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Abstract. The non-homogeneous quadratic equation with five unknowns represented by 

the Diophantine equation 222 10)( pwzyxyx =+−−+ is analysed for its non-zero 

distinct integral solutions. Various interesting relations between the solutions and special 
numbers are exhibited. 
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1. Introduction  
The non-homogenous quadratic Diophantine equation offers an unlimited field for 
research because of their variety [1-3]. For an extensive review of various problems one 
may refer [4-17]. This communication concerns with yet another interesting equation 

( ) 222 10pwzyxyx =+−−+  representing non-homogeneous quadratic equation with 

five unknowns determining its infinitely many non-zero integral solutions. Also a few 
interesting properties among the solutions are presented. 
 
2. Notation 

( )( )







 −−+=
2

21
1,

mn
nt nm   - Polygonal number of rank n with sidesm 

( )
2

21
,

+−= nmn
Ct nm    - Centered Polygonal number of rank n with sides m 

( ) 116 +−= nnSn    - Star number of rank n 

( )1+= nnPRn     - Pronic number of rank n 
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( )nn
nj 12 −+=     - Jacobsthal-Lucas number of rank n 

 

12 −= nGn                 - Gnomonic number of rank n 

( )12 2 −= nnSon                           - Stella Octangular number of rank n 

 
3. Method of analysis  
The non-homogeneous quadratic equation with five unknowns under consideration is, 

 ( ) 222 10pwzyxyx =+−−+                                      (1) 

We have four patterns of solutions of (1) which are presented below. 
The substitution of linear transformation 
  vux += , vuy −= , 12 += uvz , 12 −= uvw            (2) 

in (1) leads to  

 222 10 vpu +=                (3) 

 
3.1. PATTERN I 

Assume that mnp 2= , 2210 nmu += , 2210 nmv −=  
Substituting the values of u and v in (1) and simplifying, we obtain the non-zero distinct 
integer solutions of (1) as follows. 

( )
( )
( )
( )
( ) mnnmp

nmnmw

nmnmz

nny

mmx

2,

12200,

12200,

2

20

44

44

2

2

=
−−=

+−=

=

=

 

 
PROPERTIES 
1. Each of the following expressions is a Nasty number: 

 (i) ( ) ( )[ ]nnwnnz ,,3 −  
 (ii) 3y(n) 

 (iii) ( )[ ]mx30  

 (iv) ( )[ ] ( ) ( ) 3030330,30 22 −+− nymxnmz   

2. ( ) ( )[ ] ( ) ( )22 21020,,20 nymxnmwnmz −=+  
3. ( )( ) ( )2mod01, ≡−−+ nn nGSOnnnp  

4. ( ) ( ) 064, ,4 =+−−−+ nnnn tSGPRnynnp  

5. ( ) ( ) 01162, ,4 =+−+−− nnn tGPRnnpnx  
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6. ( ) ( ) 04, ,4 =−+ ntnynnp  

7. ( ) ( ) 0222222 2 =+−+ n
nn jyx  

8. ( ) 0222,2 2 =+− n
nn jp  

9. ( ) 02032001,2 4 =+− n
n jw  

10. Each of the following expressions is a biquadratic integer: 

 (1) 
( )[ ]
100

11,8 +mz
,  (2) 

100

]3)1,([8 +mw
 

 
3.2. PATTERN II 
(3) can be written as, 

 222 10pvu =−                (4) 

(4) can be written in the form of ratio as 

  ppvu .1022 =−                (5) 

 0,
10 ≠=

−
=+ β

β
α

vu

p

p

vu
                          (6) 

which is equivalent to the system of double equations 
 0=−− ββα vup                           (7) 

 010 =+− ααβ vup                           (8) 

Solving (7) and (8) by the method of cross multiplication, we obtain, 

 αβ2−=p , )10( 22 βα +−=u , 2210 αβ −=v  

Substituting the values of u and v in (2) and simplifying, we obtain the non-zero distinct 
integer solutions of (1) as follows. 

( )
( )
( )
( )
( ) αββα

βαβα
βαβα

ββ
αα

2,

12002,

12002,

20

2

44

44

2

2

−=
−−=

+−=

−=

−=

p

w

z

y

x

 

 
PROPERTIES 
1. Each of the following expressions is a Nasty number: 

 (i)  ( ) ( )[ ]βαβα ,,3 wz −  

 (ii) ( ) ( )[ ]αα yx −3  

2. ( ) ( )[ ] ( ) ( )22 21020,,20 αββαβα xywz −=+  
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3. ( )( ) ( )2mod011, ≡−++++ nnn GnGSOnnnp  

4. ( ) ( ) 01162, ,4 =+−+−− nnn tGPRnynnp  

5. ( ) ( ) ( )10mod0164, ,4 ≡++−++ αααααα tSPRpx  

6. ( ) ( ) 04, ,4 =++ αααα tpx  

7. ( ) ( ) 03963962,22,2 4 =−++ n
nnnn jwz  

8. ( ) 020121,2 4 =+− n
n jz  

9. ( ) ( ) 0181822 2 =+−− n
nn jyx  

10. Each of the following expressions is a biquadratic integer: 

 (1) 
( )[ ]
100

3,18 −βz
 

 (2) 
( )[ ]
100

1,18 −βw
 

NOTE: 
(4) can also be written as system of double equations 

 pvu 10=+                 (9) 
  pvu =−                                                                                                (10)            
Solving (9) and (10) we obtain, 









=

=

2

9
2

11

p
v

p
u

                                                                      (11)                                                 

To obtain the integer solutions, take kp 2=  in (11) we get, 

 




=
=

kv

ku

9

11
              (12) 

Substituting (12) in (2) and simplifying, we obtain the non-zero integer solutions of (1) 
are given by, 

   

( )
( )
( )
( )
( ) kkp

kkw

kkz

kky

kkx

2

1198

1198

2

20

=
−=
+=

=
=

 
 
3.3. PATTERN III 
(4) can be written as, 

 ( )( ) ppvuvu 5.2=−+              (13)  
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(13) can be written in the form of ratio as, 

 0,
5

2
≠=

−
=+ β

β
α

vu

p

p

vu
            (14)  

which is equivalent to the system of double equations. 
 02 =−− ββα vup              (15) 

 05 =+− βαβ vup              (16) 

Solving (15) and (16) by the method of cross multiplication, we obtain, 

 αβ2−=p , ( )22 25 βα +−=u , 22 25 βα +−=v  

Substituting the values of u and v in (2) and simplifying, we obtain the non-zero distinct 
integer solutions of (1) as follows. 

( )
( )
( )
( )
( ) αββα

βαβα
βαβα

ββ
αα

2,

1850,

1850,

4

10

44

44

2

2

−=
−−=

+−=

−=

−=

p

w

z

y

x

 

PROPERTIES 
1. Each of the following expressions is a Nasty number: 

 (i) ( ) ( )nxny −           (ii) ( ) ( )[ ]nynnp −,3  

2. ( ) ( )[ ] ( ) ( )22 10245,,20 αββαβα xywz −=+  

3. ( ) ( ) ( ) 064, ,4 =+−−−−+ nnnn tSGPRnxnnpny  

4. ( ) ( ) ( )22mod022162, ,18,8 ≡−−++− nnn tPRCtnnpnx  

5. ( ) ( ) 012, =++−− nn GPRnynnp  

6. ( ) ( ) ( ) 04, ,4 =−−+ ntnxnynnp  

7. ( ) 057501,2 4 =+− n
n jz  

8. ( ) ( ) 0981001,21,2 4 =+−− n
nn jwz  

9. ( ) ( ) 06622 4 =+−− n
nn jxy  

10. Each of the following expressions is a biquadratic integer: 
  (i) ]51),1([2 −βz  

  (ii) ]49),1([2 −βw  

NOTE: 
(13)  can also be written as system of double equations 
 pvu 5=+               (17) 

 pvu 2=−                                                 (18) 
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Solving (17) and (18) we obtain 

 








=

=

2

3
2

7

p
v

p
u

              (19) 

To obtain the integer solutions, take kp 2=   in (19) we get, 

 




=
=

kv

ku

3

7
                           (20) 

Substituting (20) in (2) and simplifying, we obtain the non-zero distinct integer solution 
are given by, 

( )
( )
( )
( )
( ) kkp

kkw

kkz

kky

kkx

2

142

142

4

10

2

2

=
−=

+=

=
=

 
 

3.4. PATTERN IV 
(4) can be written as, 

( )( ) 25.2 pvuvu =−+               (21) 

(21) can be written as system of double equations 

 25pvu =+                                      (22) 

 2=− vu               (23) 
Solving (22) and (23) we obtain 

 










−=

+=

2

25
2

25

2

2

p
v

p
u

                         (24) 

To obtain the integer solutions, take kp 2=  in (24) we get, 

 




−=
+=

110

110
2

2

kv

ku
                          (25)  

Substituting (25) in (2) and simplifying, we obtain the non-zero distinct integer solution 
of (1) as follows. 

( ) ( )
( ) ( ) kkpkkw

kkzykkx

2,1200

3200,2,20
4

42

=−=
−===

 

PROPERTIES 
1. Each of the following expressions is a Nasty number: 
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 (i) ( )[ ]kx30 ,  (ii) ( ) ( )22 66 kpky +  

2. ( ) ( )[ ] ( ) ykxkwkz 202020 2 +=+  

3. ( ) ( ) ( ) 01182 ,4
22 =+−+−−+ kkk tGPRkpkykx  

4. ( ) ( ) 01162 ,4
2 =+−+−− kkk tGPRkpkx  

5. ( ) ( ) 064 ,4
22 =+−−−+ kkkk tSGPRkpky  

6. ( ) ( ) ( ) 024 ,4
22 =−++ ktkpkykx  

7. ( ) ( ) 040440022 4 =+−+ n
nn jwz  

8. ( ) ( ) ( ) 0122202022 2 =−+−+−+ n
nn

nn jjpx  

9. ( ) ( ) ( ) 042340020222 42 =+−−++ nn
nnn jjwzx  

10. Each of the following expression is a biquadratic integer: 

  (i) 
100

]3)([8 +kz
, (ii) 

( )
100

]3[8 +kw
 

4. Conclusion 
In this paper we have made an attempt to obtain all integer solutions to the non-
homogeneous quadratic equation. One may search for other patterns of solutions and 
their corresponding properties. 
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