Journal of Mathematics and | nformatics
Vol. 10, 2017, 173-177

ISSN: 2349-0632 (P), 2349-0640 (online) Journal of ]
Published 11 December 2017 Mathematics and
www.researchmathsci.org -
DOI: http://dx.doi.org/10.22457/jmi.v10a23 Informatics

On the Positive Integer Solutionsfor a Diophantine
Equation
Manju Somanath and J. Kannan
Department of Mathematics, National College, Trichgmilnadu, India.
Received 1 November 2017; accepted 7 December 2017

Abstract. LetP := P(t) be a polynomial irZ[X].In this paper, we consider the polynomial
solutions of Diophantine equatidnM? — 4252 — 8M — 2525 —378 = 0. We also
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1. Introduction

A Diophantine equation is a polynomial equati®tx;,x,,-,x,) =0 where the
polynomial P has integral coefficients and one is interestesbiations for which all the
unknowns take integer values. For exampfet y? = z? andx = 3,y = 4,z = 5 is one

of its infinitely many solutions. Another exampkex + y = 1 and all its solutions are
given byx =t,y=1—-t wheret passes through all integers. A third example is
x? + 4y = 3. This Diophantine equation has no solutions, alfonote that = 0,y =

Sisa solution with rational values for the unknewDiophantine equations are rich in

variety. Two — variable Diophantine equation haeera subject to extensive research,
and their theory constitutes one of the most bedumost elaborate part of mathematics,
which nevertheless still keeps some of its sedoethe next generation of researchers.

In this paper, we investigate positive integralusons of the Diophantine
equationM? — 4252 — 8M — 2525 = 378 which is transformed into a Pell's equation
and is solved by various methods.

2. Preliminaries
Consider the Diophantine equation
D:M? — 428% — 8M — 2525 = 378 Q)
to be solved oveZ. It is not easy to solve and find the nature prmperties of the
solutions of (1). So we apply a linear transformaf? to (1) to transfer to a simpler form
for which we can determine the integral solutions.

w=x+h
Let T:{Z:y+k ) (2
be the transformation whehek € Z.
Applying TtoD, we get
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T(D) = D: (x + h)? — 42(y + k)? — 8(x + h) — 252(y + k) = 378 (3)
Equating the coefficients of andy to zero, we geh = 4 and k = —3. Hence for
M = x + 4 andS = y — 3, we have the Diophantine equation

D: x* —42y? =16 (4)
which is a Pell equation. Now we try to find altéger solutions(x,,, y,,) of D and then
we can retransfer all results frdnto D by using the inverse af.

Theorem 2.1. Let D be the Diophantine equation in (4). Then
® The continued fraction expansion2 is
V42 = [6;2,12]
(ii) The fundamental solution of? — 42y? = 1 is (uy,v;) = (13,2)
(i) Forn > 4,
Up = 27(Up_1 — Up_2) + Up_3
vy =271 — Vp_2) + Vp_3
Proof:
0) The continued fraction expansion¥#2 = 6 + (V42 — 6)

1
=6+—
V42-6

1

=6+ 50

6
1
2_{_\/@ 6

6
1
=6+—7

2+\/4_21+6

=6+

=6+ T
+ —_—
12+(v42 -6)
Therefore the continued fraction expansion/ 42 is
[6;2,12]

(i) Note that by (3), if(u;,v,) = (13,2) is the fundamental solution af —
42y? =1, then the other solutiongu,, v,) of x?—42y%2 =1 can be
derived by using the equalities

(un + v,V42) = (uy + V&2v,) "forn > 2, in other words,
un\ _ (uy 42v\" (1
() =7 ") (o)
Forn > 2. Therefore it can be shown by inductionrothat
Up = 27(Up—1 — Up—3) t Up_3
and also
Uy =271 — Vp_2) + Vp_3
forn > 4.
Now we consider the problem
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x2—42y? =16
Note that we denote the integer solutionsxdf— 42y? = 16 by (x,,, »,,), and denote the
integer solutions af? — 42y% = 1 by (u,, v,). Then we have the following theorem.

Theorem 2.2. Define a sequendéx,,, y,,)} of positive integers by
(x1,51) = (52,8)
andx,, = 52u,,_, + 336v,,_4
Yn = 8up_q + 5204,
wherg(u,, 1,,)} is a sequence of positive solutionscdf— 30y? = 1. Then
(1) (x,,¥,) is a solution ok? — 42y? = 16 for any integen > 1.
(2) Forn = 2,
Xn+1 = 13x, + 84y,
Yn+1 = 2% + 13y,
(3) Forn = 4
Xn = 27(Xp-1 — Xn-2) + Xp_3
Yn =27(Yn-1 = Yn-2) + Yn_3
Proof:
(2) It is easily seen that
(x1,71) = (52,8)
is a solution ofc? — 42y? = 16 since
x2 — 42y2 = (52)2 — 42(8)2
= 16(132 — 42(22))
=16(1)
=16
Note that by definitiorfu,,_;, v,,_;) is a solution ofk? — 42y? = 1, that is,

Ui — 4205 = 1. (7)
Also we see as above that, y,) is a solution ok? — 42y? = 16, that is,

x% —42y% = 16. (8)
Applying, (7) and (8), we get

x2 —42y% = (52u,_q1 +336v,_1)? — 42(8uy_q + 52v,_1)?
=u;_1(2%) —v;_1(2*(42)
= 2*(ud_, — 42v%,)
=24
Therefore £, , y,,) is a solution ofc? — 16 y? = 2%,

(2) Recall thate, 1 + yn41Vd = (ug + v1Vd) (xp + yVd)
Thereforex,,,, = uyx, + vy,d and Vni1 = V1Xn + U Vy
So x,41 = 13x, + 84y, and Vne1 = 2x, + 13y, (%)
Sinceu,; = 13 and»; = 2.

(3) Applying the equalities
X = 22(13)up_q + 23(42)v,_ andc,; = 13x, + 84y,

We find by induction om that
Xn = 27(Xp-1 — Xp—2) + Xn_3
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forn = 4.

Similarly it can be shown that
Yn = 27(Vn—1 — Yn-2) + Yn-3-

We saw as above that the Diophantine equafiorcould be transformed into the
Diophantine equatio via the transformatioff. Also we showed tha¥ = x + 4 and
S =y —3. So we can retransfer all results fréito D by using the inverse d@f. Thus
we can give the following main theorem

3. Main results
Theorem 3.1. Let D be the Diophantine equation in (1), then

(1) The fundamental solution @&f is (M4, S;) = (56, 5).

(2) Define the sequencd(M,,S;)}ns1 = {(x, +4,¥, —3)}, where {(x,, ¥.)}
defined in (*). Then(M,,S,) is a solution ofD. So it has infinitely many
solutions(M,,, S,) € Z X Z.

(3) The solution(M,,, S,,) satisfy

M, = 13M,_, + 84S,_, + 204
Sp =2M,,_; +13S,,_, +28
(4) The solutiongM,,, S,,) satisfy the recurrence relations
M, = 27(1\4n—1 - Mn—z) + My,_;3
Spn =27(Sp—1 — Sp—2) + Sp—3
Proof:

(1) It is easily seen thatM,,S;) = (56,5) is the fundamental solution @&f since

562 — 42(5)? — 8(56) — 262(5) — 378 = 0.

(2) We prove it by induction. Let = 1.

Then (M4,S,) = (x1 +4,y; — 3) = (56,5) which is the fundamental solution and so is
a solution of D. Let us assume that the Diophantine equation ifs(4atisfied fom — 1,
that is(x,_; +4)? — 42(y—1 — 3)? — 8(xp_q1 + 4) — 252(y,—1 — 3) — 378 = 0. We
want to show that this equation is also satisfardiH.
M? — 4252 —8M — 2525 — 378

= (x, +4)? — 42(y,, — 3)* — 8(x,, + 4) — 252(y,, — 3) — 378

=x2—42y% — 16

= 0( x,andy,, solutions ofD).
So(M,,S,) = (x, + 4,y, — 3) is also a solutiod.

(3) From (*) x, =13x,_1 +84y,_;.

Adding 4 on both sides,
Xp+4=13x,_1 + 84y, +4
We know that M,_; =x,_,+4 and Sn—1=DYn-1—3
Thereforex,,_, = M,_; —4andy,,_; = S,_1 +3
X, +4=13x,_1 + 84y, + 4
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(Mp, —4)+ 4 =13(My_y —4) + 84(S,_1 +3) + 4
We get, M, = 13M,_, + 84S,_, + 204 )

Similarly, S, =2M,_, +13S,_, + 28 (10)

(4) We prove thatV,, satisfy the recurrence relation. For= 4, we getM; = 56,
M, = 1352, M; = 35000, M, = 908552.
Hence
M, =27(M; — M) + M,
= 27(35000 — 1352) + 56
So M, = 27(M; — M,) + M, is satisfied forn = 4. Let us assume that this relation is
satisfied form — 1, that is,
My_y = 27(Mp—5 — My_3) + My, (11)
Then applying the previous assertion, (9) and (W#&)conclude that
M, = 27(My_y — My_3) + M,,_5, forn > 4.
Now prove thay, satisfy the recurrence relation. Foe 4, we getS; = 5, S, = 205,
S3 =5397,5, = 140189. Hence
S, =27(5;—5,)+ S,
=27(5397 — 205) +5
So0S, =27(Sp_1 + Sp_2) — Sp_3 is satisfied forn = 4. Let us assume that this relation
is satisfied fom — 1, that is,
Sn-1=27(Sp—2 — Sn-3) + Sn—a f12
Then applying the previous assertion, (10) and, ({@2)conclude that
Sn =27(Sp_1 — Sp_32) + Sp_3, forn = 4.

4. Conclusion

Diophantine equations are rich in variety. Ther@dsuniversal method for finding all
possible solutions (if it exists) for Diophantinguations. The method looks to be simple
but it is very difficult for reaching the solutians
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