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Abstract. The quintic non-homogeneous equation  with five  unknowns represented  by 

the Diophantine equation  ( ) ( ) 32244 10 Pwzyx −=− is analyzed  for its patterns of 
non-zero distinct  integral solutions.  Various interesting relations between the solutions 
and special numbers, namely polygonal numbers, pyramidal numbers  are   exhibited. 
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1. Introduction 
The  theory of Diophantine equations offers a rich variety of fascinating problems [1-3].  
Particularly, in [4-7] quintic equations with three unknowns are studied for their integral 
solutions.  In [8,9] quintic equations with four unknowns for their non-zero integer 
solutions  are analyzed. In [10-13] analyze quintic equations with five unknowns for their 
non-zero integer solutions. This communication concerns with yet another interesting                             
non-homogeneous quintic equation with five  unknowns  given by 

( ) ( ) 32244 10 Pwzyx −=−  is analayzed  for  its  infinitely  many  non-zero  distinct  
integer  solutions. Various interesting properties among the values of x, y, z, w, P are 
presented. 
 
Notations 
      tm,n : polygonal number of  rank n  with  size  m. 

      
n

mP : Pyramidal  number  of  rank  n  with size m. 

 
2. Method of analysis 
The  non-homogeneous quintic equation with five unknowns to be solved for its distinct    
non-zero  integral solutions is  

                 ( ) ( ) 32244 10 Pwzyx −=−                                                       (1) 
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Introduction of the linear transformations  

                 vuwvuzvuyvux −=+=−=+= 2,2,,                                (2) 
in (1) leads to 

                                  
322 10Pvu =+                                                        (3) 

Different methods of obtaining the patterns of integer solutions to (1) are illustrated 
below: 
 
2.1. PATTERN 
Let  
                                 22 baP +=                                                              (4) 
where  a  and  b  are  non-zero  integers. 
Write  10  as 
                        ( )( )ii 313110 −+=                                                             (5) 
Using  (4), (5) in (3) and  applying  the  method   of   factorization,  define  

                    ( ) ( )( )331 ibaiivu ++=+                                                       (6) 
from  which  we  have 

                       






+−−=

−−+=

baabbav

baabbau
2233

2233

393

933
                                            (7) 

Using  (7)  and  ( 2),  the  values  of  zyx ,,  and  w  are  given  by 

            

( )
( )
( )
( ) 












−++−=
−−+=

−++−=
−−+=

baabbabaw

baabbabaz

baabbabay

baabbabax

2233

2233

2233

2233

2137,

151555,

12642,

61224,

                                        (8) 

Thus  (4)  and  (8)  represent  the  non-zero  integer  solutions  to  (1).     
 
PROPERTIES 

a) ( ) ( )[ ] bttttPbPbx bbbbb 283,14,1 ,16,14.12,10
3 −=+++++−  

b) ( ) ( ) ( ) ( )[ ]1,5341,1,1, 1,3
3 aPtPawazax aa −+−=+− −  

c) ( ) ( ) ( ) ( ) ( )[ ] bPbPtbwbzbybx bb 1218,1266,1,1,1,1 3
,3 −=−−++++  

d) ( ) ( ) ( )[ ] attPaPazax aaa 1821,31,1, ,18,16
3 =−−++−  

e) ( ) ( ) ( )[ ] bPbPttbzby bbb 7818,13,1,1 3
,12,18 −=−−+++  

 
2.2. PATTERN 
Let  
                                 22 baP +=                                                            
where  a  and  b  are  non-zero  integers. 
Write  10  as 
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                        ( )( )ii −+= 3310                                                               (9) 
Using  (4), (9) in (3) and  applying  the  method   of   factorization,  define  

                    ( ) ( )( )33 ibaiivu ++=+                                                      (10) 
from  which  we  have 

                       






+−−=

−−+=

baabbav

baabbau
2233

2233

933

393
                                          (11) 

Using  (11)  and  ( 2),  the  values  of  zyx ,,  and  w  are  given  by 

            

( )
( )
( )
( ) 












−−+=
+−−=

−−+=
+−−=

baabbabaw

baabbabaz

baabbabay

baabbabax

2233

2233

2233

2233

151555,

3217,

12642,

61224,

                                       (12) 

Thus  (4)  and  (12)  represent  the  non-zero  integer  solutions  to  (1).     
 
PROPERTIES 

a) ( ) ( )[ ] aPaPttay aaa 2861,221, 3
,10,16 −=−−++  

b) ( ) ( ) ( ) ( ) ( )[ ] btbPPbwbybzbx bb 4010,1184,1,1,1,1 ,3
3 =−−+−−+  

c) ( ) ( ) ( ) ( ) [ ] atPtaPawayax aaa 1091161,71,1,1, ,16
3

,20 −=+−+−++  

d) ( ) ( ) ( ) ( ) bPtbPbzbybx bb 1918,1,1,1,1 3
,12 −=−++−+  

e) ( ) ( ) ( )[ ] btPbPbzby bb 2026,15,1,1 1,3
3 −=−−+− −  

 
2.3. PATTERN 
In (3), taking   srvsru −=+= ,             (13) 
it  leads  to 
                             322 5Psr =+                         (14) 
Let  
                                 22 BAP +=                                                            (15) 
where   A and  B  are  non-zero  integers. 
Write  5  as 
                        ( )( )ii −+= 225                                                              
(16) 
Using  (16), (15) in (14) and  applying  the  method   of   factorization,  define  

                    ( ) ( )( )32 iBAiisr ++=+                                                                  (17) 
from  which  we  have 

                      






+−−=

−−+=

BAABBAs

BAABBAr
2233

2233

632

362
                                          (18) 

From  (18)  and  (13),  the  values  of  u  and  v  are  given  by 
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−−+=

+−−=

BAABBAv

BAABBAu
2233

2233

933

393

                   (19)

 

Using  (19)  and  ( 2),  the  values  of  zyx ,,  and  w  are  given  by 

                   

( )
( )
( )
( ) 












+−−=
−−+=

+−−=
−−+=

BAABBABAw

BAABBABAz

BAABBABAy

BAABBABAx

2233

2233

2233

2233

151555,

3217,

12642,

61224,

                                     (20) 

Thus  (20)  and  (15)  represent  the  non-zero  integer  solutions  to  (1).     
 
PROPERTIES 

a) ( ) ( ) [ ] 25761,1, 3
,3 =−++ AA PtAAPAx  

b) ( ) ( ) ( )2mod118,1,1 ,8
3 ≡−++ BB tPBBPBy  

c) ( ) ( ) ( ) AtPAPAyAx AA 2020361,21,1, ,3
3 −=−−++ s 

d) ( ) ( ) ( ) ( )[ ] BtBPPBxByBz BB 202,165,1,1,1 1,3
3 =+−+−+ −  

e) ( ) ( ) ( ) ( )[ ] AttPAPAwAzAy AAA 250421,51,1,41, ,20,18
3 −=++−+++  

 
2.4. PATTERN 
Let  
                                 22 BAP +=                                                             
where   A and  B  are  non-zero  integers. 
 
Write  5  as 
                        ( )( )ii 21215 −+=                                                             (21) 
Using  (21), (15) in (14) and  applying  the  method   of   factorization,  define  

                    ( ) ( )( )321 iBAiisr ++=+                                                      (22) 
from  which  we  have 

                      






+−−=

−−+=

BAABBAs

BAABBAr
2233

2233

362

632
                                          (23) 

From (23)  and  (13),  the  values  of  u  and  v  are  given  by 

                       






−++−=

−−+=

BAABBAv

BAABBAu
2233

2233

933

393

                   (24)

 

Using  (24)  and  ( 2),  the  values  of  zyx ,,  and  w  are  given  by 
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( )
( )
( )
( ) 












+−−=

−−+=
+−−=

−−+=

BAABBABAw

BAABBABAz

BAABBABAy

BAABBABAx

2233

2233

2233

2233

3217,

151555,

61224,

12642,

                                     (25) 

Thus  (25)  and  (15)  represent  the  non-zero  integer  solutions  to  (1).     
 
PROPERTIES 

a) ( ) ( ) [ ]AA tPAPAx ,3
3 5341,41, −=−  

b) ( ) ( ) ( )[ ] BtBPPByBx BB 24,162,1,1 ,16
3 −=+−+−  

c) ( ) ( )[ ] AtPAPAy AA 164121,21, ,3
3 −=+−+  

d) ( ) ( ) ( ) ( ) AtPAwAPAzAx AA 814544621,101,1,1, ,3
3 −=+−+++  

e) ( ) ( ) ( ) [ ] AtttPAPAzAy AAAA 17321,71,1, ,3,18,16
3 =−−−++−  

3. Conclusion 
In  this  paper,  we  have  made  an  attempt  to  determine  different  patterns  of  non-
zero  distinct   integer  solutions  to  the  non-homogeneous  quintic  equations  with  five  
unknowns.  As  the  quintic  equations  are   rich  in  variety,  one  may  search  for  other   
forms  of  quintic  equation  with  variables  greater  than  or equal  to  five  and  obtain  
their  corresponding  properties. 
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