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Abstract. The ternary homogeneous quadratic equation given by 222 235 zxy +=  is 
analysed for its non-zero distinct integer solutions. A few interesting relations between 
the solutions and special polygonal and pyramidal numbers are presented. Also, given a 
solution, a generation of sequence of solution based on the given solutions are presented. 
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1. Introduction 
The Diophantine equations offer an unlimited field for research due to their variety [1-3]. 
In particular, one may refer [4-9] for quadratic equations with three unknowns. This 

communication concerns with yet another interesting equation 222 235 zxy +=  
representing homogeneous quadratic equation with three unknowns for determining its 
infinitely many non-zero integral points. Also, a few interesting relations among the 
solutions are presented. 
 
2. Notations 

( )( )







 −−+=
2

21
1,

mn
nT nm  -  Polygonal number of rank n  with sidesm 

( )
2

21
,

+−= nmn
Ct nm   - Centered Polygonal number of rank n with sides m 

( ) 116 +−= nnS n   - Star number of rank n 

( )1+= nnPRn               - Pronic number of rank n 

12 −= nGn    - Gnomonic number of rank n 

( )12 2 −= nnSon   - Stella octangular number of rank n 
3

6, nCPn =                                 - Centered hexagonal pyramidal number of rank n 
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3. Method of analysis 
The ternary quadratic equation under consideration is  

222 235 zxy +=                                                                                                         (1)  
It is observed that (1) is satisfied by  
( ) ( ) ( ) ( ) ( )kkkkkkkkkkkkkkk 2,14,18,3,3,3,17,11,3,7,5,3,5,5,5 −−− and(-2k,2k,2k ) 
However, we have other patterns of solutions of (1) which we present below. 
 
3.1. PATTERN I 
The substitution of linear transformation 

TXx 2+= and TXz 3−=                                                                             (2)  
in (1) leads to  

222 6TXy =−                                                                                                                  (3)  
Write (3) as 

( )( ) 26TXyXy =−+                                                                                     (4)  
     
The equation (4) is written as the system of 2 equations as follows                                        

Cases Xy +  Xy −  

1 2T  6 

2 23T  2 
 
CASE 1: 
Consider,  

2TXy =+ 6=− Xy  
and solving we get 









=
−=
+=

kT

kX

ky

2

32

32
2

2

                                                                                                    

(5) 

Substituting (5) in (2), we get the corresponding non zero distinct integer solution to (1) 
as follows. 

342)( 2 −+= kkkx 32)( 2 += kky 362)( 2 −−= kkkz  
 
PROPERTIES: 
1. ( ) ( ) 04 =−+ nPRnynx                                                                                                                            

2. ( ) ( ) 011 6,2 =−+ CPyx                                                                                                                                               

3. ( ) 01010)( ,4 =+−− na tPRazax    

4. ( ) ( ) ( )nPRSnynz nn mod01 ≡++−+                                                                                           

5. ( )[ ]33 −ny is a nasty number  
 
Note: In addition to (2), one may also consider the linear transformation TXx 2−=  and 

TXz 3+= and get the different set of non zero distinct integer solution of (1) as  
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342 2 −−= kkx 32 2 += ky 362 2 −+= kkz  
 
CASE 2: 
Consider,  

23TXy =+ 2=− Xy  
and solving we get 









=
−=
+=

kT

kX

ky

2

16

16
2

2

                                                                                              

(6)  

Substituting (6) in (2), we get the corresponding non zero distinct integer solution to (1) 
as follows. 

146)( 2 −+= kkkx 16)( 2 += kky 166)( 2 −−= kkkz  
 
PROPERTIES 
1. ( ) ( ) 016 ,4 =+−−+ nn tSnzny                                                                                                           

2. ( ) ( ) ( )8mod01 ≡−−− nGnznx                                                                                                              

3. ( ) ( ) ( )6mod0222 ,4 ≡+−−+ nb PRctbybx                                                                                            

4. ( ) 0142 ,4 =+−− nn PRtnx                                                                                                                       

5. ]1)([ −ny is a nasty number 
 
Note: In addition to (2), one may also consider the linear transformation TXx 2−=  and 

TXz 3+= and get different set of non zero distinct integer solution of (1) as 

146 2 −−= kkx 16 2 += ky 166 2 −+= kkz  
 
3.2. PATTERN II 
Equation (1) can be written as 

222 253 zyx −=                                                                                               (7) 
 
The substitution of linear transformation 

TXy 2+= and TXz 5+=                                                                              (8) 
in (7) leads to  

222 10TxX =−                                                                                                          (9) 
Write (9) as 

( )( ) 210TxXxX =−+                                                                                     (10) 
The equation (10) is written as the system of 2 equations as follows            
 
 
 
 
CASE 1: 
Consider,   

Cases xX +  xX −  
1 2T  10 

2 25T  2 
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2TxX =+ 10=− xX  
and solving we get 









=
−=
+=

kT

kx

kX

2

52

52
2

2

                                                                                              

(11) 

Substituting (11) in (8), we get the corresponding non zero distinct integer solution to (7) 
as follows. 

52)( 2 −= kkx 542)( 2 ++= kkky 5102)( 2 ++= kkkz  
 
PROPERTIES 
1. ( ) ( ) ( )4mod01 ≡−−− aGayaz                                                                                                             

2. ( ) ( ) 01044 ,4 =−+−− nn tPRnxny                                                                                                       

3. ( ) ( ) 011 2 =−+ Sozx                                                                                                                              

4. ( ) ( ) ( )16mod0102 ,6 ≡−−+ ntnzny                                                                                                             

5. ( )( )[ ]53 +nx is a nasty number 
 
Note: In addition to (8), one may also consider the linear transformation TXy 2−= and  

TXz 5−= and get different set of non zero distinct integer solution of (7) as  

52 2 −= kx 542 2 +−= kky 5102 2 +−= kkz  
 
CASE 2: 
Consider, 

25TxX =+ 2=− xX  
and solving we get  









=
−=
+=

kT

kx

kX

2

110

110
2

2

                                                                                             

(12) 

Substituting (12) in (8), we get the corresponding non zero distinct integer solution to (7) 
as follows. 

110)( 2 −= kkx 1410)( 2 ++= kkky 11010)( 2 ++= kkkz  
 
PROPERTIES 
1. ( ) ( ) ( )22mod02 ,22 ≡−+ ntnynx                                                                                                          

2. ( ) ( ) ( )8mod03 ≡−−− nGnxnz ( ) 0110.3 =−− nPRbz                                                                                                                              

4. ( ) ( ) ( )10mod016 ,4 ≡−+−− aa tSaxay                                                                                      

5. ( ) ( )[ ]aPRazay 6+− is a nasty number 
 
Note: In addition to (8), one may also consider the linear transformation TXy 2−= and  

TXz 5−= and get different set of non zero distinct integer solution of (7) as 
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110 2 −= kx 1410 2 +−= kky 11010 2 +−= kkz  
 
3.3. PATTERN III 
Equation (1) can also be written as 

222 352 xyz −=                                                                                                (13) 
 
The substitution of linear transformation 

TXy 3+= and TXx 5+=                                                                                (14) 
in (13) leads to 

222 15TzX =−                                                                                                         (15)  
Write (15) as  

( )( ) 215TzXzX =−+ (16) The equation (16) is written as the system of 2 
equations as follows. 

 
Cases zX +  zX −  

1 2T  15 

2 23T  5 

3 25T  3 
CASE 1: 
Consider, 

2TzX =+ 15=− zX  
and solving we get 









+=
−+=
++=

12

722

822
2

2

kT

kkz

kkX

                                                                                      

(17) 

Substituting (17) in (14), we get the corresponding non zero distinct integer solution to 
(13) as follows. 

13122)( 2 ++= kkkx 1182)( 2 ++= kkky 722)( 2 −+= kkkz  
 
PROPERTIES 
1. ( ) ( ) ( )2mod03 ≡−−− aGayax                                                                                                          

2. ( ) ( ) 0564 ,4 =−−+−+ nnn tSPRnzny                                                                                                   

3. ( ) 072 =+− bPRbz                                                                                                                                                     

4. ( ) ( ) ( )10mod022102 ,10 ≡++−− nn PRctnxnz                                                                           

5. ( )[ ]723 +− nnz is a nasty number 
 
Note: In addition to (14), one may also consider the linear transformation TXy 3−=  

and TXx 5−= and get different set of non zero distinct integer solution of (13) as 

382 2 +−= kkx 542 2 +−= kky 722 2 −+= kkz  
CASE 2: 
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Consider , 
23TzX =+ 5=− zX  

and solving we get 









+=
−+=
++=

12

166

466
2

2

kT

kky

kkX

                                                                                        

(18) 

Substituting (18) in (14), we get the corresponding non zero distinct integer solution to 
(13) as follows. 

9166)( 2 ++= kkkx 7126)( 2 ++= kky 166)( 2 −+= kkkz  
 
PROPERTIES 
1. ( ) 016 =+− aPRaz                                                                                                                               

2. ( ) ( ) ( )6mod092 ,6 ≡−−+− nn Sctnzny                                                                                               

3. ( ) ( ) ( )8mod011 ≡−−− nGnznx                                                                                                              

4. ( ) ( ) ( )14mod0182212 ,16,18 ≡−+−−+ nnn cttPRnynx                                                                           

5. ]712)([ −− nny is a nasty number 
 
Note: In addition to (14), one may also consider the linear transformation TXy 3−=  

and TXx 5−= and get different set of non zero distinct integer solution of (13) as 

146 2 −−= kkx 16 2 += ky 166 2 −+= kkz  
 
CASE 3: 
Consider, 

25TzX =+ 3=− zX  
and solving we get  









+=
++=
++=

12

11010

41010
2

2

kT

kkz

kkX

                                                                                    

(19) 

Substituting (19) in (14), we get the corresponding non zero distinct integer solution to 
(13) as follows. 

92010)( 2 ++= kkkx 71610)( 2 ++= kkky 11010)( 2 ++= kkkz  
 
PROPERTIES 
1. ( ) 0110 =−− bPRbz                                                                                                                                 

2. ( ) ( ) 010102 ,4,10 =−−+− nn tctnznx                                                                                                                 

3. ( ) ( ) ( )42mod01514 ,4 ≡−−−+ aa tSayax                                                                                             

4. ( ) ( ) ( )44mod082 ,22 ≡−−+ ntnzny                                                                                        

5. ( ) ( )14mod0810 ,4 ≡−−− aa Gtay  
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Note: In addition to (14), one may also consider the linear transformation TXy 3−= and  

TXx 5−= and get different set of non zero distinct integer solution of (13) as 

110 2 −= kx 1410 2 ++= kky 11010 2 ++= kkz  
 
4. Remarkable observations 
Let ( )000 ,, zyx  be the given initial integer solution of (1). 
 
4.1. TRIPLE 1 
Let 01 3xx = , hyy += 01 3 , hzz += 01 3                                                                  (20) 

 be the second solution of (1), where h is a non zero integer to be determined. 
Substituting (20) in (1) and simplifying, we get 
 00 104 yzh −=  
Therefore, the second solution of (1) expressed in the matrix form is, 

 ( ) ( )tt zyMzy 0011 ,, =  , 01 3xx =  

where, 








−
−

=
710

47
M  

Repeating the above process, we have, in general  

 ( ) ( )tt
nn zyMzy 00 ,, = , 03 xx n

n =                                                                       (21) 

where, 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) 












−−−+−
−−−+−=

nnnn

nnnn
nM

34310310310

343431034

6

1
 

Giving ,...3,2,1=n in turn in (21), one obtains sequence of integer solutions to (1) based 
on the given solution ( )000 ,, zyx . 
 
4.2.TRIPLE 2 
Let hxx += 01 5 , 01 5yy = , hzz += 01 5                                                                       (22) 
be the second solution of (1), where h is a non zero integer to be determined. 
Substituting (22) in (1) and simplifying, we get 
 00 46 zxh −−=  
Therefore, the second solution of (1) expressed in the matrix form is, 

 ( ) ( )tt zxMzx 0011 ,, =  , 01 5yy =  

where, 








−
−−

=
16

41
M  

Repeating the above process, we have, in general 

 ( ) ( )tt
nn zxMzx 00 ,, = , 05 yy n

n =                                                                  (23) 

where, 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) 












−+−+−
−+−−+=

nnnn

nnnn
nM

54565656

54545654

10

1
 

Giving ,...3,2,1=n inturn in (23), one obtains sequence of integer solutions to (1) based 
on the given solution ( )000 ,, zyx . 
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4.3. TRIPLE 3 
Let hxx += 01 , hyy += 01 , 01 zz =                                                                          (24) 

be the second solution of (1), where h is a non zero integer to be determined. 
Substituting (24) in (1) and simplifying, we get 
 00 53 yxh −=  
Therefore, the second solution of (1) expressed in the matrix form is, 

 ( ) ( )tt yxMyx 0011 ,, =  , 01 zz =  

where, 








−
−

=
43

54
M  

Repeating the above process, we have, in general 

 ( ) ( )tt
nn yxMyx 00 ,, = , 0zzn =                                                                          (25) 

where, 
( ) ( )
( ) ( ) 












−+−−−
−+−−−=

nn

nn
nM

153133

155135

2

1
 

Giving ,...3,2,1=n inturn in (25), one obtains sequence of integer solutions to (1) based 
on the given solution ( )000 ,, zyx  
 
5. Conclusion 
In this paper, we have made an attempt to obtain all integer solutions to the ternary 

quadratic equation 222 235 zxy += . One may search for other patterns of solutions and 
their corresponding properties. 

REFERENCES 

1. L.E.Dickson, History of Theory of Numbers, Vol 2, Chelsea publishing company,     
New  York, (1952).                                                                                                                                                                                                                                   

2. L.J.Mordell, Diophantine Equations, Academic press, London, (1969). 
3. R.D.Carmichael, The theory of numbers and Diophantine analysis, New York,                                                              

Dover, (1959).    
4. M.A.Gopalan and S.Premalatha, Integral solutions of  

( )( ) ( ) 322 12 zkwxyyx +=++  . Bulletin of Pure and Applied Sciences, 28E (2) 
(2009) 197-202. 

5. M.A.Gopalan and V.Pandichelvi, Remarkable solutions on the cubic equation with 

four unknowns ( ) 2333 28 wzyxzyx ++=++   Antarctica J. of Maths., 4(4)  
(2010) 393-401. 

6. M.A.Gopalan and B.Sivagami, Integral solutions of homogeneous cubic equation 

with four unknowns ( ) 3333 23 wyxxyzzyx ++=++ , Impact. J. Sci. Tec, 4(3) 
(2010) 53-60. 

7. M.A.Gopalan and S.Premalatha, On the cubic Diophantic equations with four 

unknowns ( )( ) ( ) 322 22 znnwxyyx +=−− , International Journal of Mathematical 
Sciences, 9(1-2) ( (2010) 171-175. 

8. M.A.Gopalan and J.Kaliga Rani, Integral solutions of 



On the Ternary Quadratic Diophantine Equation 5y2 = 3x2+2z2 

165 
 

( ) ( )zwwzwzxyyxyx +++=+++ 3333 , Bulletin of Pure and Applied Sciences, 
29E (1) (2010) 169-173. 

9. M.A.Gopalana, S.Vidhyalakshmi and A.Kavitha, On cubic Diophantine equation 
with four unknowns ( ) ( )( )22233 4444 yxpwpwzyx ++−+=+ , Archimedes J. 
Math., 4(1) (2014) 19-25.   

 


