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Abstract. The non-homogeneous quadratic equation with five unknowns represented by
the Diophantine equation x?+xy—y? —(z+w) =10p?is analysed for its non-zero
distinct integral solutions. Various interesting relations between the solutions and special
numbers are exhibited.
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1. Introduction

The non-homogenous quadratic Diophantine equation offers an unlimited field for
research because of their variety [1-3]. For an extensive review of various problems one
may refer [4-17]. This communication concerns with yet another interesting equation

x? +xy—y? —(z+w)=10p? representing non-homogeneous quadratic equation with
five unknowns determining its infinitely many non-zero integral solutions. Also a few
interesting properties among the solutions are presented.

2. Notation

tn = n(1+ W] - Polygona number of rank n with sidesm
_mn(n-1)+2 s

Ctpn = — 5 - Centered Polygonal number of rank n with sidesm

S, =6n(n-1)+1 - Star number of rank n

PR, = n(n +1) - Pronic number of rank n
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j,=2"+(-1)" - Jacobsthal -L ucas number of rank n
G,=2n-1 - Gnomonic number of rank n
S, = n(2n2 —1) - Stella Octangular number of rank n

3. Method of analysis
The non-homogeneous quadratic equation with five unknowns under consideration is,
X2 +xy-y? -(z+w)=10p? €
We have four patterns of solutions of (1) which are presented below.
The substitution of linear transformation

X=u+v, y=u-v,z=2uv+l, w=2uv-1 ()]
in (1) leadsto

u? =10p* +v? ©)
3.1. PATTERN I

Assumethat p = 2mn, u=10m? +n?, v=10m? -
Substituting the values of u and v in (1) and simplifying, we obtain the non-zero distinct

integer solutions of (1) asfollows.

x(m) = 20m?

y(n)=2

z(m ,n) 200m* - 2n* +1
w(m, n) = 200m* - 2n* -1
p( ,n) 2mn

PROPERTIES
1. Each of the following expressions is a Nasty number:

(i) 3{n,n) - w(n,n)

(if) 3y(n)

(if) 30)x(m)

(iv) 30z{m n)] - 30x(3m? ) + 30y(n?) - 30
2.20[z(m,n) +wW(m,n)] = x(20m2 ) - 10y(2n2)
3. p(n,n(n+1)) - SO, - nG, =0(mod2)
4.p(n,n)+y(n)-4PR, -G, - S, +6t,, =0
5.x(n)- p(n,n)- 2PR, + G, -16t,,, +1=0
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6. p(n,n)+y(n)-4t,, =0
7.X2")+ y2)-22j,, +22=0
8.p(2,2")-2j,, +2=0
9.w(2" 1)-200j,, +203=0
10. Each of the following expressionsis a biquadratic integer:

) 8[Z(T6]3+l]' @ 8[W(r1rg:(L))+3]

3.2 PATTERNI I
(3) can be written as,

u? -v? =10p?
(4) can be written in the form of ratio as
u?-v? =10p.p

which is equivalent to the system of double equations
pa-uB-vB=0
10pB-ua+va =0

Solving (7) and (8) by the method of cross multiplication, we obtain,
p=-2aB, u=-(a*+108%), v=108% -a?

(4)

©)
(6)

()
)

Substituting the values of u and v in (2) and simplifying, we obtain the non-zero distinct

integer solutions of (1) asfollows.
x(a) = —2a?

y(B)=-205?

2, B) = 20" - 2008 +1

w(a, B) = 2a* - 2008* -1

pla, B)=-2ap

PROPERTIES
1. Each of the following expressions is a Nasty number:

(i) da.B)-wa.ps)]
(i) Ix(a) - y(@)]
2.20a, B)+wWa, B)| = y(2082)-10x(20?)
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3. p(n, n(n +1)) +80, +nG, +G, -1= O(mod2)
4.p(n,n)-y(n)-2PR, +G, -16t,, +1=0
)+ pla,a)+4PR, - S, +6t,, +1=0(mod10)
6.x(a)+ pla,a)+4t,, =0
)+ wf2" 2")+396j,, 396 =0
8.2(2" 1)-2j,, +201=0
9.x(2")- y(2")-18j,, +18=0
10. Each of the following expressionsis a biquadratic integer:

zZl,8)-
o83

@) B[W(l' ,B) - 1]
100
NOTE:
(4) can aso be written as system of double equations
u+v=10p 9

u-v=p (20
Solving (9) and (10) we obtain,
11p

2
o (11)

2
To obtain theinteger solutions, take p = 2k in (11) we get,

u :1]J<}

u=

\

v =9k (12

Substituting (12) in (2) and simplifying, we obtain the non-zero integer solutions of (1)
are given by,

20k

k

198k +1
198k -1
2k

x

(k)
(k)
2k)
W(kg

p(k

<
1
N

3.3. PATTERN 111
(4) can be written as,

(u+v)u-v)=2p5p (13)
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(13) can be written in the form of ratio as,

u+v _ 5p _

2_p n_z ,B#0 (14
which is equivalent to the system of double equations.

2pa-uB-vB=0 (15)

5pB-ua+vB=0 (16)

Solving (15) and (16) by the method of cross multiplication, we obtain,

p=-2aB,u= —(5a'2 +2,6’2), v=-5a%+2p3?
Substituting the values of u and v in (2) and simplifying, we obtain the non-zero distinct
integer solutions of (1) asfollows.

x(a) = 1002
y(B)=-4p°

2(a, B) = 50a* -8B* +1
w(a, 8) =50a* -88* -1
pla. B) = -2ap

PROPERTIES
1. Each of the following expressions is a Nasty number:

(i) y(n)-x(n) (i) g p(n,n) - y(n)]
2. 2020, B)+ wla, ) = 5y(ap?)- 2x(100°)
sy( )+ pln.n)- x{n)- 4PR, -G, - S, +t,, =0
4.x(n)- p(n,n)+ 2Cty,, +16PR, — 2t;5,, — 2 = 0(mod 22)
5. p(n,n)-y(n)-2PR, +G, +1=0
6. p(n,n)+ y(n) - x(n)-4t,,, =0
7.22" 1)-50j,, +57=0
8. 22" 1)-w{2" 1)-100j,, +98=0
9.y(2")-x2")-6i,, +6=0
10. Each of the following expressionsis a biquadratic integer:
(i) Az(1, B) - 51
(i) 2Aw(1, B) - 49]

NOTE:

(13) can aso be written as system of double equations
u+v=>5p (17)
u-v=2p (18)
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Solving (17) and (18) we obtain

(19)
v=3P
2
To obtain theinteger solutions, take p = 2k in (19) we get,
u=7k
20
v= Sk} (20)

Substituting (20) in (2) and simplifying, we obtain the non-zero distinct integer solution
are given by,

x(k) =10k
ylk) = 4k
2(k) = 42k? +1
w(k) = 42k? -1
plk) = 2k
3.4.PATTERN IV
(4) can be written as,
(u+v)(u-v)=25p? (21)
(21) can be written as system of double equations
u+v =5p? (22)
u-v=2 (23)
Solving (22) and (23) we obtain
2
U= 5p_z+2
(24)
2 _
ve 5p -2
2
To obtain theinteger solutions, take p = 2k in (24) we get,
u=10k* +1
25
v=10k? —1} =

Substituting (25) in (2) and simplifying, we obtain the non-zero distinct integer solution
of (1) asfollows.

x(k)=20k?, y=2, z(k)=200k*-3
w(k) = 200k* -1, p(k)=2k
PROPERTIES
1. Each of the following expressions is a Nasty number:
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() 30x(K]]. (i) 6y(k?)+6plk?)
2. 20z(K) + w{k)] = x[20k? ) + 20y
3.x(k)+ y(k?) - plk?)-2PR, +G, 181, +1=0
a.x(k) - plk?)-2PR, +G, -16t,, +1=0
5.y(k?)+ plk?)-4PR -G, - S, +6t,, =0
6.x(k)+ y(k?) + plk?)-24t,, =0
7.22")+ w(2")-400j,, + 404 =0
8.x(2")+ p2°)-20j,, +20-2j, +2(-1)" =0
9.x(2")+ 22")+ w(2") - 20j,, - 400j,, +423=0
10. Each of the following expression is a biquadratic integer:

4, Conclusion

In this paper we have made an attempt to obtain all integer solutions to the non-
homogeneous quadratic equation. One may search for other patterns of solutions and

their corresponding properties.
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