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Abstract. The homogenous ternary quadratic Diophantine equation is given by 
222 321166 zxyyx =−+ is considered and analyzed for its patterns of non zero distinct 

integer solutions. Introducing the linear transformation x=u+ v, y=u-v and employing the 
method of factorization, different patterns of non zero distinct integer solutions to the 
above equation are obtained. A few interesting the relation between the solution and 
polygonal numbers are obtained. 
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1. Introduction 
The ternary quadratic Diophantine equation offers an unlimited field for research because 
of their variety [1-2]. In particular, one may refer [3-9] for finding integer points on the 
some specific three dimensional surface. This communication concern with yet another 

ternary quadratic equation 222 321166 zxyyx =−+ representing cone for determining 
its infinitely many integral solutions. Employing the integral solutions on the given cone, 
a few interesting relations among the special polygonal numbers are given. 

2. Notation used 
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2.1. Method of analysis 
Consider the equation  

                        222 321166 zxyyx =−+                                                                  (1) 
The substitution of linear transformations  
                         vux +=  and  vuy −=      )0( ≠≠ vu                                         (2) 

In (1) leads to  
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                      222 3223 zvu =+               (3) 
The above equation is solved through different methods and using (2), different patterns 
of integer solution to (1) are obtained. 
 
2.2. Pattern I 
Write 32 as 

         )233)(233(32 ii −+=              (4) 

Assume 22 23baz +=  where a, b>0                           (5) 
Using (4) and (5) in (3), and applying the method of factorization, define. 

2)23)(233()23( biaiviu ++=+             (6) 
Equating the real and imaginary parts, we have  

 abbabauu 46693),( 22 −−==  

  abbabavv 623),( 22 +−==  
Substituting the above u and v in equation (2), the value of x and y are given by 

abbabayy

abbabaxx

52462),(

40924),(
22

22

−−==

−−==
                                                                 (7) 

 
Thus (5) and (7) represent non-zero distinct integral solution of (1) in two parameters. 
 
Properties 

1. )4(mod0)1,( ,6,6 ≡−− aa ttax  

2. )23(mod0)1,( ,26,26 ≡−−+ aa ttaaz  

3. )2(mod0),2( ,14,82 ≡++ bb ttby  

 
 2.3. Pattern II 
Consider (3) as 

         )(239 2222 vzzu −=−                (8) 
  Write (8) in the form of ratio as 

        0,
3

)(233 ≠=
−

+=
−
+ β

β
α

zu

vz

vz

zu
 

 This is equivalent to the following two equations 

       
0)3(

0)323(23

=−++
=+++−

αβαβ
αββα

zvu

zvu
 

On employing the method of cross multiplication, we get 

   






++−=

−+−=

αββα
αββα

623

46693
22

22

v

u
               (9) 

    22 23βα −−=z               (10) 
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Substituting the values of u and v from (9) in (2) , the non-zero distinct integer values of 
x,y are given by 

   






−+−==
−+−==

αββαβα
αββαβα

52462),(

40924),(
22

22

yy

xx
           (11) 

 
Thus (10) and (11) represent the non-zero distinct integer solution of equation (1) in two 
parameters. 
 
Properties 

1. )4(mod0)3,1( ,154,402 ≡−− βββ ttx  

2. )2(mod0),1(),1( ,50,46 ≡−−− ββββ ttyx  

3. )4(mod0)1,( ,38,62 ≡−−+ αααα ttx  

 
Note: (8) Can also be expressed in the form of ratio in three different ways as follows 

1. 0,
3)(23

3 ≠=
−
−=

+
+ β

β
α

zu

vz

vz

zu
 

2. 0,
3

)(233 ≠=
−

−=
+
+ β

β
α

zu

vz

vz

zu
 

3. 0,
3)(23

3 ≠=
−
+=

−
+ β

β
α

zu

vz

vz

zu
 

     Repeating the analysis as above, we get different pattern of solution to (1). 
 

   2.4. Pattern III 
    Rewrite (3) as 

      222 3223 uzv −=               (12) 

     Write 23 as, )324)(324(23 −+=            (13) 

    Let 2232 bav −=               (14) 
   Using (13) and (14) in (12) and employing the method of factorization, we write 

             2)24)(324(24 bauz ++=+  
    Equating the rational and irrational parts, we have 

     abbabazz 632),( 22 ++==             (15) 

      abbabauu 64396),( 22 ++==             (16) 
    Satisfying (14) and (16) in (2), the value of x and y are 

    






++==
++==

abbabayy

abbabaxx

64464),(

642128),(
22

22

                        (17) 

   Thus (17) and (15) represent the integer solution to (1). 
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Properties 
1. )1(mod0)2,( ,6,62 ≡−− aa ttaz  

2. )6(mod0)3,( ,58,202 ≡−− aa ttax  

3. )2(mod0)1,()1,( ,66,62 ≡−−+−+ aa ttaayaax  

 
2.5. Pattern IV 
Equation (3) can be written as 

    13223 222 ∗=+ zvu              (18)   

    Note that  )233)(233(32 ii −+=  ;  
216

)2337)(2337(
1

ii −+
=        (19) 

    Substituting (4), (19) in (18) and using the method of factorization; define 

    








 +++=+
16

2337
)23)(233()23( 2 i

biaiviu  

     Equating real and imaginary parts, we get 

     abbabauu 46693),( 22 −+−==  

     abbabavv 623),( 22 −−==  
    In view if (2), note that 

    








+=
−+−==

−+−==

22

22

22

23

40924),(

52462),(

baz

abbabayy

abbabaxx

           (20) 

     Thus (20) represents non-zero distinct integer solutions to (1). 
 
Properties 

1. )23(mod0)12,( ,98,92 ≡−−+ aa ttaaz  

2. )2(mod0)1,()1,( ,4,4 ≡−−− aa ttayax  

 
3. Conclusion 
In this paper, we have presented different pattern of integer solutions to the ternary 

quadratic  equation 222 321166 zxyyx =−+ representing the cone. As the  Diophantine 
equations are rich in variety, one may attempt to find integer solutions to other choices of 
higher degree equations along with suitable properties.  
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