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Abstract. In this paper, the system of equations with thraknowns represented by

“b+T= xz,g —-T =y? T #a square” is analyzed with the help of Pell's emumafor

its non — trivial integral solutions. Moreover, thaper also discussed and analyzed the
few interesting properties of the solutions of sygtem.
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1. Introduction

A system of equations a finite set of equations for which common doluthamely the
values of set of unknowns are sougdht.solving a system of equations, we try to find
values for each of the unknowns that will satisfgry equation in the system. System of
equations is usually classified agstem of linear equations and system of nonlinear
equations. Among these two, systemmoh - linear equations are difficult to solve. But
systems of non — linear equations with two unknotage been solved by many authors
[3, 4] with the help of pell's equation, which iset familiar second order equation with
infinite solutions. In this paper, the system ofi&ipns with three unknowns represented

by“b+T= xz,g -T =y? T #a square” is proposed and analyzed for its nofvialtr

integral solutions with the help of pell’'s equatidrhe proposed system of equations is
described as follows:

The number 15 has the peculiar property that ifyuisi added to it, the sum is a
perfect square, 16 and if unity is subtracted $ooie third, 5, the result, 4, is also a
perfect square. There is infinity of numbers syitgf the above pattern and they are
obtained by solving the system of equations. Thip@rty has motivated us to search for

non — zero integers b and ¥ @ square) such thab™+ T = xz,g—T =y? . Finally, the

recurrence relations satisfied by the solutionthefsystem are also given in this paper.
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2. Analytic Method for solving the system
Let b and T & a square) be any two non — zero integer such that

b+T=x?
.......... (1.1)
E -T= y2
3T (1.2)
Eliminating b, we get the Pell equation
X2 -3y’ =4T
.......... (1.3)
The general solution [2] of (1.1) and (1.2) areegivby
| ARG M TNV BN R N 14)
.......... 1.4

1= e[l b+ -8 - ) =

where (XO +«/1_’>y0) is the fundamental solution of (1.3)

Thus, knowing the values of ,y in (1.1) and (1.2), the sequences of values ofeb ar
obtained. In particular from (1.1) and (1.4), we ge

°" {%[(2"' \/é)nﬂ(xo + \/§YO)+ (2_ \/é)nﬂ(xo _\/§yo):|}2 -T
n=0,1,23, .........

WhenT = a? + 2a - 2, the equation (1.6) becomes

b {%[(m J3 20 +1)+ 243)+ (2-v3) o +1) - 2\/5)}}2 (a2 +2a-2)

where x, +4/3y, = 2(a +1) + 2/3 is the fundamental solution of, —3y,= 4(a” + 2a - 2)

For the sake of simplicity a few solution of (1féy T = 1, 6, 13,...... are presented in
Table 1
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Table 1:
Serial No. | The Values of | The solutions i The solutions b | The solutions b
forT=1 forT=6 forT=13
1 0 15 3C 51
2 1 195 318 471
3 2 2703 4350 6387
4 3 37635 60510 88791
5 4 524175 842718 1236531
6 5 7300803 11737470 17222487

It is interesting to note that all the solutiongadbed in this case are odd. When T =1, 6,
13, the solutions of last digits from the followipgtterns respectively:

5

5 3;

as seen in the above table.

0 8

0; 1

Further the solutions satisfy the following recuze relation:

(a) Recurrence relations for solutiob{) among different values of T:

[b,., +c@+2)]"*-2b

a+l

[b, +13"* - 2]b, +6]"* +[b, +1]"* =0 wheren=0

+c(@+1)]"* +[b, +c(@)]"* =0 where c(a)=a?+2a -2
In particular for ¢(3) = 13, ¢(2) = 6 and c(1) =whena =1, we have

(b) Recurrence relations for solutionbﬁlf)) among the particular value of T:

(@)
[bn+2

In particular for C =1 whewr =1 and C = 6 wherm¥ =2, we have

1/2

vl

~ 4o, +C]

1/2

[+

1/2

[bgl) +1]1/2 - 4[b§1) +1]1I2 + [bf) +1]1/2 =0 wheren=1

b +6]"” - 4b? +6]"* +[p® +6]"° =0 wheren=1
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