Dickson, History of Theory of Numbers, Vol 2, Chelsea publishing company,

New York, (1952).

L.J.Mordell, Diophantine Equations, Academic press, London, (1969).

R.D.Carmichael, The theory of numbers and Diophantine anaysis, New York,

Dover, (1959).

4. M.A.Gopalan and S.Premalatha, Integral solutions of
(x+y)(xy +w?)=2(k? +1)z* . Bulletin of Pure and Applied Sciences, 28E (2)
(2009) 197-202.

5. M.A.Gopalan and V.Pandichelvi, Remarkable solutions on the cubic equation with
four unknownsx® +y® +2z° =28(x+y+zw? Antarctica J. of Maths, 4(4)
(2010) 393-401.

6. M.A.Gopalan and B.Sivagami, Integral solutions of homogeneous cubic equation
with four unknowns x° +y® +z° = 3xyz+ 2(x + y)w®, Impact. J. Sci. Tec, 4(3)
(2010) 53-60.

7. M.A.Gopalan and S.Premalatha, On the cubic Diophantic equations with four
unknowns (x — y)(xy - W2)= 2(n2 + 2n)z3, International Journal of Mathematical
Sciences, 9(1-2) ( (2010) 171-175.

8. M.A.Gopalan and J.KaigaRani, Integral solutions of

wn

164



On the Ternary Quadratic Diophantine Equation 5y* = 3x*+27°
x® +y® +(x+ y)xy = z° + w® + (z+ w)zw, Bulletin of Pure and Applied Sciences,

29E (1) (2010) 169-173.
M.A.Gopalana, S.Vidhyalakshmi and A.Kavitha, On cubic Diophantine equation

with four unknowns 4(x*+y®)= z(4w2 +4p? —4pw+ (x + y)z), Archimedes J.

Math., 4(1) (2014) 19-25.

165



