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1. Introduction

Every advanced under-graduate and graduate studemiathematics as well as any
researcher in number theory is familiar with Pythra@gn triple which provides the
relation between three sides of a right-angledhgfia in addition to the concept of three
integers representing an arithmetic progressiommgédric progression and harmonic
progression respectively. In this context, one medgr™ wherein the authors have given
a collection of problems with solutions on intetfgsles in arithmetic progression.

Similar to a Pythagorean triple, we have a tripfown as Heronian triple
defined as follows: If a, b, ¢ represent the siofa triangle with integer area, then the
triple (a, b, c) is known as Heronian triple. Itvi®rth to note that not every Heronian
triple is a Pythagorean triple. For example: (4, 18) is a Heronian triple but not
Pythagorean triple whereas (5, 12, 13) is both hiarotriple as well as Pythagorean
triple. Also, we have a triple known as Eisensteiple which is a set of integers which
are the lengths of the sides of a triangle whee afrthe angle i50°. In other words,
An Eisenstein triple (a, b, ¢) consists of threesifpee integersa<c<b such that
a’-ab+b*=c?

No doubt that the triples in integers may be faated in varieties of ways. For a
review of various problems on triples, one may éfe °1 It is therefore towards this
end, we are motivated to search for families gflés where, in each triple, the sum of
any two of its members is a perfect square.

2. Construction of triples
Consider the Pythagorean equation given by
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xX? +y? =7 (1.1)
Observe that (1.1) is satisfied by
Xx=m’-n?, y=2mn, z=m’+n?, m>n>0 (1.2)

We present below different families of triples shfing the required conditions.

21.TRIPLE 1
Assume
X=6p-3 (2.3)
y=6q+2 (1.4)
From (1.2), (1.3) and (1.4), we have
p:%[mz—n2+3], q:%[mn—l] (1.5)

The values of p and q are integers for the follgnéhoices:
i) m=6r-2, n=6s-5
i) m=6r-1, n=6s-4
i) m=6r+1, n=6s-2
iv) m=6r+2, n=6s-1,r=>s=1

Choice: () (m=6r-2, n=6s-5)
Substituting the valuemm=6r -2, n=6s-5 in (1.5), we have
p=6r2-6s°—4r +10s-3= f,(r,s)
q=12rs-10r —4s+3=g,(r,s)
Let a(r,s)=(6f,(r.s)-3F . b(r,s)=(6g,(r.5)+2)
= a(r,s)+b(r,s) is a perfect square.
Let ¢,(r,s) be any non-zero integer distinct froa(r,s), b,(r, s)such that

a(r,s)+c(r,s)=a? (1.6)

by(r,s)+cr.s)= 5 (1.7)
Subtraction of (1.7) from (1.6) gives

a’ - =ar.s)-h(rs) (1.8)

Employing the identity
(A+1)° - A2 =2A+1
we have, from (1.8)

A== [a(rs)-b(rs)-1]
wherea = A+1, [B=A (1.9)
From (1.9) and (1.7), we have

a(r.9)=7 ([a(r.9)-b(r9)-11 - a(r.5))

which is an integer for suitable values of r and s.

N
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Hence, for those choicds, (r,s), b(r,s), ¢ (r,s) )is the required triple where the

sum of any two of them is a perfect square.

Table 1: Numerical examples

rjs 3 b, C at+c | b+c | at+h
2| 1] 9801 40C 22089601 | 470F | 470C 107°
3| 2| 4284¢ | 5017¢ | 1337472 | 366F | 3664 30%°
5 | 3 | 37822t | 52998: | 575724441 | 7587¢ | 7588¢ | 957
4 | 2| 18922t | 9486: | 222585753 | 47187 | 4718C¢ | 53
3| 3| 756¢ | 17305¢ | 684639648 | 8274% | 82744 | 42F°

In a similar manner, the triples for choices (i), (iv) are respectively given below in

Tables 2, 3, 4.

Choice: (ii) m=6r-1, n=6s-4

Table 2. Numerical examples

r s a by G a+e b+c | at+h
3 | 2| 5062t | 7398¢ 13634841 1167¢ | 1168C 357
5 | 3| 41602! | 65934« | 1480049625 | 12165¢ | 12166¢ | 1037
4 | 1] 27562 | 846¢/ | 1784360793 | 13358 | 13358¢ | 537
4 | 2| 21622 | 13542: | 163202457 | 40407 | 4040 597
3 | 3| 864¢ | 22657¢ | 1187292672 | 108967 | 10896+ | 48F°
Choice: (iii) m=6r+1, n=6s-2
Table 3: Numerical examples
rjs 3 b, C 3 +C b+c | a+h
2| 1| 2340¢ | 1081¢ 3962880! 6297 629¢ 18F?
3| 2| 6812 | 14440( | 145451520 3813¢ 3814C | 467
5| 3 | 49702 | 98406: | 5930100633 | 24351¢ | 24352¢ | 1217
4| 2| 27562' | 25000( | 16389734 12817 12817 | 72F°
3| 3| 1102F | 36966: | 3215529273 | 17931¢ | 17932¢ | 617
Choice: (iv) m=6r+2, n=6s-1
Table 4: Numerical examples
r|s A by G a +C b +¢ a +b
2| 1| 2924: 1960( 2321280 4827 482(C° 227
3| 2 | 7784: | 19360( 334990080 5787¢ | 5788C¢ | 52T
5| 3 | 54022¢ | 118374« | 1035283138t | 32175¢ | 32176¢ | 1317
4| 2 | 30802! | 32718 9144921 957¢ 958(° 797
3| 3 | 1232: | 46240( | 5064253920 | 22503¢ | 22504¢ | 68¢
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2.2. TRIPLE 2
Assume
X=6p-3 (1.10)
y=4q+4 (1.12)
From (1.2), (1.10) and (1.11), we have
pzé[mz—n2+3], q=%[mn—2] (1.12)

The values of p and q are integers when
m=6r+s-3, n=s (1.13)
wherer,s0z -{0}
Substituting (1.13) in (1.12), we have
p=6r2-6r+2rs—s+2=f,(r,s)

q =% (52 +6rs—3s—2)= a,(r.s)

Let a,(r,s)=(6%,(r,5)-3]" . by(r.s)=(4g,(r.5)+4)
= a,(r,s)+b,(r,s) is a perfect square.

Let c,(r,s) be any non-zero integer distinct fram(r,s), b,(r,s)such that
2

a,(r,s)+c,(r,s)=a
by(r,s)+c,(r.s) = 52
Following the procedure as in triple: 1, it is sélest

cifr.9)= ([aalr.9)-b.(0.9)-1F - 40,(r.9))

which is an integer for suitable values of r and s.
Hence, for those choicds,(r,s), b,(r,s), c,(r,s) )is the required triple such that the sum
of any two of them is a perfect square.

Table 5: Numerical Examples

-
n

a, b, G a, +C, b, +c, a, +b,

1822¢ | 518¢ 4250521 6527 652C 157
14062t | 4000( 253125734 50317 50317 425
27562 | 846¢ 1784360793 133587 | 13358(¢ 537
70056¢ | 1345¢ | 11803071168 | 343557 | 34355¢ 84F°

N OB |W(N
NINNOTW

1368¢ | 193¢ 34525441 5877 587¢€ 12r°
2.3. TRIPLE 3
Assume
x=3p-3 (1.14)
y=6q+2 (1.15)

From (1.2), (1.14) and (1.15), we have
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p:%[mz—n2+3], q:%[mn—l] (1.16)
The values of p and q are integers for the follgnéhoices:
i) m=3r+3s-2, n=3r-2
i) m=3r+3s-1, n=3r-1
wherer,s0Z -{0}.

Choice: (i) (m=3r+3s-2, n=3r-2)

Substituting the valuem=3r +3s-2, n=3r -2 in (1.16), we have
p=3s®+6rs—4s+1= f,(r,s)
q=3r2—4r -2s+3rs+1=g,(r,s)
Let a,(r,s)=9(f,(r,s)-17, by(r,s)=4(3g,(r,s)+1)
= a,(r,s)+by(r,s) is a perfect square.
Let c,(r,s) be any non-zero integer distinct fram(r, s), by(r, s) such that
a(r,s)+c(r.s)=a?
by(r,5)+ cs(r, ) = B
After performing a few calculations, it is seenttha
(r.9)=5 ([au(r9)-by(r.9)-1F - 40,(r.9))

which is an integer for suitable values of r and s.

Hence for those choicesy(r,s), by(r,s), c;(r,s) )is the required triple such that the sum
of any two of them is a perfect square.

Table 6: Numerical examples

ris a b, G b; + ¢, a;+tC; | agthy
2| 1] 108¢ 313¢€ 1045441 102# 1027 652

5] 3| 9922F | 32718: | 1299111321 | 11398¢ | 11397¢ | 65

3| 3| 4284¢ | 5017¢ 1337472C 3664 3667 30¢?

31| 2601 1960( 7223040 850 849¢ 14¢

In a similar manner, the triple for choice (ii)gsen in Table: 7

Choice: (ii) m=3r+3s-1, n=3r-1.
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Table 7: Numerical examples

ris 2 b, G a;+tC | by+cg | agthy
2 | 1] 1521 640( 594720I 243¢ 244(C 89°
5 | 3]11088¢| 41473¢| 2308048704 | 151927 | 151922 | 72F?
3 | 3] 5062t | 7398: | 13634846 | 1167¢ | 1168C | 357
3 | 1] 324¢ | 3097¢ | 19217952 | 13867 | 13864 | 18F
24. TRIPLE 4
Assume
X=5p-5
y=29+2

From (1.2), (1.17) and (1.18), we have

pzé[mz—n2+5], g=mn-1

The values of p and q are integers for the follgnghoices:

i)
i)
ii)

iv)

m=2r +5s-1,
m=3r +5s-4,

m=3r +5s-5, n=2r
n=2r,r=s=1

m=2r +5s,

Choice: (i) m=2r+5s-1, n=2r-1

Substituting the valuem=2r +5s-1,

p=5s +4rs—2s+1= f,(r,s)
q=4r%-4r -5s+10rs=g,(r,s)
Let a,(r,s)=(5f,(r,s)-5)", b,(r.s)=(2g,(r,s)+2)’

= a4(r,s)+b4(r,s) is a perfect square.

n=2r-1
n=2r-1

n=2r -1 in (1.19), we have

Let c,(r,s) be any non-zero integer distinct fram(r,s), b,(r,s) such that

a,(r,s)+c,(r.s)=a

2

b4(r, S) + C4(r , S) =B
Subtraction of (1.21) from (1.20) gives

a’ - p? :a4(r,s)—b4(r,s)

Employing the identity

(A+1f - A? =2A+1

we have, from (1.22)
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A= [aulr9)-ni(r.9)-1]
wherea = A+l [B=A (1.23)
From (1.23) and (1.21), we have

culr9)=7 ([a(r.9-b.(r.9-1F - 40,(r.9))

which is an integer for suitable values of r and s.
Hence, for those choicds,(r,s), b,(r,s), c,(r,s) )is the required triple where
the sum of any two of them is a perfect square.

Table 8 Numerical examples

a, b, Cy a,+c, | bytc, | a,+h,
302¢ 2304 12729¢ 367 36C 73
24502! | 18662: | 85245337 | 29207 | 2920¢° | 657
14062 | 4000( | 253125734 | 50317 | 5031 | 42F°
3|1 562 | 1000C | 477734. | 2187 | 218¢ | 12%
In a similar manner, the triples for choices (i), (iv) are respectively given below in
Tables 9, 10, 11.

w|a|N| =
w|w|k| n

Choice: (ii) m=3r+5s-4, n=2r-1

Table 9: Numerical examples

a, b, C, a,+c, | b,+c, | a,+h,
35402! 21902: | 455603097 | 67507 | 6750C¢ | 757
7562¢ 6350« 3666009 6061 606(° 377
14062} 4000( 253125734 | 5031¢ | 50317 | 42F
54022! 15366: | 3735700473 | 193281° | 19328 | 837

AWl =
BlIWIN| Wl n

Choice: (iii) m=3r +5s-5, n=2r

Table 10: Numerical examples

a4 b4 C4 a4 + C4 b4 + C4 a'4 + b4
27562! | 25000( | 16389734 12817 | 1281% 72F°
5062F | 7398 13634841 1167¢ | 1168(C 35
10562! | 5198« 71926041 26827 | 2682C¢ 397
44222' | 18662: | 1633265337 | 127807 | 12780¢ | 797
202¢ 1166¢ 2322073 481¢ 482(C° 117

Wb lwWwlh~Oo] =
R WN W n

Choice: (iv) m=2r +5s, n=2r
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Table 11: Numerical examples

r|s a, b, C, a,+c, b,+c, | a,+b,
21| 422t 518¢ 22521¢ 47¢ 48C 97°
5| 3 | 27562t | 25000( | 16389734 12817 | 12817 | 72%
3| 3| 16402t | 6350¢ | 252600409 | 50267 | 5026C | 477
31| 722¢ 1742« 2599257 509¢ 510C° 157
25.TRIPLES
Assume
X=7p-7 (1.24)
y=2q+2 (1.25)
From (1.2), (1.24) and (1.25), we have
p:%[mz—n2+7], g=mn-1 (1.26)
The values of p and q are integers when
m=r+7s-7, n=r ,rx=s21 (1.27)

Substituting (1.27) in (1.26), we have
p=1+(s-1)(2r +7s-7)=f,(r,s), q=r(r +7s-7)-1=g.(r,s)

Let a5(r,s)=(71s(r.s)-7]" . by(r.s)=(2g5(r,5)+2)

= ay(r,s)+h(r,s) is a perfect square.
Let c(r,s) be any non-zero integer distinct fromg(r, s), bs(r, s) such that

a(r.s)+c(r.s)=a

2

bs(r.5)+ c5(r,5) = 5°
Subtraction of (1.29) from (1.28) gives

a® - =ay(r,s)-byr.s)

Employing the identity

(A+1)* - A2 =2A+1

we have, from (1.30)

A= [as(r.9)-n(r.9)-1]

wherea = A+1, [B=A

From (1.29) and (1.31), we have
o(r.9)=7 ([ 9)-bs(r.9)-1F - 40s(r.9))

which is an integer for suitable values of r and s.
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Hence, for those choicds(r,s), bs(r,s), c(r,s) )is the required triple where the sum of
any two of them is a perfect square.

Table 12: Numerical examples
r|s 3 by Cs a+Cs | bytes | agthy
1] 2] 396¢ 25€ 344448 1857 | 185¢ 65°

5| 4| 42380: | 6760( | 3171954240 | 178107 | 17810¢ | 707

3| 2| 8281 360( 547200! 2347 | 234C 10¢?

7 | 4| 54022¢ | 15366: | 3735700473 | 193287 | 19328 | 837

3. Conclusion

In this paper, we have made an attempt to constamaily of triples where the sum of
any members of a triple is a perfect square. Tmloale, one may search for families of
triples with different relations among its members.
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